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way. 
new interpretation. 


Thermostatics and Thermodynamics 


Information theory described in Part 1 provides a meaning for the concept of entropy 
independent of the field of thermodynamics. 
possible to derive all of statistical and classical thermodynamics in a direct and simple 
Many of the concepts and definitions of classical thermodynamics are given a 
Using information theory as a basis for a statistical description 


Using this meaning (uncertainty) it is 


of an open system, in Part 2, the laws and theorems of thermodynamics are seen to follow 
in a simple way. The coupling of irreversible flows (Onsager's relation) is seen as a 
natural connection between thermostatics and thermodynamics if the functions intro- 
duced by Massieu are used instead of those introduced by Gibbs 


PART 1 


ai PRESENT status of thermodynamics and statisti- 
cal mechanics is unsatisfactory from the pedagogical point of 
view. It is doubtful if more than a small fraction of the students 
who have studied classical thermodynamics understand it. Yet 
classical macroscopic thermodynamics has been essentially un- 
changed ever since Clausius formalized the subject over a century 
ago. The details of the axioms and proofs have changed only 
slightly [1, 2].!_ The beauty and logie of the subject have not 
captured many students. 

The insight provided by statistical mechanics serves to con- 
nect thermodynamics with the rest of modern physics. The 
difficulty heretofore has been that knowledge of classical thermo- 
dynamics has been considered a necessary prerequisite to the 
study of statistical thermodynamics. 

The matter is important to science and engineering education 
because many topics which should be introduced in the under- 
graduate years require statistical mechanics for their proper 
understanding. If a half year or a year is devoted to the study of 
classical thermodynamics before the statistical treatment is taken 
up, there simply isn’t time left to treat the topics in the manner 


desired. Reference [3] and this paper represent an attempt 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27—-Decem- 
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Department, ASME, 29 West 39th Street, New York, N. Y., and 
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Applied Mechanics Division, July 21, 1959. Paper No. 60—WA- 


23. 


to meet this problem by providing a simple, direct derivation 
of statistical and classical thermodynamics. This paper is an 
outgrowth of the study of reference [6]. 


Axioms 

We take as an axiom the following: 

A finite system can change its state only in discrete steps. 

By “‘state’’ we mean “microscopic description,” that is, a mes- 
sage containing a number of symbols N, sufficient to describe in 
detail what is going on inside the system. For example, if the 
system consists of a mol of atoms, each one acting independently 
of the others, N will be 6N, each symbol corresponding to one 
component of position or velocity for each particle. The discrete 
character of the states implies that: 


(a) The number of particles in the system is an integer, or, 
more directly, matter is particulate. 
(6b) The energy of the system can change only in quanta. 


By “energy” we mean the sum of the kinetic and interaction 
energies of all the particles in the system. This concept of 
energy is presumed to be understood from the fields of mechanics, 
electricity, and magnetism. No further assumptions are made 
regarding the energies or particles. 

If we use the subscript symbol i to denote a particular state of 
a system we shall mean that i stands for a particular message tell- 
ing us how many particles (and of what kinds) there are in the 
system and what these particles are doing. For example, if 
the system contains three atoms a message might be (2, y:, 21, 
Zi, Yr, 213 La, Ya, 22, Be, Ye, 22; Ls, Ya, 2a, Za, Ys, 2s), which tells us the 
three co-ordinates of position and velocity for each particle. 
Associated with this message i there is an energy €;. In the 





Nomenclature 


probability 
heat 


frequency of occurrence of event i 
generalized force 
function of z 
enthalpy 
Boltzmann’s constant 
arbitrary constant 
element of a matrix 
number 

Avogadro number 
number of mols 
number 

pressure 


surprisal 
temperature 
volume 
work 


~ 


— 
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= energy 
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entropy or uncertainty 


external co-ordinate 
Lagrangian multiplier (= 
Lagrangian multiplier (= 1/kT) 


= Lagrangian multiplier 
= Lagrangian multiplier 


gas constant (kV) = Gibbs chemical potential (per mol) 


Subscripts and Operators 


= kinds of components 
kinds of forces 
expected value 
standard deviation of 
variance of 

= quantum indexes 
kind of function 


a, b,c 
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general case we may say that the energy of a quantum state is a 
function of the quantum index (l), the numbers of kinds of par- 
ticles and the external co-ordinates (X,) which serve to bound or 
confine the system: 


2° Xi, X2, X; eee ead 


e = e(/; n,, my, n..- 


As used herein, the symbol i defines a state in which / and each 
of the n is given. The symbol / pertains to the particular set of 
positions and velocities of all the particles when the n,, n,, n., . . - 
have already been defined. The external co-ordinates are, for 
example, volume, surface, length, magnetic field; i.e., any con- 
straint imposed from outside the system.? 


information Theory 

Because of semantic problems associated with the word “‘in- 
formation” we shall use the word ‘‘uncertainty”’ in the same sense 
as in every-day experience. As such it refers to a state of knowl- 
edge. Claude Shannon [4] was able to put this vague, intuitive 
notion on a quantitative basis in the following way. He pro- 
posed that a measure for uncertainty be established subject to the 
following requirements: 


(a) Uncertainty S about an event A with possible outcomes a, 
@, @; . . . should depend upon the probabilities p,, ps, ps, . . . 
associated with these outcomes. 

(b) The uncertainty about two independent events A and B 
taken together should be the sum of the uncertainties about A 
and B taken separately: 


S(A and B) = S(A) + S(B) 


(c) Uncertainty should be a monotonic increasing function of 
the number of outcomes. 


Shannon demonstrated that these criteria were sufficient to de- 
fine uniquely the function 


n 
S = -K >> pnp, (1) 


Derivations of equation (1) are given in many places [3, 4, 5]. 

The uncertainty is, as noted previously, a subjective quantity. 
Equation (1) defines our uncertainty about the outcomes in terms 
of the probabilities we assign to the outcomes. Probability, as 
used here, therefore, is a subjective measure of our uncertainty re- 
garding each outcome. If we assign a “‘surprisal’’ 


8; = —K In p; 2) 


to outcome i then our uncertainty about the event is seen to be 
the mean of the surprisals about each of the outcomes: 


S == p,s; (3) 


Jaynes, in a brilliant paper [6], has shown that this measure of 
uncertainty could be used as a basis for statistical inference. The 
key to the appreciation of this contribution lies in a clear under- 
standing of the difference between the words “frequency” and 
“probability,” a matter which goes back to Laplace’s memoirs of 
1774 and the writings of David Hume (“A Treatise of Human 
Nature,” 1740). Many attempts have been made to remove this 
subjective character from the meaning of probability. The most 
notable effort was that of von Mises [7] who attempted to show 
that probability and frequency were the same. The reason these 
efforts are doomed to failure is now apparent: we need a word to 


describe “state of knowledge.” If the work ‘probability’ is 


* The Xx correspond to the co-ordinates used in the expression dW. 
= F.dX« where dW. is a kind of work (as defined in mechanics) and 
Fis a force conjugate to the displacement dXx. 

? Prof. K. G. Denbigh kindly referred me to this treatise by Hume. 
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taken to mean something else we shall be forced to coin a new 
word for the concept. ‘Frequency”’ refers to a set of meas- 
urements that have been made; ‘‘probability’’ refers to measure- 
ments which have not yet been made (or the results of which 
have not been communicated). The problem of statistical in- 
ference (as Hume pointed out) is to find a method for assigning 
probabilities that is minimally biased; that is, which uses the 
available information and leaves the mind unbiased with respect 
to what is not known. 

Of course, if in the past we have observed the frequency of 
events and found them to be of magnitude f,, then for the future 
we should assign, as a rational procedure, p; = f;. But what should 
we do if the frequencies of occurrence are not measurable, as is 
the case with atoms and molecules, as well as many other prob- 
lems of statistical inference? The answer, according to Jaynes, is 
this (Jaynes’ ‘Principle of Minimum Prejudice’): “Assign that 
set of values to the p; which is consistent with the given infor- 
mation and which maximizes the uncertainty.” 


An Application 

In order to demonstrate the application of Jaynes’ principle 
consider the following trivial example: Two coins, a dime and a 
nickel, are tossed. The states of the coins are assigned values as 
follows: DH (dime, head) = 1, DT = 2, NH = 1, NT = 2. 
You are told that in a sequence of tosses the average value for 
simultaneous tosses of the two coins was 3.1. What is the least 
prejudiced assignment of the probability of a head in the toss 
of the dime? If f,(H) is the frequency with which the dime 
came up heads, the given information is 


fro(H) + f(T) = 1 (4) 
Sy(M) +fy(T) = 1 (5) 
Srp(H) + 2fn(T) + fy(A) + 2fy(T) = 3.1 (6) 


Since there are three equations and four unknowns, the given in- 

formation does not permit a deterministic solution to the prob- 

lem. We therefore formulate the problem statistically as follows: 
Maximize: 


S = —K[pp(H) In pp(A) + pp(T) In pp (T)) 
— K[py(H) In py(H) + py(T) In py(T)] (7) 


Subject to 
Pp(A) + p,(T) l (8) 


Py(H) + p(T) 1 (9) 
pp(H) + 2p,(T) + py(H) + 2py(T) = (V) (10) 


where (V) = expected value of tosses = 3.1. 
If we differentiate equation (7) set dS = 0, differentiate and 
multiply equations (8), (9), (10) by (Ap — 1), (Ay — 1), and Au, 


respectively, we obtain, on adding the results of these operations: 


0= Zz (In p53 + AY + AV dpi; (11) 


in which 2 V,;; = lor2asj = HorT. We 
thus find 

p,(T) e~o— 2a 
py(T) 


Pp(H) 

p,.(H) ~Aw—2s 

Putting (12) and (13) into (8) and (9) we find 
Ap = In [e~> 


Ay = In [e~™ 


(14) 
(15) 


From equations (14) and (15) we see that A, = Ay; Le., the least 
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prejudiced assignment of probabilities is one of symmetry, which, 
setting pp(H) = py(H) and p,(T) = py(T) gives, from (8), (9), 
(10), pp(H) = 0.45. 


Jaynes’ Formalism 
Jaynes has proposed the following formalism: 
Given: A set of expected values for g,(z) 


n 


(g,(x)) = > Pig(z; 


where 
(17) 
The least prejudiced assignment of the p; is that which maxi- 


mizes the entropy (uncertainty), 


n 


—K 7: p, In p, 


l 


Ss = 


subject to the given data. 
The solution is found by the method of Lagrangian multipliers 
to be 


Py = € (19) 


where 


Ao = In 2 e 


. 
It is straightforward to prove: 


oA 


¢ j<=- 
g,(z >\r 


, 0*Ao 
T'9AT - 
dA,? 


K >> A.g,(r 


S = KX 4 


Application to Closed Thermodynamic Systems 

Let us consider a container whose walls are impervious to the 
We presume to know the number and nature 
The external co-ordi- 


flow of particles. 
of each kind of particle in the container.‘ 
nates are presumed given so that the allowed energy levels are 
given by an equation of the form: 


€; = e(i, Xi, X2... X, (24) 

The problem is this: How should we describe such a system? 
We let p; represent the probability that the system is in quantum 
state i. Then the given information is: 


=p; = 1 The system is in some state (25) 


2p.€; = {e) It has an energy (26) 
We maximize our uncertainty introducing the Lagrangian multi- 
pliers (¥ — 1) and @ in connection with equations (25) and (26). 


This procedure leads to 


* This idealization immediately limits the scope of our inquiry at 
this point to systems which do not partake of diffusive processes; i.e., 
electrons, photons, phonons and other elusive particles are not con- 
sidered. The thermodynamics of open systems (Part 2) considers 
systems with such particles or diffusive processes. 
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(6) = — 


08 
S = Ky + Ke) 
oy 


(29) 


oe] (30) 


The remainder of Part 1 of this paper is concerned with the mean- 
ing to be attached to the Lagrangian multipliers y and 8, to S and 
to changes in S, ¥, and 8 (closed systems only). 


The Parameter 3 
The parameter 8 is obviously a statistical parameter which 
determines the relative probability of high and low energies 


Thus 


(31 


If 8 is positive, the low energies have the greatest proba- 
bility. If 8 is nexative, the high energies are most probable 
Since from equations (24) and (27) we see that Y depends upon 
8 and the external co-ordinates, X,, from equation (28) we see 
that 


\¢; = (8, ; (32) 


8 is therefore a statistical parameter which, in conjunction with 
the extensive variables, serves to determine the average or ex- 
pected energy of a given system. Since, from equations (28) and 
(30) 
Xe) oe oy = —o*le] (33) 
og op? 
We may also conclude that, for fixed external co-ordinates, (€) is 
a& monotonously decreasing function of 8 (since o*[e] is always 
positive). 
From equations (31) and (25) we conclude that as +8 — 
all of the p,;, except the one corresponding to the largest or small- 
est energy, vanish and for this extreme energy 


(34 


For 8 — + —, the 


, the extremum is 


where o, = degeneracy of that extreme state. 
extremum is the lowest energy; for 8 —~ - 

the highest energy. Obviously, for negative 8 to make physical 
sense, the highest energy must be bounded. As 6 — + 
two cases the entropy in equation (18) becomes (since all p, ex- 


2 ~fe- 
jai] “e Ww, 


= K In w, 36 


, in these 


cept p, vanish) 


S = 


If the extreme energy can be realized in only cae way, 8 > + 
In any event, as 8B ~> + 
Our uncertainty about the closed system consists of our 
Given the 


implies S — 0. », S— constant 
inability to state in which quantum state it is. 
parameter 8 we are still not able to say in what state it is but we 


can give a value to its expected energy. Or, given the expected 


Since most readers of this journal already know the meanings of 
S, y, and 8, the demonstrations are as brief as possible. Reference 
[3] gives the demonstrations in detail in a manner intended for be- 
ginning students. 
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energy, we can give a value for 8. As8—> + ~ (depending on the 
allowed extreme states) our uncertainty goes to zero (or a con- 
stant) because with these extreme values the system is capable of 
being in only one state (or a very limited number of states) and 
therefore a specification of 8 = + © removes all uncertainty. 

In the example of the tossing of a dime and a nickel it turned 
out that the same value of \, applied to both tie nickel and the 
dime. [A, was the Lagrangian multiplier used in connection 
with equation (10).] This is a general result which we may state 
as follows: 


If we are forced io consider two probability distributions together 
(because the given information does not permit us to treat them 
separately), the two distributions will have a common Lagrangian 
multiplier. 

For example, if systems A and B, with energies (€,) and (€,), 
are allowed to interact with one another, but not with any other 
objects, so that after a time we can only say that the systems A 
and B taken together have energy (€,) (where (€.) = (€4) + (€,)) 
but we do not know how the energy is distributed between A and 
B, then Jaynes’ formalism will give (in accordance with the fore- 
going general result) a common value for the parameter 8 in sys- 
tems A and B. 

In other words, if system A with 8 = 8, and energy (€,), is 
allowed to communicate with system B with 8 = 8, and energy 
(eg), it is expected that both systems will adopt a common value 
of 8 = 8,. The system for which 8 increases (if the X, do not 
change) loses energy [see equation (33) et seq.]. 

We shall not here demonstrate that for a perfect gas 


N 1 


~ ee (37 
pV kT , 


8 = 


since this is done in every elementary text in statistical me- 
chanics 


The Meaning of Reversible Heat and Work 


In Fig. 1 we represent the energy associated with state i, Equa- 




















aul 


€; as a function of i 


Fig. 1 














| 
na Trevirs 


Fig. 2 p; as a function of i. The sum of the lengths of the lines is unity. 
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tion (24), as a function of the index: In Fig. 2 the probabilities 
are represented. Fig. 3 gives the product p,e¢;. 

The energy of a closed system may be changed in two funda- 
mentally different ways: 


de) = d= pe, = Ledp, + = pide, 


We define dQ, = 2e,dp; and dW, = —=Zp,de; so that equation 
(38) may be written 


(38) 


de) = dQ, — dW, (39) 


A change of the type dQ, causes a change in Fig. 2. A change of 
the type dW, causes a change in Fig. 1. A change of the type 
dW, causes no change in uncertainty S, since the p,; are unchanged 
A change of the type dQ, is associated with a change in S. 
If we define (F,); by the equation (from mechanics) 
O€; 
Or, 


then for a change dX, 


dW,=—)> pide, = —)> (>. = ) aX, 
I es 


= (F,)dX, (42) 


(41) 


We call dW, an increment of “reversible work”; dW, does not 
always equal the work measured in a mechanical system, as 
Figs. 4(a) and 4(b) indicate. 

In the classical development of thermodynamics the concepts 
of heat and work are usually taken as primitive [1, 2]. In this 
treatment they are derived (perhaps delineated is a better word) as 
follows: From equation (32) we observe that (€) depends only 
upon 8 and the X,. Therefore, in a cycle 

fade) =0 (43) 
and if we choose to define two mutually exclusive categories of 
change by 


de) = dQ — dW (44) 


(note the absence of subscript r) then it will be found that 


$(dQ — dW) =0 (45) 


| | 
i | | 
a 
| 


P, €, 


; 
LI Ht 


The sum of the lengths of the lines gives 


| 
ae 
| | | 


= | 





[ee ot 


Fig. 3 pie; as a function of i. 
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fa 
Fig. 4 In (a) a movable wall holds back a reservoir of water. A force F 
is exerted by the water on the wall and is measured at the end of the rod. 
If L is the distance normal to the paper and V is the volume of the water, 
when the system is in equilibrium F = (F) = (pgl?V2/2X*). In (b) the wall 
is in motion and there are waves on the water. The force F’ ~ (F), but 
(F) = (ogh*V?/2x"). 
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However, this law is not exact, for a return to the same value of 8 
and the X, only returns € to its expected value. € of course is sub- 
ject to variations which are of the order of o[€], equation (30), 
but for a mol of perfect gas this means errors of only one part in 
10". 

The law of conservation of energy was known long before 
Joule and Mayer conducted their experiments. It may be applied 
to microscopic states as implied by equation (24). Equation (43) 
tells us that a return to the same value of X, and 8 means a re- 
turn to the same expected energy. This is what Joule’s experi- 
ments demonstrated, though at the time he put a different. in- 
terpretation upon his work. 

It is easy to demonstrate by the use of equations (27), (40), (41), 
and (42) that 


1 oy 


a B ax (46) 


(F,) 


Differentiation 


We turn now to the measurement of uncertainty. 
of equation (29) gives: 


dS = Kdy + KBde 
Since ¥ = (8, €;) but €; = (i, X,), 


v wy 
= dp + » x dX, 


~(e)dB + B > (F.)dX, 


+ K(e)ds (47) 


dy = 


(50) 


dS = KBdle) + KB pe (F,)dX, 


Introducing the concepts of heat and work, 


dS = KBdQ + KB[ >> (Fax, — aw] (51) 

If a process is carried out in such a way that the applied force 
F, always equals the expected value of the force (F,), i.e.,dW = 
(F,)dX,, the process is reversible. In such a case dW = dW, 
and dQ = dQ,. Equation (51) becomes 


dS = KBdQ, (52) 


and if we choose K = k (to set the units of S) from equations (52) 
and (37) 
dQ, 


dS = 
T 


(53) 


The Four Laws of Thermodynamics and the Carnot 
Theorem 


The zeroth law, which deals with equality of temperature, is 
equivalent to the general result that statistical distributions adopt 
the same Lagrangian multiplier. 

The first law, which deals with the concepts of heat, work, 
energy, and the role of energy as a property is equivalent to equa- 
tions (32), (43), (44), and (45). 

The second law, in the language of information theory, is 
merely a formalization of Gibbs remark that “‘the mixed-upped- 
ness” increases. Entropy is proportional to the length of a 
properly coded message describing all the microscopic details 
left out of the macroscopic description (provided by averages such 
as (e), (P), 8B, V, and so on). In this connection Guggenheim has 


* The term in the bracket in equation (51) is what Clausius called 
the uncompensated transformation. 
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used the word “‘spread’’ [9] as a synonym for “uncertainty.” 
Since Guggenheim’s paper was concurrent with Shannon’s, he 
could not know of Shannon's work on essentially the same idea. 

The information-theory approach to the second law was given 
by Brillouin who has called it a ‘‘negentropy principle’’ and cited 
it as a special case of Carnot’s principle.? In the approach con- 
sidered here Carnot’s theorem is a consequence, not a premise, and 
Brillouin’s work is taken to represent a more basic approach than 
Carnot’s. 

Carnot’s theorem follows if we consider reservoirs A and B 
which can exchange only heat with a machine which can do work 
but is unchanged by the processes; i.e., goes through a cycle. 
Then, for the reservoirs, 


dStore: = dS, + dS, > 0 (54) 
and, for the machine, 
dW = dQ, + dQ; (55) 
But 
' kB dQ, = kBpdQ, 
= —k(B, — Bg)dQ, + kBg(dQ, + dQz) 


From equation (55), eliminating dQ, + dQz,, letting 8 = 1/kT 


(2) Se [ 2 + Ss) 
dQ, T ' dQ, 


Part 2 of this paper will consider open or diffusive systems 
and irreversible processes. 


dS, + dS, = 
(56) 


(57) 


PART 2 
The Open or “Diffusive” System 


Consider a region of space in which there are particles of type a, 
b,c.... It is helpful to visualize a “leaky box” into which we 
have put n, particles of type a, n, particles of type b, and so on. 
We consider that this box is capable of assuming any one of a 
number of microscopic states; that is, states which are described 
by a message giving values to the external co-ordinates, X, 
(which describe the extent of the system and actions of other 
systems upon it), giving values to the composition variables n,, 
™%, nm... . and giving the quantum state index | (which may 
consist of many numbers). We shall denote by subscript 7 one of 
these messages (microstates) and the statistical problem is to 
decide upon a way of describing the system. Associated with 
each state i there is an energy, 


é; = e(l, X,, n,, %. - -) 


Since we do not know in what quantum state the system is, we 
assign p; as the probability it is in state i and take as our given 


data: 
> p; = 1 (it is in some state) 


z; P«& = €) (it has an energy) 


‘ 
> pine. =(n.) c=a,b.. 
‘ 


One equation of the form of (60) is written for every recog- 
nizable kind of particle. 

The least prejudiced assignment of the p, is that which maxi- 
mizes the uncertainty S defined in equation (1) (with K = k). 
Introducing the Lagrangian multipliers (Q — 1), 8, and @, in 


(58) 


(59) 


(it has a composition) (60) 


7 Reference [5], p. 154. 
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connection with equations (58), (59), and (60) we find [cf. equa- 
tions (19) to (23)] 
—2-—Be—> acne: 


DR=e y (61) 


Q=In) oe 


t 


> 
—Be- = acNe, 
c 


(62) 


“) = - 28 
\E ap 

a2 
oa, 


(63) 


(n.) = (64) 


o*t2 
op? 
on 


oa, 2 


ole] = 


o*[n.] = 


on 
dfda, 


covariance [¢, n.] = 


S=kQ + kBle) +k * an.) 
c 


Parameters ¢@ and a, 


Comparing two states, i and j, we find from equation (61) 


— Bei —€) —S acl tei — 23) 
_ : 
P; 
We conclude for states of identical composition, since equation 
(69) thereby reduces to equation (31), that 8 plays the same 
role as previously discussed in Part 1. With respect to states of 
differing composition, the role of 8 is altered. 

In accordance with the general result that probability distribu- 
tions adopt the same Lagrangian multiplier (as illustrated in the 
coin-tossing example of Part 1), we may state at once that two 
systems allowed to interact will adopt the same values of 8, a, 
@,,... and that since from equations (63), (64), (65), and (66) 


20 


(69) 


d(e) o?| . (70) 
——- 2 = = —o'le 7 
rey] 

Xn.) 


oa, 


= —o’[n,] (71) 


we may conclude that (since the variance is always positive) if 
the systems are at the same 8, particles will tend to flow from 
regions of low a@, to regions of high a@,. a@, therefore plays the 
same role in respect to diffusion of matter as 8 does in respect to 
diffusion of energy. 


Coupled Flows 
When both 6 and a, differ between two systems we may write 
j / \ 


He) 
de) = 2B dB + p> = da, (72) 


ia 


a&n,) a&n,) 
iin.) = —~“ dB + —*" da 
“ne op 6 > oa, ; 


or, in matrix notation 


(9) 
(d(g,)) = | 2 (dd,) 


MARCH 1961 


(gr) = (€)s (a)s (Ms); - - 
Ay = B, aa, M%, &,.- 


Since 


we have 


(d(g,)) = [L,;](@A,) 


on? 


~~ BA,A, 


Since the order of differentiation is immaterial, L,; = L;, and the 
matrix is seen to be symmetric. If two systems of differing a, 
and 6 are brought together there will be a tendency for matter 
and energy to diffuse between them. If, at constant §, a difference 
in @ implies a flux of energy then at constant @ a difference in 8 
will imply a flux of particles. Onsager’s reciprocal rule is, in so far 
as tendency to equilibrium is concerned, applicable in thermo- 
statics. 


Parameters ©, y, aid a, 
The potential functions Q, equation (62), Y, equation (27), and 
a, are related to the functions of classical thermodynamics in the 
following way: Differentiation of equation (68) and use of the 

relation 
O€; 


— 78 
ox, (78) 


(Pi. = 


as was done in connection with equations (40), (41), (42), and (46) 


r)=(4 or) 
“ "\ B ax, 


gives [cf. equation (50)j 
dS = kBd(e) + kB 7. (F.)dX, +k } Bs adin.) (80) 


which, when compared to the equation of Gibbs 


TdS — )> (F,)dX. + > wdN 


« 


to get 


(79) 


de) = (81) 


shows that a, = —y./RT where p, is Gibbs’ chemical potential 
on a molal basis. 

The parameter q@, arises naturally if one considers as the cri- 
terion for equilibrium the maximization of the entropy of a 
system of fixed numbers of kinds of particles at fixed X, and 
energy (an isolated system). This was the approach used by Max 
Planck, as opposed to that of Gibbs who minimized the energy of 
a system at fixed entropy, X, and mass. The author has long 
been puzzled over Gibbs’ use of the variation in the energy of an 
isolated system as a criterion for stability. 

Solving equation (29) for W we find for a mol of material (k8 = 
1/T) 
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5. O-8 (82) 
= RT 


y is thus seen to be a dimensionless Helmholtz free energy. 
If we integrate equation (80) at constant 8, (F,) and a, and 
compare the result with equation (68) we find 


Q2=8 >. (PX, 


For example, if the only active forces are pressure forces, 


' PV 
»=N 
was | or | 


and Q is seen to be (N times) the compressibility function. 
Gibbs [10] derived a necessary relation among the variations 
in (F,), T and yp [see his equation (97)] 


SdT — »# X,da(F,.) + z: Nudu. = 


In the same fashion, using varimbles a, and B it is possible to 


derive® 
H*dB + B >> X,d(F,) 4 >> (n.ddey, 
« c 


(83) 


(84) 


(85) 


in which 


Discussion 

The functions ¥ and a, (for a pure substance) are essentially 
the same as those introduced by Massieu [11] six years prior to the 
time Gibbs introduced the functions now generally known as 
Helmholtz and Gibbs free energy. Gibbs refers to them in a 
footnote. Guggenheim calls a.R and WR the Planck and Massieu 
functions [12]. @, and @ arise more naturally in irreversible 
thermodynamics since their choice as ‘“forces’’ in connection with 
fluxes of enerzy or matter gives rise to a symmetric matrix in 
thermodynamics as well as thermostatics. Their use in considera- 
tions of equilibrium makes the transition between static and dy- 
namic thermal problems much easier to comprehend. 

In this treatment the fundamental concepts are given in 
Table 1. 


Table 1 Fundamental concepts 


i = index denoting state 
ps = probability of a state 
« = energy of a state 
Xx = extensive co-ordinate which determines allowed states 
n-.i = number of particles of type c in state 7 
S = uncertainty 


Using Jaynes’ principle we find as our minimally prejudiced 
estimates the functions in Table 2. 


Table 2. Least prejudiced estimates 
pi = €- ¥ —Ba (closed system) 


~ 2-Be- ne acNes 
(open system) 


i c 


8 H* represents a generalized enthalpy. 
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These assignments allow us to compute measurable average 
properties of systems. These averages are expressible in terms 
of p;, ¥, 2, B, a., and are given in Table 3. 


Table 3 Measurable quantities 
Temperature: T = 1/kp 
Expected energy (closed 
oy 
system ): (€) = 
. op 
Expected energy (open sys- 
on 


tem): 
op 

Fluctuations in energy 

(closed ): 
Fluctuations in 

(open): 
Uncertainty (entropy) 

(closed ): : ky +4 
Uncertainty (entropy) 

(open): 


(07y,/08?)'/2 
energy 


(O°2/2B*)'/2 


kB(« 


kQ + kB(e) +k ae( ne) 


1 oy 


B OX. 
1 oo 


B OX, 


dQ, = Zz ed p; 


dW, = —)>> pide 
é 


Expected force (closed): 
Expected force (open): 
Increment of heat: 


Increment of work: 


The macroscopic quantities described in Table 3 are not all 
independent since they are derived from the same equations. 
Their relations are called the equations of macroscopic thermo- 
dynamics and are given in Table 4. 


Table 4 Equations of macroscopic thermodynamics 
= dQ, — dW, An energy balance on a 
closed system in re- 
versible processes. 
First law 
Definition of either heat 
or work depending 
upon whether one 
takes mechanics or 
calorimetry as funda- 
mental (closed sys- 
tem) 
Definition of 
rium 
Definition of reversible 
work in terms of ex- 
pected forces 
Entropy change 
real process 


0 
dQ — dW 


= (Fx) equilib- 


> Fy)d@X 

dQ \ . (Fe) — FuldX, in a 
i o- T 

> 0 Second law 


AStotai => 
= Third law 


Lim S 
T—0O 
dw i Doe oe T d(Sx + S.)7 C: te tl 
dQ - c dQ | arnot s theorem 


const 


The important connection between the statistical formalism 
and what is called the instrumental world is the identification of 
If we put a thousand pennies 


“equilibrium” with “expected.” 
into a box and shake it we expect to see, at any instant, that about 
half of them are “heads.”’ If they are not we conclude the state 
is not stationary or at macroscopic equilibrium. The number 
of states we can recognize for n pennies is 2". For N atoms it is 
exceedingly more, but there is no difference in concept. 

Both the microscopic and the macroscopic treatments thus 
emerge as examples of statistical inference. The former enables 
us to exploit our knowledge of the detailed behavior of particles; 
the latter enables us to exploit the results of measurements made 


on averages. Both represent formalisms for guarding against 
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accidentally including something we do not know. In this re- 
spect it seems appropriate to say: “If Experimentation is Queen 
of the Sciences, surely Statistics is the Guardian of the Royal 
Virtue.” 
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A fundamental improvement of any one-parameter integral procedure for compressible 
laminar boundary-layer analysis is described. It is shown, by means of comparisons 
with exact solutions covering cases of favorable, zero, and adverse pressure gradients, 
and of constant and variable surface temperatures with and without heat transfer, that 
in all cases very significant improvements in the calculated results are attained, and also 
that this improvement is accomplished simply by evaluating integrals. 


- application of Karman-Pohlhausen’s integral 
procedure in laminar boundary-layer analysis is now well known. 
Typical examples of compressible flow with arbitrary pressure 
gradients and surface temperature variations may be found in 
references [1]! and [2]. Other more complicated laminar 
boundary-layer problems which have recently been studied by 
using the integral procedure include cases of hypersonic flow (3, 
4], unsteady laminar boundary layers [5-8], and free convection 
[9, 10]. 

Like any other approximate method of solution, the integral 
procedure in laminar boundary-layer analysis has definite short- 
comings, among which the arbitrary choice of profiles and 
boundary conditions to be satisfied is a good example. More im- 
portant is the fact that oftentimes using more complex profiles, 
such as polynomials of higher order, exponential functions, or 
profiles derived from exact similarity solutions, does not neces- 
sarily yield more accurate quantitative results [1, 11]. There- 
fore in a new analysis, the accuracy of using the integral procedure 


—— 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27-Decem- 
ber 2, 1960, of Tae American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until April 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, February 23, 1960. Paper No. 60—W4A- 
24. 


is never too well assured. Furthermore, this accuracy becomes 
extremely critical in the important boundary-layer stability 
analysis, where the first and second derivatives of the velocity 
profile and first derivatives of the temperature profile must be 
known accurately. Thus any fundamental improvement of the 
integral procedure, which is capable of eliminating most of these 
uncertainties and providing a much higher degree of accuracy, 
as well as retaining essentially the same simplicity of the original 
procedure, would be highly desirable. 

The purpose of this paper is to present such a fundamental im- 
provement so that from now on the-integral procedure may be 
used with greater confidence. This improvement has been de- 
veloped on the basis of one-parameter methods for compressible 
flow, which are direct extensions of the original Karman-Pohl- 
hausen procedure. The two-parameter methods [11], which are 
sometimes known to be more accurate, will not be considered 
here, since their solutions are much more complicated, especially 
in compressible-flow cases. 

In the following sections, the basis for the present improve- 
ment of the integral procedure is first indicated, and it is then 
followed by a presentation of the analysis showing that the im- 
provement is accomplished simply by evaluating a set of inte- 
grals. On the basis of a number of known exact solutions cover- 
ing cases of favorable, zero, and adverse pressure gradients, and 
of constant and variable surface temperature with and without 
heat transfer, the results according to the integral procedure with 
and without the present improvement are then compared with 
those of the exact solutions with special emphasis on the higher 





Nomenclature 


A = arbitrary constant 


a, 


coefficients in velocity poly- 
nomial 

coefficients in stagnation-en- 
thalpy polynomial 

matching constant in Chap- 
man and Rubesin’s vis- 
cosity law 

velocity of sound 

functions defined in equa- 
tions (8) 

dimensionless stream func- 
tion 

stagnation enthalpy 
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: H/H, 


function defined in equation 
(31) 

a characteristic length 

Mach number 

order of velocity polynomial 

index used in equations (10) 

function defined in equation 
(17) 


= function defined in equation 


(18) 

pressure 

function defined in equation 
(19) 


function defined in equation 
(20) 

recovery factor 

H* -—1 

temperature variable 

fy 

variable defined in equations 
(5) 

(Co/Ce u 

velocity components in z and 
y- directions, respectively 

u/Ue 

function defined in equation 
(53) 


(Continued on next page) 
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derivatives of the profiles. Finally, some general features and 
possible extensions of this improvement are discussed. 


The Present Approach 


The basis of the present improvement of the one-parameter in- 
tegral procedure stems from the approximation which is inherent 
in the procedure itself. As is well known, the integral equations 
satisfy the original partial differential equations only in the 
average. On the basis of assumed velocity and temperature pro- 
files, the solution to these integral equations, therefore, does not 
generally satisfy the original differential equations. Thus the 
difference between this integral solution and the exact solution to 
the original differential equations represents the inaccuracy of 
the integral procedures. The present improvement is based on a 
relatively simple technique by which this difference is reduced 
considerably. 

Before indicating the foregoing technique, it is appropriate to 
mention two pertinent points concerning the laminar boundary- 
layer solutions obtained by the usual integral procedure for com- 
pressible flow over arbitrary cylinders. First, since the momen- 
tum and energy-integral equations actually are differential equa- 
tions for the development of boundary-layer thicknesses along 
the cylinder surface, solutions to these integral equations are ex- 
pected to describe adequately the boundary-layer behavior in 
that direction. This obviously would imply that the inaccuracy 
in the integral procedure is primarily due to its inadequate 
account of the flow behavior in the direction normal to the 
cylinder surface. The second point concerns the degree to which 
the assumed profiles are different from the exact ones. It is 
generally known that the assumed profiles agree fairly well with 
their exact counterparts, even for cases with adverse pressure 
gradients. However, the derivatives of these assumed profiles 
with respect to the direction normal to the surface exhibit 
considerable errors. In view of these two points, it is therefore 
not difficult to realize that the best way of improving the accuracy 
of the integral procedure is to increase the accuracy of these as- 
sumed derivatives. 

The present approach, utilizing the results of the basic in- 
tegral procedure as a first solution, treats the profiles as unknown 
functions, which are then evaluated to satisfy the original partial 
differential equations as much as possible. The technique is first 
to transform the original differential equations into correspond- 
ing equations in a new co-ordinate system with independent 
variables identical to those used in the assumed profiles in the 
normal integral procedure. Now, in view of the arguments pre- 
sented in the preceding paragraph, these transformed partial 
differential equations may be treated as second-order linear 
ordinary differential equations for the profiles, since all quantit*«s 
in these equations except derivatives of the profiles are known 


from the basic integral procedure. Finally, these linear equa- 
tions may simply be solved in terms of integrals, yielding profiles 


which agree much more closely with the exact ones than those 
assumed in the integral procedure. 


An Integral Procedure and Its improvement 

Because of its nature, the present improvement is applicable to 
any basic integral procedure. For the purpose of demonstration, 
the procedure of Morduchow [2] is here used, which is now de- 
scribed briefly as follows: The two-dimensional steady com- 
pressible laminar boundary-layer equations under the usual as- 
sumptions of constant specific heats, constant Prandtl number, 
and perfect gas may be written as: 


ou Ou du. ra) ) 
pu —— + 0 >—— = Pata - +> 7 (1) 


or oy dz Boy 

re) . 

(pu) + >( pv) ee (2) 
or oy 

oH oH 1af oa u? Tl 
— —s—— -| H —(1 — oc) — 3) 
rr or te oy a irl 7 at \ 

= 

a= (4) 
Po 1 


The corresponding boundary conditions are 
y =0 u=v=0 T = T(z) 


yor © u—>Ue H— H, = H, (const) 


Equations (1), (2), and (3), after being transformed into those in a 


new (z*, t)-system by means of the following transformation 
with the aid of the usual Chapman and Rubesin’s viscosity law: 


de 
0 


may be integrated with respect to ¢ from t = 0 to t = 6, where 
6 is a boundary-layer thickness in the (z*, t)-plane, resulting, for 
@ close to unity, in the following momentum and energy-integral 
equations, respectively: 


2 
bartadn + he 


a 


ss a Sa 
-<(2)(2) 


= 


“)rls 
(12) Gr). © 








Nomenclature 
X = variable defined in equation A = dimensionless function de- o = Prandtl number 
(41) fined in equations (9) T = variable defined in equa- 
z = co-ordinate along cylinder 6 = a boundary-layer thickness tions (9) 
z* = 2/L in (z, t)-plane 
- ‘ ; € = a function of Mach number  Subseripts 
z,* = value of z* at separation defined in equation (34) sh 
point is Whitten ena © = conditions at outer edge of bound- 
Y = variable defined in equation ed dig : ary layer 
(41) a i gos = in equa w = surface conditions 
y = co-ordinate normal to cylin- \ = form parameter defined in 0 = conditions in the undisturbed flow 
der equation (14) 
a = [(y — 1)/2)M? yt = dynamic viscosity Superearipts 
8 = pressure-gradient parameter vy = kinematic viscosity (‘) = derivatives with respect to inde- 
Y = ratio of specific heats p = density pendent variable 
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where 


and C is the matching constant in the Chapman and Rubesin 
viscosity law. Here the prime refers to derivatives with respect 
Note that in this integral procedure only one thickness is 


This, however, does not impose any undue limitations on 


to xr*. 
used. 
the stagnation-enthalpy profiles, since these latter assumed pro- 
files are permitted to contain an additional unknown coefficient, 
as discussed by Morduchow [2]. 

The assumed profiles in polynomial forms which are com- 


patible with this procedure may be generally written as 


m+] 
H* = >> br" (10 
0 


n 0 n 


Since, in the present investigation, it is considered to be very im- 
portant to study the effect of using different profiles in the basic 
integral procedure on the accuracy of the result obtained by 
means of the present improvement of the procedure, four sets of 
polynomials with m = 1, 3, 4, and 6 in equations (10) have been 
used. The conditions, from which the coefficients in polynomials 
with m = 6 are determined, have already been shown in detail 
Those for 


the other three sets of polynomials may now be described as 


in reference [2], and hence will not be repeated here. 


follows: 
m= i 
r=0 u* = 0 H* = H.*(z* 
(11) 
T=] u* = ] H* = 1 
m=3 
r =0 u* = 0 H* = H,*(z*) 
(~") = (=) / re) (‘=’) ( Pr. ) 
Or? Cc Po (7 7 Up , Te 
| 
o*H* y — 1)M.? ou*\? 
pte —— = 
7? : 
l + . M.? ; (12) 
, 
tat Seat 
= u = - = 
T or j 
H* 
H* = = = () 
or 


m= 4 
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T=0 u = 0 H* = H..“(z*) 
(*) a (*-) ( om) (‘=’) ( Ze.) 

or? Cc Pro J « Uo Te 
(2°) a (y — 1)Ma? (™")’ 

or? -™ °. y¥-1 , or 





1+-— M. 
2 (13) 
} 
ou* 02u* 
T=] u* = | = = 
or or? | 
| 
oH* 0*H* 
H* = | = = () | 
oT or? ) 


Once the polynomials are decided upon, the two unknowns A 
and b, may then be solved as functions of z* from equations (6) 
and (7) in terms of certain suitable boundary conditions. Finally, 
it becomes a relatively easy matter to determine from these re- 
sults the profiles as well as boundary-layer characteristics, which 
may then be converted back to the physical plane by an inverse 
transformation according to equations (5). 

Now the present improvement is considered. 
co-ordinate system from (z, y)-plane to (A, 7)-plane, where A is de- 


wn SVE) os 


equations (1) and (3) reduce, respectively, to the following partial 


By a change of 


\(2z*) 


differential equations: 


o*u* ou* 
+ P(A, 7 = P(X, r 15) 
or? T 
07H * oH* 
+ Y, X.r = Q: Xr (16) 
or* OT 
where 
T.\ ( ue \ ff ux’ \’ 
Pir, 7) = ) (= ) b 1/ 
F ‘ T " ) Ue A 
‘Se Le ae ' eS Lk “=~ | ” ute 
Ay —1) Te r. te’ I Je 


T, 
ay Té u 2 

- — 1 +a— — } (H* — u**)}] (18) 
Ue To Uo? ' 


QA, rT) = oP, (A, 7) (19) 
T u oH* 
(A, - on( -)( =) (vw ) 
Qs , : T. Be” , dA 
Ue? >? 
+ (1 go . (u**) (20) 
2H. Or’ 


Here the prime again refers to derivatives with respect toz*. A 
brief account of the derivation of equations (15) and (16) is 
shown in the Appendix. From the basic integral solution, A be- 
comes a known function of x*. Thus in view of equation (14), A 
As a result, all functions of z* may now be 
Furthermore, according to 


also becomes known. 
considered as known functions of A. 
the arguments presented previously concerning the degree of ac- 
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curacy of the assumed profiles, quantities like u*, (du*/dA), 
? Tr 

f, u*dr, and (a fi u*dr on) may be carried over directly 
from the basic integral procedure, and consequently can be 
treated as known functions of \ andr. Therefore equation (15) 
now becomes a second-order linear differential equation for u* 
at any specified value of A. The corresponding boundary con- 
ditions are simply 


u*(A, 0) = 0 u*(A, 1) = 1 (21) 


The solution is elementary, and may be expressed in terms of in- 
tegrals as follows: 


(2) f -f, Pidr 
— € dr 
or/.J0 
7 —f{" Pidr J " Pidr 
+f e So If po ir | dr (22) 
0 0 


. a Pidr “_ 
| f e : ir| 
0 
a AG Pidr 35 ” Pidr 
1 | e So 'f po ar| ar\ 
‘ 0 0 


Once the velocity profiles are known more accurately from 
equation (22), the second derivative of u**? with respect to 7 
in equation (20) may then be determined. The solution to equa- 
tion (16) with boundary conditions 


H*(X, 0) = H,,* 


u*(A, Tr) 


where 
(2*) . 
or /, x 


(23) 


H*(X}, 1) = 1 (24) 


then becomes very similar, and may again be expressed in terms 
of integrals: 


* 7 * Qidr 
H*(A, r) = H.* + (2 ) f e So dr 
_ 0 


or 


7 —§," Qudr “4 7 Oidr 
+f a  f. od ar| dr (25) 
0 0 
where 


m a Pee 1 
(Se) = [fF ar] 
& —@e i r ” Ode 
‘, - He f Si oe if od? ar] a mm 
0 0 


It is interesting to note that equations (15) and (16) are always 
uncoupled, making numerical evaluations rather simple. When 
the improved profiles are known from equations (22) and (25), 
the remaining calculations of boundary-layer characteristics and 
inverse transformation back to the physical plane then become 
identical to those in the basic integral procedure. Now we are in 
& position to demonstrate the accuracy of these improved profiles 
by comparing them with certain exact solutions available in the 
literature. 


Comparisons With Exact Solutions 


Available in the literature are several exact solutions covering 
cases of favorable, zero, and adverse pressure gradients, and of 
constant and variable surface temperatures with and without 
heat transfer, and of constant Prandtl number equal to and dif- 
ferent from unity. These exact solutions form an excellent basis 
for demonstrating the accuracy of the present improvement of the 
basic integral procedure. Four different problems, which will be 
treated separately, are now considered. 
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1 Compressible Flow Over an Insulated Flat Plate With o@ = 1. 
It is well known that for this case H* = 1 is a particular integral 
of the energy equation (3), and when the Chapman and Rubesin’s 
viscosity law is valid, equations (1) and (2) reduce identically to 
the Blasius equation, the solution of which is now well tabulated 
in the literature [12]. With u.’ = 0, A = 0, and (A/u,.’) #0, 
equations (17) and (18) become, respectively, 


A’ “! 

P, = . u*dr P; =0 
oC 
- 0 


From the basic integral procedure, u* is now a pure function of 7, 
and the integral solution is given by 


2C (“*) , 
3 — zx 
F, dr we 


which may now be substituted in equations (27), yielding 


1 1 * T 
P= ( z ) u*dr P, =0 
PF, dr e 0 


Note that both F; and the surface-velocity derivative are con- 
stants for a given assumed velocity profile. Integrals in equa- 
tions (22) and (23) have been evaluated for m = 1, 3, 4, and 6; 
i.e., first, third, fourth, and sixth-degree polynomials. The re- 
sults, as well as those according to the basic integral procedure, 
are related to the exact solution as follows: 


[2 (#)]' 
vata Fa oy Me 

dtu* ” E (“) | 

dn,’ Ki P, dr we 


(27) 


A= 


(28) 


du* | 2 (*) ] ~t du* 
dng LF, \dr/. dr 
A direct comparisun of the velocity profile and its derivatives is 
shown in Table 1 for several values of n,. 

It is interesting to note from Table 1 a few characteristic 
features of the present improvement. Regardless of the degree 
of polynomial chosen originally, the improved integral procedure 
always yields profiles and their derivatives closer to the exact 
values. In fact, the accuracy of the improved results based on 
fourth and sixth-degree polynomials is almost perfect. For the 
basic procedure, it is seen from Table 1 that increasing the degree 
of velocity profile does not necessarily increase the accuracy of 
the result. However, when the integral procedure is used with 
the present improvement, the accuracy is definitely better with 
higher-degree polynomials. Furthermore, the improved procedure 
is much less sensitive to the assumed profiles than the basic pro- 
cedure. This observation evidently tends to support the general 
validity of the present approach, since in the limit the correct 
solution to the original partial differential equations should cer- 
tainly not depend on the assumed profiles. Despite the fact that 
considerable increase in accuracy has been achieved by using the 
improved integral procedure, based on a linear velocity profile, 
the improved results still exhibit relatively poor accuracy, es- 
pecially in the derivatives of the profile. The principal reason for 
this is believed to be due to the extremely crude representation 
of the velocity distribution inside the boundary layer. There- 
fore this particular polynomial, i.e., the case of m = 1, will no 
longer be used in the subsequent three problems. 

2 Compressible Flow Over a Fiat Plate With Variable Surface Tem- 
peratures and ¢ = 0.72. For a plate surface-temperature varia- 
tion prescribed in the form of a power series or a polynomial of 
the distance along the plate, an exact solution for this problem 
has been obtained by Chapman and Rubesin [13]. Under the 
assumption that the Chapman and Rubesin’s viscosity law is 
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dr? 














Table 1 Comparison of velocity profile for comprossible flow over an insulated flat plate with ¢o = 1 
—-- Basic integral procedure. -—————-Improved integral procedure. 
"B Exact solution m = 1 m=3 m=4 m = 6 m= 1 m=3 m=4 m= 6 
SES I ake ee ae —— ee ‘ e. inl 
0 0 0 0 0 0 0 0 0 0 
1 0.330 0.289 0.318 0.334 0.328 0.309 0.323 0.329 0.329 
2 0.630 0.577 0.606 0.619 0.623 0.602 0.620 0.628 0.629 
3 0.846 0.866 0.835 0.826 0.840 0.843 0.842 0.845 0.845 
4 0.956 0.973 0.956 0.958 1.000 0.962 0.955 0.956 
5 0.992 0.995 0.996 0.993 0.992 
6 0.999 phe 1.000 1.000 
Gla : : . =— in )- ila . 
dns 
0 0.332 0.289 0.323 0.343 0.331 0.310 0.325 0.332 0.332 
i 0.323 0.289 0.308 0.316 0.319 0.305 0.317 0.322 0.323 
2 0.267 0.289 0.263 0.250 0.263 0.274 0.268 0.266 0.267 
3 0.161 0.289 0.188 0.164 0.168 0.203 0.171 0.162 0.161 
4 0.064 0.289 0.083 0.076 0.072 0.074 0.066 0.064 
5 0.016 0.289 . 0.019 0.013 0.025 0.017 6.016 
6 0.002 0.289 0 0 a 0.002 0.002 
a oo -($4)— y enna) be RE ER A> Ca _ 
dy s* 
0 0 0 0 0 0 0 0 
l 0.0267 0 0.0300 0.0500 0.0312 0.0144 0.0258 0.0267 0.0267 
2 0.0867 0 0.0600 0.0794 0.0803 0.0516 0.0854 0.0863 0.0865 
3 0.1127 0 0.0900 0.0880 0.1025 0.0862 0.1176 0.1129 0.1130 
4 0.0741 0 0.1200 0.0760 0.0823 tain 0.0850 0.0756 0.0749 
5 0.0261 0 0.1501 0.0432 0.0337 ; 0.0274 0.0267 
6 0.0051 0 0.1801 0 0.0001 0.0059 0.0053 
valid, they have shown that the momentum equation (1) is again r=1-— (1 — o)K(1) (32) 
-ducible to the Blasi ation. It is interesti to te that 
epee he esse st rsdn tec Ps ee Values of K(1) have been calculated for m = 3, 4,and 6. Inad- 


the same is predicted by the improved integral procedure. Even 
though now 7’,’ # 0, it may be shown readily that P, and P; in 
equations (17) and (18) also reduce identically to those in equa- 
tions (27). Therefore the calculated results in the previous 
problem may all be used over again in the present problem, and 
it is now only necessary to evaluate integrals in equations (25) 
and (26). 

Before considering a case of variable surface temperatures, it 
may be of interest first to treat a related problem of an insulated 
plate with o = 0.72, such that the recovery factor r may be de- 
termined from the integral procedure with and without the present 
improvement and then compared with the exact value of 0.845 
as given by Chapman and Rubesin [13]. For this case, we have 
from equations (19) and (20) 


Q o ( ") P “4 
=— - 1 T 
, F, dr/y Jo : 


(Y sid L) . 
2 fe d*u**) 


(29) 


te 


Since there is no heat flow at the plate surface, equation (26) be- 
comes 
YD 
9 
H,* = 1 = (1 — ¢) ——_——_ Ki) 
‘¥ — 3) 
"= M.,* 


“ 


(30) 


where 


ey . (So Oe | P* axuery So oar 
K(r) = e —— @ 
0 0 dr 


Then from the usual definition of the recovery factor r, we obtain 
from equation (30) 


ar| dr (31) 


Journal of Applied Mechanics 


dition, calculations have also been made to determine r from the 
basic integral procedure in a similar manner as described by Libby 
and Morduchow [14]. The results are now shown in Table 2, 
which again indicates the degree of accuracy attainable in the 
improved integral procedure. Also clearly shown is the relative 
insensitivity of the degree of polynomial originally chosen. 


Table 2 Comparison of recovery factors for flat-plate flow with o = 0.72; 
exact value 0.845 


Basic integral 


procedure Improved procedure 
m= 3 0.949 0.834 
m= 4 0.947 0.843 
m= 6 0.924 0.844 


Now we shall consider the same example case as treated by 
Chapman and Rubesin [13], i.e., the case for which the surface- 
temperature variation is given by 





H,* = &(M,)(1.25 — 0.832* + 0.332%?) (33) 
where 
wht 
1 + (0.845) cy —— te" 
e(M..) = — = = -_-_—— (34) 
1+ ‘%—~ m,? 


The quantity Q, remains the same as that in equations (39). 
However, Q: is now different and must be written according to 
equation (20) as 





20 /{du* rp 
orn (#*) 7 Os" 
(y¥-)) 2 
Ps és 2 M, d*u**) (35) 
ee : 35 
1 + (Y_ 1) M,? dr 
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where H*, according to the result of the basic integral procedure, 
is a known function of x«* and 7, and therefore the differentiation 
of H* with respect to x* may be performed easily. The applica- 
tion of the basic integral procedure to this problem has been de- 
scribed in detail by Libby and Morduchow [14], and hence will 
not be given here. The determination of the stagnation-enthalpy 
profile at any x* by evaluation of integrals in equation (25) is 
actually rather simple, since for any one of the three m-values, 
only one set of this evaluation, regardless of x*, is necessary, the 
reason being that the surface-temperature variation is given by a 
polynomial in equation (33). Finally, the results of calculation 
based on the integral procedure with and without the present im- 
provement may be transformed back into the physical plane by 
means of the following inverse transformation: 


( Ua Va = E ( ] : 
: Vor m F, \ dr ) 

as —1 

[ar (a+%5 M. 


and 


« 


T*(x*, ns) = H* (: 
(37) 


Figs. 1 and 2 show comparisons of two sets of temperature 
profiles at z* = 0.05 withM,, = 0.5 and at z* = 1.0 with M, 
= 3.0. As already pointed out, the basic integral procedure 
alone is indeed capable of predicting profiles fairly adequately. 
However, the more accurate results according to the improved 
procedure can still be noticed. Owing to the fact that the in- 
formation given by Chapman and Rubesin [13] is not sufficient 
for one to determine the exact local temperature derivatives in the 
boundary layer, no attempt is made to compare these Iccal 
derivatives. However, in order to obtain some indication of this 
comparison, the first derivatives of the temperature profiles at 
the plate surface have been calculated as functions of x* for two 
values of M,; namely, 0.5 and 3.0. These results, which are 
based on the following equation, 


(-H*) 
(27*) i Or fe _ 
ong we H.* |? (““) ] 2 
P,; dr we 


as well as the corresponding exact values, are shown in Figs. 3 
and 4. At the lower Mach-number value, the basic integral pro- 
cedures are still adequate. However, as Mach number increases, 
their accuraties become doubtful, as clearly indicated in Fig. 4. 
On the other hand, the improved integral procedures produce 
very accurate results in both cases. 

3 Similarity Solutions of Compressible Laminar Boundary Layers 
With Heat Transfer and Pressure Gradient. Similarity solutions which 
correspond to the well-known solutions for incompressible wedge 
flows have been obtained for compressible flow by Brown [15], 
Levy [16], and Cohen and Reshotko [17]. For the present pur- 
pose, only Cohen and Reshotko’s results will be used as a basis for 
comparison. They have shown that under the assumptions of 
the validity of Chapman and Rubesin’s viscosity law, perfect 
gases with constant specific heats, o = 1, and a free-stream ve- 
locity distribution given by 


14 / MARCH 1961 


where c and @ stand for velocity of sound and constant pressure- 
gradient parameter, respectively, equations (1), (2), and (3) re- 
duce exactly to 


f'"' +if" = Bs? - 1-8) 
Ss’ +fS’ =0 


(40) 


where primes indicate derivatives with respect to », and 
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Fig. 1 Comparison of temperature profile at x* = 0.05and M., = 0.5 
(problem 2) 
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Fig. 2 Comparison of temperature profile at x* = 1.0andM.. = 3.0 
(problem 2) 
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lem 2) 


Journal of Applied Mechanics 


ma 
2- B VoX 


y 
—_ f p 
0 Po 


u 
I(%) = n= ¥( 


z 
x -f cis te a 
0 Cec Po 


Equations (40) have been solved numerically with the boundary 
conditions 


f(0) = f'(0) = O 
f(-)=1 


and the results tabulated in detail by Cohen and Reshotko [17] 
for different combinations of 8 and S,,. 

Under these same conditions, the form parameter A in the basic 
integral procedure becomes a constant for a given set of @ and 
As a result, equations (6) and (7) become 


S(0) =S 


S( »)= 0 


S.-values. 


B du* 
F. F, = 1 S.)i- 
1 + BP; " (i + Se ( ar ). 


B 1 + s.) (2) 
a‘ me fy 


respectively. Once 8 and S,, are given, equations (42) may then 
be used to determine the unknowns A and },, from which both the 
velocity and stagnation-enthalpy profiles may be calculated as 
functions of 7, through the following change of independent 


variables: 
A /a 
hits F- + st ; 


For the improved integral procedure, equations (17) through 
(20), now reduce, respectively, to 


F, = 


(43) 


Q = P, 


After the improved velocity and thermal profiles are obtained 
from equations (22) and (25), respectively, they may again be 
transformed into the 7.-system by means of equation (43). 

Numerical calculations have been carried out for three com- 
binations of 8 and S,; namely, 8 = 1.0 and S, = 1.0, 8 = 0.5 
and S,, = —0.8, and 8 = —0.3 and S, = —0.8. Results based 
on the integral procedure with and without the improvement are 
shown in Figs. 5 through 13, together with those from the exact 
solution [17]. Note that the velocity profiles are not compared, 
since in most cases the calculated profiles deviate very little from 
the exact ones. Fig. 5 illustrates the comparison for a case of 
very favorable pressure gradient and large surface to free-stream 
temperature difference. Integral solutions to this case based on 
m = 3 and m = 6 do not yield physically sensible results. This 
situation corresponds to the well-known case of the failure of 
using sixth-order velocity polynomial in the calculation of in- 
compressible stagnation flow. 

Fig. 5 also substantiates the common knowledge that in the 
case of a favorable pressure gradient the basic integral procedure 
with m = 4 describes very adequately the velocity field, including 
derivatives of the profiles. Nevertheless, the improved procedure 
yields a still more accurate result, as may be clearly seen in the 
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vccording to the result of the basic integral procedure, 
and therefore the differentiation 
lhe applica- 


re H* 

s known function of «* and r, 

f H* with respect to z* may be performed easily 
of the basic integral procedure to this problem has been de- 

{ in detail by Libby and Morduchow [14], and hence will 

The determination of the stagnation-enthalpy 


by evaluation of integrals in equation (25) is 


not be given here 
profile at any x* 
uctually rather simple, since for any one of the three m-values, 
only one set of this evaluation, regardless of x*, is necessary, the 
reason being that the surface-temperature variation is given by a 
polynomial in equation (33). Finally, the results of calculation 
based on the integral procedure with and without the present im- 
provement may be transformed back into the physical plane by 


means of the following inverse transformation: 


( i. ee 2 /du* 
al Vor F, \ dr 


A 


fle? 


(37) 


Figs. 1 and 2 show comparisons of two sets of temperature 
profiles at r* = 0.05 with M., = 0.5 and at z* = 1.0 with M, 
= 3.0. As already pointed out, the basic integral procedure 
ilone is indeed capable of predicting profiles fairly adequately. 
However, the more accurate results according to the improved 
procedure can still be noticed. Owing to the fact that the in- 
formation given by Chapman and Rubesin [13] is not sufficient 
for one to determine the exact local temperature derivatives in the 
boundary layer, no attempt is made to compare these lccal 
lerivatives. However, in order to obtain some indication of this 
comparison, the first derivatives of the temperature profiles at 
the plate surface have been calculated as functions of x* for two 
values of M,; namely, 0.5 and 3.0. These results, which are 


based on the following equation, 
(°#") 
or w 


= 

‘ * “/3 
one /. us|? (* ) ] 

F, \dr/. 

as well as the corresponding exact values, are shown in Figs. 3 
and 4. At the lower Mach-number value, the basic integral pro- 
“edures are still adequate. However, as Mach number increases, 
their accuracies become doubtful, as clearly indicated in Fig. 4. 
On the other hand, the improved integral procedures produce 
very accurate results in both cases. 

3 Similarity Solutions of Compressible | y lLoyers 
With Heat Transfer and Pressure Gradient. Similarity solutions which 
correspond to the well-known solutions for incompressible wedge 
flows have been obtained for compressible flow by Brown [15], 
Levy [16]? and Cohen and Reshotko [17]. For the present pur- 
pose, only Cohen and Reshotko’s results will be used as a basis for 
comparison. They have shown that under the assumptions of 
the validity of Chapman and Rubesin’s viscosity law, perfect 
gases with constant specific heats, o = 1, and a free-stream ve- 
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Equations (40) have been 


conditions 
f(0) = f(0) 
f'(« 


and the results tabulated in detail by Cohen and Reshotko [17] 
for different combinations of 8 and S,,. 

Under these same conditions, the form parameter X in the basic 
integral procedure becomes a constant for a given set of 8 and 
As a result, equations (6) and (7) become 


. . B _, fdu* 
Fi + BF: = > (14 8) (%") 


F 8 148 (2) 
‘. = ( + ; ) 
: A vn dr /., 


respectively. Once 8 and S, are given, equations (42) may then 
be used to determine the unknowns X and };, from which both the 
velocity and stagnation-enthalpy profiles may be calculated as 
functions of 7. through the following change of independent 


—_ d ve 
%™=1p0+8.)) ~ 


For the improved integral procedure, equations (17 
(20 


S.-values. 


variables: 
(43) 


through 


, how reduce, respectively, to 


X T 
i wm “d 
.” $44 at idliaan! 


QO =P 

After the improved velocity and thermal profiles are obtained 
from equations (22) and (25), respectively, they may again be 
transformed into the ,-system by means of equation (43). 

for three com- 
binations of 8 and S,,; 1.0,8 = 0.5 
and S,, = —0.8, and 8 = Results based 
on the integral procedure with and without the improvement are 
shown in Figs. 5 through 13, together with those from the exact 
Note that the velocity profiles are not compared, 


Numerical calculations have been carried out 
1.0 and S, = 
0.8. 


namely, 8 = 
0.3 and S, = 


solution [17] 
since in most cases the calculated profiles deviate very little from 
the exact ones. Fig. 5 illustrates the comparison for a casé of 
very favorable pressure gradient and large surface to free-stream 
Integral solutions to this case based on 
m=3andm = This 
situation corresponds to the well-known case of the failure of 


temperature difference 
6 do not yield physically sensible results. 


using sixth-order velocity polynomial in the calculation of in- 
compressible stagnation flow. 

Fig. 5 also substantiates the common knowledge that in the 
case of a favorable pressure gradient the basic integral procedure 
with m = 4 describes very adequately the velocity field, including 
derivatives of the profiles. Nevertheless, the improved procedure 
yields a still more accurate result, as may be clearly seen in the 
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comparison of the second derivatives of the profile. Primarily ow- 
ing to the effect of large temperature difference, the error in the 
basic integral procedure is considerable with respect to the thermal 
profile, as evidenced especially in the comparison of S’-values. 
The improved procedure, however, again produces very satisfac- 
tory results. Similar conclusions may be made in the case of 8 = 
—0.8, the results being shown in Figs. 6, 7, 8, and 9. 

The last case in this problem illustrates the effect of adverse 
pressure gradient on the accuracy of the integral procedure. 


0.5 and S, = 


Polynomials based on m = 6 again do not yield physically sensible 
results. Figs. 10 and 11 demonstrate very clearly the inadequacy 
of the basic procedure, which in fact does not even give qualita- 
tively correct second derivatives of the profile. On the other 
hand, the extent that the accuracy of the integral procedure can 
be improved by means of the present improvement is remarkably 
evident. Better agreement between the thermal profiles of the 
basic procedure and that of the exact solution may be observed 
in Figs. 12 and 13. This, however, is essentially due to the small 
temperature difference in this particular case. 

4 Prediction of Laminar Separatian in a Compressible Flow With 
Linearly Decreasing Free-Stream Velocity and No Heat Transfer. The 
problem of predicting the separation point on an insulated body 
with a linearly decreasing free-stream velocity distribution and 
with ¢ = 1 is now considered. Here again the energy equation 
may be completely discarded in view of its exact integral, H* = 
For a free-stream velocity distribution given by 

Ue (45) 
Ug 


accurate calculations for the points of laminar separation as a 
function of Mach number have been made by Stewartson [18]. 
For this case, equation (6) of the basic integral procedure reduces 
to 
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which is solved with A(0) = 0. With My = 
may be integrated directly. However, for My # 0 this equation 
must be solved by a numerical procedure. 
tion is obviously determined by the condition (O0u*/dr), = 0 
and (18) be- 


0, equation (46) 
The point of separa- 


Now for the improved procedure, equations (17 
come, respectively, 


yy ° u*dr (47) 
far J, 


ou* 
oA 


— (1 — u*) 


(1 — x*)*]u 


(48) 


where values of A(z*) and A‘’(z*) are taken from the solution to 
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equation (46). According to equation (23), the separation point 


is then the z*-value which satisfies the following equation: 


1 f. Pidr ° Sc Pidr 
e€ Px dr |\dr = 1 
0 0 


Numerical calculations have been carried out for two values of 
the Mach number; namely, Mp = 0 and My = 3. The results are 
shown in Table 3 together with the values given by Stewartson 
[18]. 
point, the integral procedure with a third-order velocity poly- 
nomial is actually much better than those based on fourth and 


(49) 


It is interesting to note that, in predicting the separation 


sixth-order polynomials, a result which is not generally known in 
the laminar boundary-layer theory. It is also seen that the im- 
proved procedure in all cases reduces the error of the basic pro- 
cedure by one half. 
accurate result is not achieved in the improved procedure is owing 
to the fact that, in the separation-flow region, the behavior in 


The primary reason that an even more 


the boundary layer changes so rapidly in the z*-direction that the 
integral equation (46) is no longer able to describe this be- 


havior adequately.? 
Table 3 Separaiion points x,” 


Reference [18 


Basic integral procedure 


Improve d integral procedure ¢ 


Concluding Remarks 

In this paper a fundamental improvement, which is to be ap- 
plied to any integral procedure for compressible laminar bound- 
ary-layer analysis, is described. It is shown, by means of com- 
parisons with exact solutions covering cases of favorable, zero, 
and adverse pressure gradients, and of constant and variable sur- 
face temperatures with and without heat transfer, that in all 
these cases very significant improvements in the calculated re- 
sults are attained. It is also shown that the improvement is ac- 
complished simply by evaluating integrals. Therefore, being the 
simplest analytical method of solution for a completely general 
compressible laminar boundary-layer problem, the integral pro- 
cedure, together with the present improvement, may now be used 
with great confidence. 

Another rather interesting result of this study refers to the 
utilization of profile polynomials with m = 3 in the normal inte- 
Basically speaking, the third-order velocity 
polynomial is not satisfactory, since it produces unrealistic second 
Yet on the other hand, it is unques- 


gral procedure. 


derivatives of the profile 
tionable that the basic integral solution based on polynomials 
with m 3 is much simpler to obtain than those based on higher- 
order polynomials. Now in view of the comparisons shown in this 
paper, very adequate results may be obtained even for poly- 
nomials of m = 3, provided that the present improvement is ap- 
plied to the basic integral procedure. Consequently, now profile 
polynomials with m = 3 need not be excluded from laminar 
boundary-layer analysis 

It is pertinent here to point out a limitation of the improved 
integral procedure. Since it depends on the result of the basic 
procedure as a first approximation, the present improvement 


? Another integral procedure gives rather accurate prediction of 


laminar separation [2]. It is based on a seventh-order velocity 


polynomial valid, however, only at the separation point. 
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cannot be applied whenev the erbasic procedure fails to give 
physically sensible results, as in some cases where profiles are as- 
sumed in the form of polynomials. However, this limitation is 
actually not too serious, since, whenever such a situation happens, 
a different type of profile can always be used instead. A good 
example is profiles in the form of exponential functions [8]. In 
such a case, the present improvement can still be applied with the 
exception that now the integrals will have to be evaluated from 
zero to infinity. 

In view of the high degree of accuracy of this improved integral 
procedure, there may be a possibility of obtaining exact solutions 
to laminar boundary-layer problems by repeated applications of 
the present improvement. After the improved integral procedure 
is used the first time, yielding much more accurate profiles than 
those originally assumed, these improved profiles may then be 
utilized to provide another integral solution. Then the improve- 
ment is again applied to give more refined profiles. This proce- 
dure may then be repeated until convergence of the results is 
achieved. However, it must be shown mathematically that such 
a convergence exists and the results do approach to the exact 
solution as a limit. 

Finally, it may be of interest to point out that the basic integral 
procedure, because of its simplicity and reasonable accuracy, 
has also been utilized to treat other physical problems, notably 
unsteady heat conduction and heat transfer in duct flows. Some 
preliminary calculations have shown that the present improve- 
ment applies equally well to these problems. Every indication is 
that this improved integral procedure could be developed even- 
tually into a fundamentally reliable tool for studying problems 


in fluid mechanics and heat transfer. 
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APPENDIX 


Equations (1), (2), and (3), when first transformed from the 
(z, y)-system to the (z*, ¢)-system, become 
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Then a second transformation to the (\, r)-system, with the aid of 
the following identities: 
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reduces equations (50) and (51) identically to equations (15) and 
(16), respectively. Note in equations (50) to (54), inclusive, that 
primes all indicate derivatives with respect to z*. 
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The Propagation of an Impulse 
Into a Viscous-Locking Medium 


A viscous-locking medium is defined by the compressive stress-strain relation p = 
fle) + we, where f(e) = O fore < €, and f'(e.) = ~; tt behaves as a viscous liquid 
until the compressive strain attains the value ¢,, after which it behaves as a rigid solid 
A general solution is given for the disturbance produced by a pressure po(t) acting on 
an inviscid (u = 0) half space, in which case the transition from viscous to rigid 
phases occurs through a shock wave. It is found that the stress falls off inversely as 
the square of the depth of penetration and that it may be approximated (asympiotically) 
by the disturbance produced by a concentrated impulse. A similarity solution then is 
given for a concentrated impulse acting on a viscous half space. It is concluded that 
viscosity reduces the peak pressure at all depths, even though the disturbance is diffused 
into the viscous phase and may achieve its peak value in that phase. 


J. W. MILES? 


Professor of Engineering, 
University of California, 
Los Angeles, Calif. 


W. consider the application of a prescribed, non-nega- 
tive pressure po(t) to the free surface (x = 0) of a half space or 
semi-infinite rod (x > 0) that obeys the dynamic stress-strain 
relation 


where p denotes compressive stress (force divided by initial cross- 
sectional area in the case of the rod), € compressive strain, and f(€) 


Pol ¢¢ . f"( —~ Uy )Ugy 


Given po(t), po, and €,, we seek u(z, t). 


t 
o( tat 
fm 


obtained by integrating (1) with respect to fat z = 0. 


Let us consider the impulse 
N(t)h=. 


Assum- 
ing € = Oatt = O, we obtain 


the static characteristic sketched in Fig. 1 and described by I(t) = pe(0, t), € €. (@) 


Now, by hypothesis (that pp is non-negative), /(¢) and hence 


and 

(2b 
p=f(«) 
If € < €, our medium behaves as a viscous liquid, while if « 
achieves the compaction strain ¢€, it behaves as a rigid solid. 
Such a model appears to provide a significant representation of an 
uncompacted soil subjected to very high pressures, as in an ex- 
Extending the terminology for the inviscid case, we 
We observe 


plosion. 
sha. designate it as a ‘‘viscous-locking’’ medium. 
that it constitutes a special case of a nonlinear Voight model, 
Fig. 2. 

We will regard z and ¢ as Lagrangian co-ordinates and designate 
by u(z, t) the displacement of the section originally atz. Wealso 
introduce the strain and particle velocity according to 














Fig. 1 Static stress-strain curve for a locking material. Material will 


u, = and (3a, 6b) support no compressive stress until the compressive strain reaches «.. 


be —€ 
The equation of continuity then reads 
pil + u, Po, (4) 


where p and pp» denote the actual and initial densities, while the 
equation of motion reads 


! Also, Consultant, Space Technology Laboratories, Los Angeles, 
Calif. 

Presented at 
Mechanics Division, Pasadena, Calif., June 27-29, 
AMERICAN Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 


West the Applied 


1960, of Tue 


the Coast Conference of 


Department, ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until April 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, March 15, 1960. Paper No. 60— 
APMW-13. 


Fig. 2 Element of a nonlinear Voight model having a variable stiffness 
f’(e) and a constant viscosity 
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«(U, t) are nondecreasing functions of ¢, and we need consider 
only two possibilities: Either (a) J( ©) < we,, in which case the 
medium behaves as a viscous liquid under the action of po(t) 
and returns to a partially compacted state as po — 0; or (6) 
J(t) > we, for f > t, (say), in which case the material becomes fully 
compacted and acts as a rigid solid. We shall consider only (6) 
further, since (a) may be regarded as a classical problem in dif- 
fusion (with impulse playing the role of heat input in the analogous 
problem of heat conduction). 

Subsequent to the attainment of rigidity by the outermost layer 
of the medium, impulse can be transferred only into rigid-body 
momentum. 
rigid-body phase and vo(t) the particle velocity in this phase, we 


Letting z,(¢) denote the subsequent extent of the 


then obtain 


t> t,, (8) 


I(t) = Pori(t volt) + pMeE,, 


as the impulse-momentum equation constraining 2,(¢) and vo(t). 
We designate the interface z = 2z,(¢), ahead of which the medium 
behaves as a viscous liquid and behind which it behaves as a rigid 
body, as a ‘‘compaction wave.”’ 

We remark that our problem is closely related to the problem of 
heat conduction in a medium undergoing a change of state (see 
Carslaw and Jaeger? for an extensive discussion of such problems), 
and we anticipate that a (special) similarity solution must exist, 
as in the classical freezing problem of Neumann and Stefan.® 
The application of dimensional analysis then reveals that the 
only problem for which the prescribed data, viz., €,, “, po, and 
pot), do not permit the derivation of either a characteristic length 
or a characteristic time (and hence for which a similarity solu- 
tion is appropriate) is that of impulse loading. We also may an- 
ticipate that any attempt at a more general solution would lead 
to a rather intractable integral equation (cf. Carslaw and Jaeger‘). 
Fortunately, we shall find that the approximation of a concen- 
trated impulse provides an asymptotic (in either z or ¢) solution 
for typical explosions 

Before proceeding to the viscous problem, we shall find it both 
expedient and instructive to consider the limiting case yu 0 
This simplification permits a closed-form solution for arbitrary 
pot) from direct, integral considerations of mass and momentum. 
Such an inviscid, locking model has been considered previously 
by Salvadori, Skalak, and Weidlinger® and also by Serbin® in 
attempting to explain the observed decay of pressure with depth 
when an intense blast wave is applied to the surface of the earth. 

\ one-dimensional elastic model yields p(z, t) = po(t — z/a), 
where a is the elastic-wave speed, and therefore predicts an in- 
creasing time delay, but no decay, with depth.) We find that our 
solution (in the following section) is in agreement with that given 
by Salvadori, Skalak, and Weidlinger, but not with that given by 
Serbin 

Serbin proceeded by assuming the compacted phase to be elas- 
tic, rather than rigid; however, in obtaining the trajectory of the 
compaction wave and the peak pressure just behind it, he as- 
sumed the elastic-wave speed a to be large compared with the 
compaction-wave speed z;, which is tantamount to the assump- 
The underlying reasor-for the disagreement ap- 
= pot — z/a 


tion of rigidity. 
pears to be Serbin’s assumption of the solution p 
in the compacted phase. This solution, althoughappropriate for a 
semi-infinite elastic medium, neglects the reflection of the incident 


‘arslaw and J. C. Jaeger, ‘‘Conduction of Heat in Solids,” 
1959, cl apter Il. 


tH. S. ¢ 

Oxford University Press 
Ibid., p. 282, et seq. 

‘Tbid., p. 293. 

'M. G. Salvadori, R. Skalak, and P. Weidlinger, ‘Stress Waves 
in Dissipative Media,” Transactions of the New York Academy of 
Science, vol. 21, 1959, pp. 427-434 

¢ Hyman Serbin, “‘Propagation of Intense Shock Waves Into the 
Earth,”’ Journal of the Acoustical Society of America, vol. 32, 1960, 
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elastic wave at the shock front. In fact, a reflected elastic wave is 
required in order to satisfy the requirements on both mass and 
momentum at the shock. Serbin actually imposes two such con- 
ditions but then equates the pressure just behind the shock to po, 


thereby ignoring the acceleration of the rigid body. 


Ideal Locking Model 


We consider the ideal (u = 0), locking model sketched in Fig. 3. 
The neglect of viscosity implies a discontinuous jump in strain 
from 0 at z = x4 to €, at x 2-, and the compaction wave 
becomes a shock front. 

Considering first the mass flow through this shock front, we ob- 
tain 

Aa — »)\e=s,. = Por 9) 
Setting v = vo and p = p)/(1 — e€,) then yields 
t) €,4;(t) (10) 


Substituting (10) in the impulse-momentum equation (8) with 


pu = O therein, we obtain 
I(t) = po€a,(t)zi(t), 11) 


whence [assuming 2,(0 0} 


I(t)dt 12 
P€e Jo 


a(t) = 
Having 2z;(t), we may calculate the pressure at any section z 


from the equation of motion 
Porto = Poll) — plz, t) 
Substituting vp from (10) and then po = i from (11), we obtain 


p(x, t) = pot) — po€ tix (l4a 


po€.[Z1? + £:(21 — 2)] (14b) 


The pressure just behind the shock is given by (145) and (11) as 


Pi = po€t1? = [?/poez,?, (15) 
as we also may infer from a direct consideration of momentum 
flux through the shock. 

In most cases of practical interest (for which the rise time, i.e., 
the time for pp to reach its maximum p,,, may be neglected) @, will 
be negative definite, so that p, will be the maximum value at- 
tained by p(z, t) at a given station. If we also assume that the 
time required for the shock wave to achieve a given penetration, 
say t,(x), is large compared with the time constant? 


Pm Pm = (Po) (16) 


max) 


so that I(t) = , we may conclude that compaction causes the 


7A rough approximation to a typical explosion is po(t) = pm exp 


t/r 

















Lu, 


—!{) = 


Fig. 3. Rigid portion of rod, illustrating position of compaction wave 
x = x(f), behind which material is assumed to be rigidly compacted 
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peak pressure to fall off inversely as the square of the depth and to 
increase as the square of the impulse (and hence as W*/* accord- 
ing to the usual scaling laws for an explosion of energy W). 

We consider further the approximation of constant impulse by 
assuming J to be constant in (12), whence equations (10)-(15) 
yield 


a(t) = (21 /poe,)'/t'7?, (17) 


vo(t) = (€,1/2po)'/*t- (18) 


p(z, t) = Pxt—"/ (19a) 


P = (pole,/8)'” (19b) 


plz) = Pz? 20a) 


P, 1? / po€, (20b) 


Inverting (17), we obtain 


t(z) = (poe,/2I)z’ I/2p,(x) (21) 


for the arrival time of the shock wave. Comparing (21) with 
(16), we conclude that the approximation of constant impulse is 
significant at those depths for which the predicted pressure is 
small compared with the peak pressure in the explosion and that 
equations (16)-(21) then constitute asymptotic approximations 
at such depths for any po(t). 

Another time constant of interest is a measure of the width of 
the pressure pulse at a given depth, say the time required for the 
pressure to decay from its peak value of p, to p,/10. We infer 
from (19) that this time constant is simply 

(10°7* — 1) = 3.64, 
We now may draw the following, qualitative picture of pulse 
An initially sharp im- 
pulse is smoothed out behind a shock front that moves asymp- 


propagation in an ideal, locking medium: 
totically according to z ~ f with peak pressure falling off 
asymptotically as z~*. We remark that the general character of 
this spreading is rather similar to that of ordinary diffusion, even 
though we have yet to introduce viscosity. 


Viscous-Locking Model 
We now admit viscosity on the assumption that the impulse 


may be assumed constant. Having described the rigid-body 


motion by ro(t), we need consider only x > 2)(t), where (5) reduces 


to 
Polley 


The initial conditions are 
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Fig. 4 Functions A, \ (2a)'/2, and g(a) 
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and we therefore may integrate and differentiate (22) to show 
that each of u, €, and v satisfies the diffusion equation 


°o ° 
Vv (u,v, €) = UV, 
ot Ox? 


where vy = u/py denotes the kinematic viscosity 


t 
= —€27) 7 ff ena, 


and (t), (25c) 


(24) 


The boundary 


conditions are 
(25a) 


(25b) 


at r= 7,(t), 
together with a null condition as z — We also find it con- 
venient to rewrite the impulse-momentum equation (8) accord- 
ing to 

(26a) 


21(t)vo(t) (1 — a)(I/po), 


a = pe,/I, (26b) 


where @ denotes the fraction of the total momentum that is asso- 
We note that ¢, = 0 by 
virtue of the impulsive character of the loading 


ciated with motion in the plastic phase. 


Having anticipated a similarity solution for our problem, we 
follow Neumann? by introducing 


n = '/(vt)~'/*z, (27a) 


a = 2X(vt)'/?, (276) 


where the parameter A is to be determined. We then may write 


down the solution for the strain directly from the analogy with 
the corresponding problem in heat conduction, which yields 
e(z,t 


= €. erfc n erfe A, 


where 


denotes the complementary error function. Integrating (28), 


subject to the initial condition (23a), we obtain 


2€, (= siren : 
= T eric 
erfe A T 7 7 


after which differentiation yields 


€. ?* (2 
erfe X \at 


to obtain rot 


u(z,t) = 


(31) 
and substituting the result, 


Setting 7 = A in (31 
together with (276), in (26), we obtain 


f(A) = a/(l ‘ 32) 

33a) 

(33b) 

— 1/,A-4 + 3/,r 64 33c) 
Numerical results for \ versus @ are plotted in Fig. 4. 

We may assess the time-lag effects of viscous action simply by 


‘ 


taking the quotient of (275) and (17) to obtain 
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ai(t)/2i(t)|an0 = A(2a)'/* (34a) 


=1—a-+ Oa’) (346) 
The quantity \(2a)'/* is plotted in Fig. 4. The approximation of 
(346), which is based on the first two terms of the asymptotic 
series (33c), actually provides a rather good fit over the complete 
(0, 1) range of a, although its slope is 25 per cent in error at 
a=\l, 
Turning to the pressure distribution, 
p(z,t) = —poerino(t), z < x(t) 


= —pove,(z, t), z > 2,(t), 


whence we obtain 


Sead D»s— */2 j I { 
pz, ‘)= | aay | Prt Vern ’ 


ng X, 


24 / MARCH 1961 


where P is given by (19b). Setting » = A we obtain 
Pi = 2A%a(l — a)Piz-, (37) 
where P, is given by (206). This is the maximum value of p if 
A? > 1/2, but if A* < 1/2 the maximum occurs at 9? = 1/2. Re- 
ferring this maximum to its value for a = 0, we obtain 


Pmax = g(a)Piz~*, (38) 
A>2-'* (39a) 


(396) 


g(@) = 2\%a(1 — a), 
= (2/ne)'a*/erfe A, A < 27-2. 
The function g(a) is plotted in Fig. 4. 

We conclude that viscosity can shift the position of the peak 
pressure into the viscous phase for \ < 2~'/*%(@ > 0.4) but that its 
net effect is to reduce the peak pressure for all A, primarily by re- 
tarding the compaction wave. The peak pressure falls off in- 
versely as the square of the depth for all A, just as in the inviscid 


case. 
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whose convergence is discussed. 


1 Introduction 


a the basic equations which govern the 
linear theories of heat conduction and thermoelasticity have long 
been established, existing solutions to three-dimensional transient 
thermoelastic problems are rather few in number and, for the 
most part, recent in origin. A fairly comprehensive and up-to- 
date bibliography on this subject, which has experienced an in- 
tensified interest during the past decade, may be found in a 
specialized monograph by Parkus [1]? (1959); some further 
references are cited by Nowacki [2] (1960). 

The present investigation concerns the transient temperature 
distribution, as well as the accompanying time-dependent ther- 
mal stresses and deformations, which arise in a circular elastic 
shaft of infinite length if a finite band of its surface, between two 
cross sections, is exposed to an instantaneous uniform change in 
temperature. The entire shaft is assumed to be at a constant 
initial temperature and—without loss in generality—is considered 
to be free from loading. While the requirement that the surface 
temperature be a step-function of time is physically unrealistic, 
the corresponding solution may, by means of the usual convolu- 
tion integral, be adapted to an arbitrary time dependence of the 
temperature within the heated (or cooled) surface band. The 
solution given here is therefore relevant to the study of thermal 
stresses produced in a rotating shaft as a consequence of bearing 
friction. 

The foregoing problem is approached on the basis of classical 
linear thermoelasticity theory. In particular, the material is 
supposed to be homogeneous and isotropic with respect to both 
its thermal and mechanical response, and all physical properties 
are regarded to be independent of temperature. Furthermore, 
the treatment is quasi-static in the conventional sense that inertia 
effects are neglected along with the influence of thermoelastic 


coupling.* 


!The results communicated in this paper were obtained in the 
course of an investigation conducted under Contract Nonr-562(25) 
with the Office of Naval Research, Department of the Navy, Wash- 
ington, D.C, 

? Numbers in brackets designate References at end of paper. 

* The validity of such a quasi-static treatment is borne out by re- 
cent dynamic thermoelastic investigations despite the fact that the 
results of these investigations have occasionally been misinterpreted. 
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Transient Thermal Stresses in a 
Circular Cylinder’ 


This paper contains an exact solution for the transient temperature distribution, as well 
as for the accompanying quasi-static thermal stresses and deformations, which arise in 
an infinitely long elastic circular shaft if its surface temperature undergoes a sudden 
uniform change over a finite band between two cross sections and is steadily maintained 
The solution given is in the form of definite integrals and infinite series, 


Extensive illustrative numerical results are included. 


The solution obtained is exact within the underlying theoretical 
framework. In view of the last-mentioned assumption, the tem- 
perature distribution may be determined independently, and 
this task is accomplished by means of a combined Fourier and 
Laplace-transform technique. Once the temperature field is 
known, the associated fields of deformation and stress are estab- 
lished with aid of the Boussinesq-Papkovich stress functions 
(appropriately generalized to account for the presence of the tem- 
perature terms). All results are deduced in series and integral 
form. The integrands are in closed form and involve only ele- 
mentary and Bessel functions, as far as the temperature field is 
concerned. The integrals entering the stresses contain, in addi- 
tion, a single transcendental function which is represented by a 
rapidly convergent series and has been tabulated for the purpose 
at hand. Extensive numerical results are presented for the tem- 
perature and stress variation along the axis and the surface of the 
shaft, as well as in the central cross section; these illustrative re- 
sults refer to the practically interesting case in which the width of 
the heated band is equal to the shaft diameter. 

Various aspects of the problem under consideration have re- 
ceived previous attention. Specifically, Tranter [3] (p. 35 et 
seq.) reached a representation of the desired temperature dis- 
tribution in the form of improper integrals whose integrands are 
infinite series. On the other hand, Parkus [1] (p. 47 et seq.), 
using an approach which appears to be somewhat less direct than 
that adopted here, arrived at a representation of the required 
thermal stresses which is analogous in structure to Tranter’s [3] 
solution for the temperature field. Since the numerical evalua- 
tion of the results just cited would offer great difficulties, their 
significance is largely formal, as far as the transient temperature 
and stress distributions are concerned. In contrast, the results 
contained in [1] and [3] for the corresponding steady-state solu- 
tion, which was also established independently by Ignaczak [4],‘ 
are in useful form. Additional, less closely related, investigations 
of transient and steady-state thermal stresses in cylindrical bodies 
are referred to by Parkus [1] and by Melan and Parkus [5]. 


2 Formulation of Problem 

Consider a homogeneous and isotropic elastic solid occupying a 
region of space D with the boundary ®. Let 2; be rectangular 
Cartesian co-ordinates, let ¢ be the time, and suppose T(z, ¢) is 
the temperature distribution throughout the solid.§ With 
reference to the usual indicial notation the temperature field, in 


‘ Actually, Ignaczak’s results presuppose that two adjacent semi- 
infinite portions of the cylindrical boundary are maintained at two 
distinct uniform temperatures. 

‘ The single argument z stands for the triplet of co-ordinates (r:, 


To, Za). 
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the absence of internal heat sources, is required to obey the equa- 
tion of heat conduction in the form 

oT 
ot 


kT = in D (O<t< ~), (1) 
provided thermomechanical coupling is disregarded, x being the 
constant thermal diffusivity of the solid. If the medium is 
initially at a uniform temperature (say at zero temperature) and 
assuming the surface temperature to be prescribed, (1) must be 
supplemented by the initial condition 


T(z,0) =0 in D+8 


and by the boundary condition 


T(z, t) = f(z t) on ® (0 <t< @), 


Equation (1), subject to (2) and (3), completely characterizes 
T(z, t). The associated quasi-static thermal displacements and 
stresses, within the classical theory of elasticity and for the case 
of vanishing body forces, are governed by the displacement equa- 
tions of equilibrium 


(1 — 2v)usee + Ueans — 201 + voaT,; = 0, (4) 


together with the stress-displacement relations 


: 2v Al+yv) _ 7 
Oi; = Mis + uit ee Sy Medi a aT6;; |, (5) 


where u; and o;; denote the Cartesian components of displace- 
ment and stress, respectively, 6;; is the Kronecker delta, while the 
constant parameters @, py, ¥, in this order, designate the coefficient 
of linear thermal expansion, the shear modulus, and Poisson’s 
ratio. To the field equations (4), (5), which must hold in D for 
0 <t< ©, we adjoin the boundary conditions 


=(Q on & 


O4;N; (O<t< @), (6) 


if the body is permanently free from surface tractions. Here n; 
are the components of the unit outer normal of 8. 
As pointed out in [6], the general soluiion of (4) admits the 


representation 


Quu; = (g + 2,H;),, — 41 — vd), 


where 


aT, ¥i;,2=90 in D (O<t<o 


— vp 
Equations (7), (8) constitute an obvious extension of Papkovich’s 
general solution of the isothermal field equations. Substitution 


into (5) yields the Cartesian components of stress 


Thus 


for u; from (7 
in terms of the generating stress functions ¢ and V;. 


rw ij 
l+v 


_ 2p, bi; — 2u i , 75 ;;- 9) 


— (1 — Wy; + Yj.) 


Once the temperature field is known, the complete determination 
of the corresponding thermoelastic fields reduces to the determina- 
tion of solutions ¢(z, t), ¥,(z, t) of (8), 
contorm to (6). 


such that the stresses (9) 


Che particular thermoelastic problem described in Section 1 is 
most conveniently referred to cylindrical co-ordinates (r, 8, z) in 
which r, 9, and z are the radial, angular, and axial co-ordinates, 
The region D is now the infinite circular cylinder 
<2z< @,abeing the radius of the cylinder. At 
the initial instant the boundary r = a between z = bandz = —b 


respectively. 
0 < r<a,-—-o2 


is suddenly heated (or cooled) to the constant temperature 7) and 
is thereafter maintained at this temperature, while the remainder 
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of the surface is kept at zero temperature. In view of the rota- 


tional symmetry of the problem all field quantities are inde- 
pendent of the polar angle @. 

At this stage it is expedient to introduce dimensionless variables 
by means of 


where 


p op 
while conditions (2), (3) presently become 


T(p, €,0) = 0 


Ospsl, 
< 


t| 
gh (0<Tr<~-), 


In addition, the desired temperature distribution must meet the 
regularity requirement 
eo<cr< (15) 


T —- 0 as |t| > o (0 p l, 


In the case of axisymmetry about the z-axis, the general solu- 
tion (7), (8) remains complete if we set 


¥; =Wir,z,0, i= =0. 


In these circumstances (7), (8), for 7’ = 0, reduce to Boussinesq’s 


gy = gr, 2, t), (16) 


general solution of the axisymmetric isothermal field equations. 
On introducing dimensionless stress functions through 


s * l1-—vp 
g(p, §, 7) =: ~_ mp AT, 2, e), 
2u(1 + vja*aT, 
l-vp 

T + 
a | ) = 
Wp, ¢, T = , 

2u(l + vjaaT, 


equations (8) pass over into 
Vo=lT, V7¥¥y =0 


(O<p<l1,‘- <r¢ce, @<¢¢< 


in which the operator VY? is once again given by (12 Equations 
(7 (9 
), \I), 


on the form 


by virtue of (16), (17), in cylindrical co-ordinates take 


oy 
dp 
oy . oy 


of * Og? 
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ae oy, ay 
— (1 — 2v) + — 


weal a <4 - (20) cont 
Opos o Opos 


Ors 


provided @,, a,, &,,, Fee, &,,, ,, are dimensionless cylindrical com- 
ponents of displacement and stress, related to the actual cylindri- 
cal displacements and stresses u,, u,, 7,,, 
with 


766, O22, T,, in accordance 


l-—vp 
(1 + vjaaT 
l-—vp 


j= r C,,\ 
2u(1 + v)aTy 
The transverse displacement ug and the shear stresses o9,, o@ 
vanish identically in the present instance. 
The surface of the cylinder is free from tractions if 


6,(1, ¢,7) = 0, &,(1, ¢ 7) =0 


and, evidently, 
vr 


In approaching the foregoing thermoelasti problem we deal 
(11 
Using the temperature distribution thus ob- 
y , such that the 
The stress functions 
the 


displacement and stress fields with the aid of (19), 


first with the heat-conduction problem characterized by 
(13), (14), (15). 
tained we then construct solutions @ and W to (18 
stresses (20) meet conditions (22), (23). 
complete thermal 
(20 


having been so determined, we deduce 


3 Solution of the Heat-Conduction Problem 


Let 
f T(p, ¢, 7 
v0 


whence T'(p, y. T) is the Fourier cosine transform of the tempera- 
ture 7(p, ¢, 7) with respect to ¢, y being the transform parameter 


cos yf df, (24 


T(p, Y tT) = 


Because of the svmmetry of the problem about the plane == (), 
oT 
Ye I(o,0 


On the assumption that T and 07'/d¢ tend to zero as ¢ => , and 
the differential « (11) 


goes into 


in view of (25), juation under the trans- 


formation (24 


er 1 a7 
Op? p op 
(26 


] 


while the transformation of the initial and boundary conditions 


(13) and (14) yields 


T(p, y, 0 


, T) exp (29 


is the Laplace transform of 7 a, Y, T with 


Applying 


s0 that 7 Pp, Y; 8 
respect to T, 8 being the new transform parameter 
(29 to (26), (28 


, and using (27), we obtain 
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d°?T* 1 dT* 
: -_—- —_ (y? T 


2 


dp? p dp 
“ Beg 
T*(1, y, 8) = sin yf. (31) 
ys 


The solution of (30) 
which is finite at p = 0 and satisfies the boundary condition (31), 


Equation (30) is a modified Bessel equation. 


is given by 


1 


sin ¥8 Io[(y? + s)'“pl 


—— (32 
ys f(y? + s)”] 


T*(p, ¥, 8) = 


where J, is the modified Bessel function of the first kind, of order 
zero. 
From the inversion theorem for the Laplace transform 


l aiuibe 
T*(p, y, 8) exp (sr )ds, 
2m 


J p—ta« 


Tle, y, 7) = 


in which the line of integration Re[s] = p is to be chosen to the 
From (32) it is ap- 
0 and at 


right of the singularities of the integrand. 
parent that the poles of 7'*(p, y, s) are located at s = 


the zeros of J y? + 8 ? which occur at 


(34 


Here the W; 
= (), where J 


are the positive ordered roots of the equation Jfzx) 
is the Bessel function of the first kind, of order 
the 
type 


Using Cauchy’s residue theorem and adopting 


usual method for the evaluation of inversion integrals of the 
find that 


zero.” 
of (33), we 
sin YB pli(yp 

Y t Lo(y) 


J Wp 
Ji(w 


exp [ = w,? > 


On the other hand, the inversion theorem for the Fourier cosine 


transformation vields 
(p, Y, T) cos yfdy 


From (35 we have, formally, 


where 


sin yo cos 'y ¢ 


~ 


/ 


Ww ‘ 
,2 1 a2 


~ 


(OO <p<l, 


®, Y 


0s T< 


Evidently, 7; is the steady-state temperature distribution, i.e., 
T(p, &, 7 (40 
The 


(38), 


solution to the heat-conduction problem in the form (37 ‘ 


/ 


39) coincides with results previously obtained by Tranter.7 


® See Watson [7], p. 478 


7 See Reference [3], p. 35 et seq 
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The representation (39) of the transient part of the solution, in 
terms of an improper integral over an infinite series, is, however, 
inadequate for the numerical evaluation of the temperature field. 
For this reason we now deduce a series representation for 7; which 
involves only tabulated functions. Proceeding formally for the 
time being, we first reverse the order of integration and summation 
in (39), thus obtaining 


Sa ol 2 WJolWjpP) .,, 
lp, ¢,T) = > 
T Jif 


y=1 1'@);) 


{- sin yr : 
: 3) o*P I 
9 Yo? + 7? 


With a view toward carrying out the integration in (42), we 
differentiate (42) with respect to A and, making use of a known 


integral, are led to 


oF (A, T 7 y om ny 
" . = e) (w A A @ + 
ON ra ! (sive oe 


r 
+ exp (—w,A A («, Vr _ ; )| (43 
ae ¢ 


Here A denotes the complementary error function defined by 


9 x 
A(z) = — ( exp (—y*)dy (44) 
Vad: 


and having the properties 


A(O) = 1, A(z) —~Oasxr—~eo, A(—z) = 2 — A(z). (45) 
In accordance with the behavior of integrals of the type (42),° 


FAX, tT) +0 as AO, 46 


f oF ,(é, 
0 ) 


, (47), and integration by parts, 


FAA, 7 


») 


* Jexp wr i («, Vr + 


4; 


— exp ( —w,A A («. VT- 
9 


prepi-wpn [i -a(2-)] ¢ 
L 2V Tr f 
E; ( 


Introducing the auxiliary variables £, 
through 


(‘+8 


2 Vr 


,@o;V T, = 


and using (41), (48), we obtain finally 
1 <a J(w,p) 


9 


f ‘ © ' 
) exp (2 m)ACE; + m 
2 £4 ew i(@;) 


+ exp (—2£,m)A(E; — m) + exp (2E;m.)A(E; + m2) (50) 
*See Reference [8], no. 15, p. 15. 
* See Tranter [3], p. 61 et seq. 
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— exp (—2£&m)A(E; — 2) + 2 exp (—£,4)[A(m) — A(m)]} 
(50) cont 


for the desired series representation of 73. 

This completes the formal solution of the heat-conduction 
problem. In order to confirm the validity of this solution, it is 
convenient to deduce also a series representation for the steady- 
state part of the temperature field, given in integral form by (38). 
For this purpose consider the function 


1 Jo(np 


) 
exp (—nA), 
277 Jn) insite 


f() = 
where A is real and positive and » = R exp(ia). Let I’ be the 
closed contour in the y-plane consisting of the two semicir- 
cular ares 


R = R, < wi, 


9 


together with the straight-line segments 


rg ; 7 
ae — R<R<R:; @ ~ R<R< 


Since the singularities of f(y) which have a positive real part are 
atn = w,;(j = 1, 2,...), it is easily found that 


lim $ 50 dn = —1 } 2 
I 


Rr @ “Pp ] 


J (wp) 
~ exp (—w,A A 54) 


w J i(w 


Observing that the residue of f(7) at 7 = 0 is 1/27, and invoking 
a known result"! in complex-variable theory, we have 


0 
+ [ S(n)dn 
+ i S(n)dn. (55 
J0 


On the other hand, the first and second integrals appearing on 
the right-hand side of (55), by virtue of (51) and with the aid 
of the respective changes of the variable of integration 7 = iy and 
n = —iy, become 


[ 1 : 
I(n)dn = —_- f 
Jt 2m 0 
‘ 7 1 ex 
f(n)dn = - 
0 <T 70 


Because of (54), (5: 


ai 
™ Jo 


Ri—0 


lim | lim $ 0 in| = — * 


Ri *p 


Io(yp) 


(cos yr — isin yA dy, 
VAY) 


I,(yp) 


(cos yA + isin yr dy 
Voy 


I.(yp 
Vly 
J (wp) 


2. @ J 1(w;) 


Assuming first 0 < ¢ < 8, we now substitute in particular \ = 
8+ fandA = 8 — ¢ in the identity (57), add the resulting rela- 
obtain 


exp (- wr ; 


tions and, using (38), 


Jw p ‘ 
: exp (—w,8) cosh wf 
l WJ (w,; : 


(58) 


_ / " 


1 Recall the definition of w; given in connection with (34). 
1! See, for example, MacRobert [9], theorem II, p. 63. 
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O<p<l1, 0<f<B< @). (58) cont. 


For 0 < B < , in turn, we take A = € — @ in (57) and subtract 
the resulting equation from that obtained by putting A = ¢ + 8. 
In this manner, and using (38) once again, there results 


T\(p, £) > 


j=1 


Jo(w;p) 
— exp (\-—W 


~) sinh w,8 
w Ji(w;) is Ww; 


(59) 
O<p<1, O<B<f < @~) 

We are now in a position to examine the validity of the solution 
The integral (38) representing 
T, converges for 0 < p < 1, — 2 < { < ©, while the series (50 
representing 7; converges for 0 <p<1,—-27 <{<e%,0<T<o. 
Moreover, these representations for 7; and 7; are found to 
be uniformly convergent in the interior of the cylinder for rT > 0; 
the same is true of the integrals and series appropriate to the 
derivatives of 7; and 7; which enter (11), if the corresponding 
differentiations are carried out under the integral sign in (38) and 
termwise in (50). Hence, using (38) and (50), we find that the 
heat-conduction equation (11), as well as the boundary and 
regularity conditions’? (14) and (15) are satisfied. Finally, the 
initial condition (13) is verified most conveniently by putting 
Tt = 0 in (50) and by appealing to the series representation (58), 
(59) for T:. 


to the heat-conduction problem. 


4 Solution of the Associated Thermoelastic Problem 


It will be recalled from Section 2 that the determination of the 
desired thermal deformations and stresses necessitates the con- 
struction of functions 2(p, ¢, r) and Wp, ¢, 7) which satisfy (18), 
remain finite at p = 0, and are such that the stresses (20) fulfill 
(22), (23). In this connection it is expedient to use the repre- 
sentation (37), (38), (39) for the temperature field. 

The general solution of the first of (18) may be written as 
(60 


Plp, §, T) = Polp, §, T) - 


where 2p is harmonic, while 2; and g stand for particular solu- 
tions of the Poisson equation under consideration, corresponding 
to the steady-state field T = 7, and to the time-dependent 
contribution 7 = 73, respectively. In constructing the required 
solution to (18) we are guided by the study of the Laplacians 
of the functions 


p"f"lo(yp) [cos yf or sin ¥f), 
p”t"1,(yp) [cos yf or sin yo], 


p”o"J.(w,p) [cos yf or sin yf] (m,n = 0, 1, 2,...), 


as well as by the symmetry and regularity conditions inherent 
in the present problem. Thus we are led to the particular solu- 


tion of the first of (18) 


1 » sin 78 cos yf pli(yp) } 
r Jo y? Io) ' 


"sin y8 cos yf 
Y 


gilp, $) = 


) Jo(w;p) 
i. “exp [— (w;? + y*)rldy. 
{1 (w,? + y?)? Ji(, 
The harmonic functions g) and y, in turn, are assumed in the 
form 

12See Tranter [3], p. 61, for the behavior of integrals of the type 
(38) as[— ©. 
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Golp, £, T) - f, }A(y, T)lo(yp) cos yf 


+ By, r)[pli(yp) cos yf — S1o(yp) sin yfJidy, (63) 


Vp, $7) = f, C(y, T)lo(yp) sin yfdy, 


in which A(y, 7), B(y, T), C(y, T) are as yet unknown functions 
to be determined consistent with the boundary conditions (22). 
We note that the functions multiplying the coefficients A(y, T) 
and C(¥, T) in the integrands of (63) are product solutions of 
Laplace’s equation. On the other hand, the multiplier of B(y, Tr), 
though harmonic, is no longer of the product form. 

Substituting from (60), (62), (63) into the formulas for &,, and 
é,, in (20), evaluating the resulting expressions at p = 1, 
applying (22), we arrive at 


f cos yf {tytn — yh(y))A(y, t 
0 
+ [yloly) + (y)JB(y, 7) — wy y)Cly, 7 


in ¥f Ii( 
‘a 78 E ae 1 + (7, Tr) t dy 
Ii(y) f 


and 


ry 
+f C sin yf [— yoy) + yii(y) Bly, t 
0 


— C(y, tT)ldy = 0, 


To 


f sin yf JPA 1 alt y 
0 


+ ¥1,(y)|BCy, 7) + (CL — 2v)yli(y)Cly, t 


sin y8 
4 in ¥ (l — By, 7 i dy 


+f F cos ¥F[y7i(y) |[Bly, t 
0 


where 


j=] 
The integral equations (64) may be met by setting 
(66) 


B(y, rT) = Cly, T) 


and by requiring that the integrands of the first integrals in each 
of (64) vanish individually. Accordingly, 


[yloly) — Lily) JA(y, 7) 


+ [1 — 2)loy) + ylily) IBY, T 


sin 78 1 ¥Y ; 
= an Fy +1-—®® 7, 7 , 
wy’ To 67) 


VI (y)ACY, T) 4 Ivy) + 201 vl (yy) Bly, t 


sin 78 
= [-1+ Py, 7 
wy 
Equations (67) are a pair of simultaneous linear algebraic equa- 
tions in A and B, the solution of which is given by 


sin y8 | 2A1l— vy ; 
A(y,T) =- 1% — ¥1,% 
YT ne | I) Lyf Yo 
— Ifyi(y)) + (20 — v)yylo(y 


(6S) 
T [y? + 21 — Vv) Wy I\d(y, 7 } 
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ee [ = LXY) 


— Iy)P(y, : 
rA(y) Ty) ( YIP(Y | 
(68) cont. 


provided 


A(y) = [v7 + Al — vw) Wy) — yl). (69) 


If one substitutes for A, B, C from (66), (68) into (63) and 
subsequently computes the displacements and stresses in ac- 
cordance with (19), (20), (60), (62), (63), one arrives at results 
obtained by Parkus™ in a different manner. The steady-state 
terms thus encountered are found to agree also with Ignaczak’s 
[4] earlier work. As mentioned previously, however, this repre- 
sentation, which involves improper integrals of infinite series,'* 
is most unwieldy for numerical purposes. Consequently, we now 
seek to represent @. as an infinite series of tabulated functions. 
To this end we formally reverse the order of integration and 
summation in the expression for ¢: of (62) and obtain 

2 or wii(w,p) ; 
- ; (G4¢ + B, 7) 
T 


fat Yi(@;) 


— Gt —B, 7r)], (70) 


where 


nv , sin r . 
G,(A, rT) = [ aren 7 ~~. exp {[—(w,? ih. 7? T |dy 
/ 0 rey TTT 
(71) 
With a view toward evaluating the integral (71), we note from 
(42) that 
OG ,(A, 7 


= —F(X, 7). 
OT ‘ 


Tt @, 


GAA, 7) > 0 as 


we conclude that 
GA, r) = {FA Bae. 
Tt 


Equations (48), (74), and integration by parts, yield 


T 


fw, 


2A 
Vv F Tw 


{ 


after some 


where 


Equation (76), 
form 


i? See Reference [1], p. 50. 
14 Note the form of ¢: in (62 


30 / MARCH 1961 


w;r 


1 y2 Qy: 
+ = exp (—w,A) exp (—2*)dr. (77) 
“ w,r 
a-= 


«Vi 


Substituting (77) into (75) and making use of (44), we arvive at 


1 
GA, T) = —. {( - <= wA — wr) 


, nN 
“exp (wjA)A w,Vtrt+ . 
2Y fT 


1 
_ (1 er wr - wr) exp (—w,A)A (« Vr _ 


[ ( ~ (7 
+ 2 exp (—w,*7) — >, (78 
2Vr f 


which completes the evaluation of the integral (71). 

The final representation of the stress functions ¢ and Y now 
follows from (60), (62), (63), (66), (68), (70), (78). With a view 
toward presenting these results in reasonably compact form, we 
introduce the auxiliary functions 


L{(¢, 7) = :. | —exp (2 m ACE; + m) 
: 2 J'1(w;) : j 
+ exp (—2&m)A(E; — m) 
2&m)A(E; + 2) — exp (—2&;m) ACE; — m2) | 
+ 2 exp ( —é,? {[A(m) — A(n:)}}, 


— (& — m) exp (—2&,m)ACE; — m) 
— (€&; + m) exp (2E,9.)A(E; + m 
+ (E; — m) exp (—2€,m)A(E; — m)}, } (79 
Nf, 7 
] 
20 J i(w;) Vv 
+ (°/2 + En — £2) exp (—: - 
Em. — &,?) exp (2&;m)A(E; + m2) 
—2Em)A(E; — 0 


&2 exp | 


+ exp | —¢ 2 [exp ( —7;? 


- exp (—? If 


where &,, 9:, 92 are defined by (49). Using the foregoing notation, 


the stress functions may be written as 


ee ti l 
Q(p,¢,T) = 
® Jo 


— WX 


sin 78 ke ; 
A(y oY) T 


— 1 yily) Volve) + eli y)li(ye)} cos vf 


+ (hy) — Lo%¥) Wo(-ye)F sin vt |a 


l sin 7B 4 
= Py, 7) (; 201 — v)yloly 
T f Ay 


+ [y? + Al — v) Wy) lly 
— Velo yIi(ype)] cos ¥F + yoy Toye) £ sin yFfdy 


; Jlw 
— oP LAE, 7 
= Fr 


Transactions of the ASME 


M (¢, 7)I, 





] © sin y6 sin yf 
er Jo Alyldy) 
* (Lov) — Ly) Mol ve)dy 


:' epee ‘ 
f in YP sin Y¢ By, 7 Loy ol yp)dy. 
0 , 


(80) 
cont. 


7 A(y) 


By (19), (79), (80), the displacements are 


{ pl :*(y Jo(-vp) 


' 21—v) (sin y8 cos yf 
af(p, ¢,T) = ‘ 


7 9 ryA(yldy) 


+ [WhiXy) — whey) — Livy) WMi(yve)jdy 
sin y8 cos yf 


, , 
+ 
T f yA(¥) 


+ [y? + 211 — v) Wy) hive) — v%elo(yo(-ve) lay | 


— Ji(w,p %. 
al yu =~ [LA¢, tT) + 


aa | 
v 0 


*{—phiXyhi(ve) + (why) 
— VAX) + Ili) Wolvp)} dy 


1 sin 8 sin é Hy, 7)[f201 — v)yly) 
® Jo yA(¥) 


P(y, T)(}201 — v)ylo(y) 


M {¢, T)I, 
- 

sin y68 sin yo 

YAY 04 


Wi(-y)} Loe) 


~iy+Al-—-p 


J(WpP) ., . 
+ y%polo(y)ilyvp) ldy + ss na eaaiiall 


I "9 


The corresponding stresses follow from (20), (79), (80) and appear 
I £ ) 


are | 
T 0 


+ yeh yi(ye) + 


sin y6 cos yf Ps. I 

J — fyT of 
vyA(y)ly) LYfoAY 
+ Lily) Wily o(ve [ylo*%¥) 


— Why) + l(who 


l 8 B cos yf 
in ¥Y Ys Ay is Ez 
T Jo 


yA(y 
iy 


\ 
li(yp) ¢ dy 
p / 


+ 2i—vp Ly 


i oy 


— yiplo(ylilyve) — 


M Af, 7) (° 


sin 4 8 cos 4 
n ’y Al (YX) 


Feel p, c.f 


— 1i(ylily 
r Jo 


Journal of Applied Mechanics 


— yoy I oe 
) f 


sin 78 cos 4 


vs ob 7,7 
AQ 


| -« — W)y7ldylolve) + (201 — v)yldy) 


l 
+ [y?+ 21 — v) Wily} nw) | 


+ y ® wp Lf, 7) 


j=l 
J (wp) ' 
Wp 


i 21 — v) A 
{,T) =- 
T / 0 


‘Ti(y)t lyloy) — 2h) Wolve 
sin 7°) cos ¥¢v 


, . 
a+ 
7 f A(y) 


a ly? + 21l— vp Wily i lo(yve 4 yploy Liye dy 


— D> Jolwsp) (LE, 7) + MAE, 7)) 


3=1 


- | 
7 0 


‘Li(y)[—plily ove) + Joly il yp) ldy 


” sin y6 sin yf 
J, ~~ + Dy, 7) y*plo(y Love) 
0 A(y) 


LAg, 7) + MXf, 7)! 


sin y8 cos yf 


G,.(p, 
yA(y ol Y) 
— yeli(yhi(ye)j} ay 


D(y, 7) [{2ylo(v) 


sin ¥8 sin yf 
A(y oly) 


us 


— [v2 + 21 — wily i(ye)}dy 


wt > Aw, NA, 7). | 


) l 


The representations (80), (81), and (82) for the stress functions, 
displacements, and stresses involve definite integrals and in- 
finite series which are readily seen to be convergent for0 < p < 1, 
—-«o <{< 0,0<T< ©, the convergence being uniform in the 
interior of the cylinder, for rT > 0. 
ficult to show that all derivatives needed for the verification of 


Furthermore, it is not dif- 


the solution may be formed by differentiation under the integral 
sign of the relevant integrals and termwise differentiation of the 
appropriate infinite series. In this manner, one confirms that 
the stress functions (80) indeed satisfy (18) for 7 given by (37), 
(38), (50). 
(82) are found to conform to (19), (20). 


Similarly, the displacements (81) and the stresses 
Finally, the verification 
of the boundary and regularity conditions (22) and (23) presents 


no essential difficulties. 


5 Numerical Results and Discussion 


The numerical evaluation of the solution for the temperature 


the form (37), (38), (50), and for the associated 


distribution, in 
thermal stresses, given by (82), necessitates the computation of 
certain improper integrals and infinite series. As is apparent, the 
corresponding integrands and the individual terms in the infinite 
series involve, beyond elementary functions, the Bessel functions 


Jo, Ji, To, th, 


tion, for all of which adequate tables are readily available.“ In 


the zeros of Jy, and the complementary error func- 


addition, the stress formulas contain the transcendental function 
®, which is defined in (65) through a rapidly convergent series. 
This function was tabulated on an IBM 650 computer, which was 
also used to evaluate the improper integrals underlying the nu- 
merical results about to be presented. 

In connection with the computation of the stresses it is es- 


sential to note that & has a finite jump discontinuity at p = 1, 


6 See, for example [10], [11], [12]. 
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t = +8, induced by a corresponding discontinuity of the pre- 
scribed surface temperature. It is desirable to determine this dis- 
continuity in closed form. For this purpose we note first with the 
aid of (69), (82) that the steady-state portion of 9 on the surface 
of the cylinder admits the representation 


a1 — > si 
bul, $, ©) = —= a | sin 78 cos ¥F 
0 Y 


T 
2(1 =- ne 
" euitnall 
al 0 


The second integral in (83) represents a continuous function of 
¢ for —© <{< @; the bameis true, according to the second of 
(82), of the time-dependent contribution of F¢@(1, £, 7). The first 
integral in (83), however, represents the discontinuous function" 


given by 


—21 — v) t sin ¥8 cos yf 
“ > ———— dy 
0 Y 


T 
—(1 — »), 
2 are 


In view of (82), (84), and (14), we have 


sin YB cos ¥f x 
vA IA) L(y yhXy) — WX) 


— Wlyh(y)}dy. (83) 


0<|i<6 


84 
ia = 


Foe 1, 8+, 7) — Feel, B—, 7) 

= —(1 oe v)(TQ, B+, T) — T(1, B-, T)) =l1- vy, 
as was to be anticipated on the basis of two-dimensional thermo- 
elasticity theory. It will also be helpful to note the jump dis- 
continuities in the surface values of 39 and 4,, at the initial in- 
stant, which are characterized by 


(85) 


1, o<{t|<B 


Se 1, ¢,0 + = 3.1, f,0+) = . (86) 
0, B< {fi. 


Equations (86) are most conveniently established with the aid of 
(69), (82), (84). 

Numerical calculations were carried out for the space and time 
dependence of the temperature and of the stress components along 


6 See Reference [13], no. 485, p. 63. 
17 See Timoshenko and Goodier [14], equation (d), p. 428. 
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T at p = 0 as a function of ¢ for various valves of r(8 = 1) 


the axis, in the plane of symmetry ¢ = 0, and on the surface of 
the cylinder. In all of these computations 8 = b/a was chosen 
to be unity with a view toward the usual dimensions of journal 
bearings. The value of Poisson’s ratio was assumed to be given 
by v= 1/4. 

Figs. 1, 2, and 3 depict the variation of 7, &,, = Go, and G,, 
along the axis of the cylinder for various values of the dimension- 
less time Tr. We note in passing that tT = 0.1 in the case of a steel 
shaft with a 4-in. diameter represents approximately 20 sec. As 
is apparent from Fig. 2, ¢,, along the axis undergoes a reversal in 
sign, the same being true of G,, in Fig. 3 for sufficiently large 
values of the time. 

The radial dependence of T, &,,, 9, and &,, at € = 0, at various 








3.0 


8 = 1) 
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Fig. 3 ) Fes at p = 0 as a function of ¢ for various values of r(v = 1/4, 
s=1 
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times, is illustrated in Figs. 4, 5,6,and 7. In agreement with the 
boundary conditions (14) and (22), T = 1 at p = 1 in Fig. 4, 
while &,, vanishes at p = 1 in Fig. 5. All stress components in 
Fig. 6 and Fig. 7 change sigr in the vicinity of p = 0.6 and p = 0.7, 
respectively. 

The graphs for Ge and &,, on the surface of the cylinder, as 
functions of ¢ for various times, appear in Figs. 8 and 9. The 
jump discontinuities displayed in these diagrams are those pre- 
dicted by (85) and (86). Of particular interest is the evolution 
of the steady-state curve in Fig. 9 from the discontinuous initial 
values of G,,. 

It is clear from Figs. 8 and 9, as well as from Figs. 2 and 3, that 
the stresses beyond ¢ = 3 are less than 1 per cent in magnitude 
of the absolute maximum value of unity, which is assumed by the 
surface values of Gg and &,,. Similarly, as may be inferred from 
Fig. 1, the values of the temperature for ¢ > 3 are practically 
negligible, the maximum dimensionless temperature being unity. 
These observations reflect the highly localized character of the 


oa 


— kine —-) 
0.2 04 C 0.8 10 


Fig. 5 = 0 as a function of p for various values of r(v = 1/4, 


6 = 1) 


tae 
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stress and temperature disturbance produced by heating a finite 
band of the cylindrical boundary. 

Finally, Fig. 10 depicts the time dependence of T, ¢,, = de, 
and 6,, at the origin p = £ = 0. While the temperature here is 
seen to rise monotonically to its steady-state value, the stresses 
reach a positive maximum at approximately tT = 0.075 and then 
steadily decline toward their steady-state values, ¢,, becoming 
compressive near T = 0.4. It is interesting to note that the maxi- 
mum stress values at the origin are attained already at a time 
when the temperature is still less than 8 per cent of its final steady- 
state value. 
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A sandwich technique which utilizes an embedded polariscope consisting of two sheets of 


polarizing material cemented within a plastic model was evaluated for application to 
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three-dimensional photothermoelasticity. 
cemented joints, photoelastic tests of simple bending models and a sphere, all under 
mechanical loading. 
since the resulting fringe patterns are readily interpreted. 
then applied to thermal-stress problems associated with a thick-walled cylinder under 
steady-state conditions. 


The evaluation included strength tests of 


The technique proved to be rather simple to apply particularly 
The sandwich technique was 


The experimental results correlated well with theory. The 


results obtained indicate the general applicability of the sandwich technique to three- 
dimensional stress problems generated by mechanical or thermal loads. It is noted that 
since other experimental thermal-stress-analysis methods are not highly developed, 
photothermoelasticity would seem to be particularly useful. 


A stupy of experimental methods for investigation 
of three-dimensional thermal-stress fields indicated that photo- 
thermoelasticity which has proved to be successful in the two- 
dimensional field [1-4]* may be extended to three-dimensional 
problems. In this connection, several of the known photoelastic 
techniques are potential candidates; the conventional frozen- 
stress technique, the use of models composed of two materials [5], 
one which is photoelastically sensitive and the other which is in- 
sensitive to polarized light, and the scattered-light technique [6]. 

The frozen-stress technique is generally conducted at elevated 
temperatures in a region of rapidly changing material properties 
Even if a prescribed temperature difference while cooling through 
the critical range could be maintained within the model, the re- 
sulting fringe patterns would require interpretation in terms of 
highly variable mechanical and physical material properties. 
In addition, the technique would probably not be amenable to 
transient-state investigations 

The second technique which utilizes models composed of two 
materials seems at first glance to be quite promising. However, 
it depends upon a proper matching of materials which appears to 


be quite difficult to achieve in thermal-stress problems mexcept 
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Discussion received 


for the stress-optic properties, most of the physical properties 
should be identical including coefficients of thermal expansion, 
elastic moduli, specific heats, densities, and thermal conductivities. 
Matching of such properties in different materials would indeed 
be difficuit. 

The scattered-light technique appears to offer distinct promise. 
However, because of the complexity of instrumentation and 
analysis of experimental results, the method was not used in the 
present investigation. Since the objective here was to explore the 
three-dimensional photothermoelastic method in as direct a 
manner as possible, a new technique seemed most promising. 

The new approach superficially resembles the second method 
discussed, although the objectionable limitations of the second 
method are avoided. The fringe pattern, visualized within a 
specific layer within the model, is obtained by cementing a 
polariscope consisting of two thin sheets of polarizing material 
into the model. This sandwich technique has several advantages 
in ease of model fabrication, mechanical and thermal loading, 
viewing, and analysis of the resulting fringe pattern. But there 
For example, the fringe pattern is con- 
a single mode) reveals the 


are also some limitations. 
fined to a preselected region and 
monochromatics or only a single set of isoclinics within that 
region. As a result, separation of the principal stresses in the in- 
terior of the model, if desired, is difficult. 

Since questions may arise as to the influence of the embedded 
polariscope upon the resulting fringe pattern, a simple bending 
specimen was tested and the resulting fringe patterns compared 
with those obtained by the conventional two-dimensional photo- 
elastic method. A sphere loaded by two concentrated forces ex- 
tended the sandwich technique to three-dimensional models and 
concluded the first part of the investigation. 

The sandwich technique was then applied to the thermal-stress 
problem of the thick-walled cylinder under steady-state heat con- 





Nomenclature 
oe force, Ib 


= elastic modulus, psi 


cross-sectional area of sphere, sq in 

; . . radius, in. 

= material fringe value, psi tension- ° 
in /fringe 

= fringe order 


= principal stress, psi 
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principal stress, psi 


optical path length, in. 
temperature, deg F 
thermal 
microin/in-deg F 


coefficient of 


vy = Poisson’s ratio 


0 = nominal stress, 7 = P/A. 
Subscripts 
‘ : internal cylinder surface 
expansion, : 
external cylinder surface 
j 
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duction. Correlation between experiment and theory was in- 
dication of applicability of photothermoelasticity in this area. 


Evaluation of Sandwich Technique 


Materials. A previous investigation of materials for photo- 
thermoelastic applications [2] indicated that epoxy-resin Hysol 
6000-OP offers distinct advantages. It is available in suitable 
sizes and quantities, is easy to machine, is readily cemented, and 
produces the greatest number of fringes for a given temperature 
difference of all materials investigated. Consequently, Hysol 
6000-OP was used exclusively in the present investigations. 

The commercially available circularly polarizing material used 
in the present investigation was approximately '/3 in. thick 
composed of two layers of plastic sheet enclosing a polarizing film. 
One of the layers is the quarter-wave plate of the circular polari- 
scope and the other is used to protect the polarizing film. 

Satisfactory cemented joints are obtained by using Hysol 
cement No. 2020 mixed with hardener C in the proportion 1:3. 
Once the sheet is cemented into the model and cured for at least 
48 hr at room temperature the machining operations can be con- 
tinued as if the polarizing material were not present. 

The strength of the cemented joints was found to be between 
3000 and 3500 psi on suitable specimens. This is approximately 
one half of the ultimate tensile strength of the epoxy-resin ma- 
terial and is considered to be sufficiently strong for most photo- 
elastic applications. 

Bending Tests. Since the embedded circular polariscope consists 
of two layers within the optical path, both exposed to the same 
stresses as in the test region, there is a possibility that the ob- 
served fringe pattern may be affected. It appeared that conven- 
tional bending-test specimens could clarify this point. 

Two specimens were constructed for this purpose: a conven- 
tional epoxy bending-test specimen of '/,-in. thickness and 
another composed of three specimens identical to the first but 


COMPOSITE BEAM 


cemented together so as to enclose a sheet of polarizing material 
in each joint. When loaded in a conventional polariscope, the 
first specimen should yield a fringe pattern identical to that of the 
sandwich specimen provided the embedded polarizing material is 
unaffected. 

In Fig. 1 the test resuits are presented by comparing the fringe 
patterns of the two specimens with each other and by plotting 
the fringe orders in two dimensionless graphs. Three different 
tests are presented each corresponding to a different stress level. 

At low stresses, any observable difference is of the order of the 
experimental error. At higher stress levels, the sandwich beam 
has slightly more fringes than the simple beam; approximately 2 
per cent of the stress level of gmsx = 1430 psi. 

Since this stress level produces more than six fringes in a '/,-in- 
thick specimen, it appears unlikely that this level will be exceeded 
in photothermoelastic applications. It was concluded therefore 
that the effect of the embedded polariscope on the resulting 
fringe pattern is small for specimens of the size tested and can be 
neglected in such applications. 

Sphere Tests. The bending tests generated stresses within the 
plane of the polarizing material but the polarizing material itself 
did not transmit any stresses normal to its plane as would occur 
in general three-dimensional applications. Thus it appeared that 
a sphere loaded by two concentrated forces represented an ideal 
model to evaluate the sandwich technique further. The sphere 
has been studied in the past by several investigators both theoreti- 
cally [7] and experimentally [6, 8], and the new test results could 
be correlated with those obtained previously. 

In order to observe the fringe pattern in the region of interest 
up to the edge, the diameter of the sphere was chosen as 3 in. 
This dimension permitted the use of a */\.-in. disk in the meridian 
plane between the cemented elements of the polariscope. The 
polarizers were oriented such that both quarter-wave plates 
faced the investigated disk, thus forming a light-field circular 
polariscope. 
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Fig. 1 Correlation of fringe orders from composite beam and single beam 
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Fig. 2 Fringe patterns in meridian plane of a sphere compressed by two concentrated forces 


To observe fringe patterns, the sphere was placed in an im- 
mersion tank and loaded by a special frame constructed of epoxy. 
Calibrated strain gages mounted on the frame were used to 
measure applied loads. This arrangement allowed the investiga- 
tion of several different loading axes relative to the plane of ob- 
servation. With this arrangement it was possible to investigate 
the monochromatic fringes in the complete sphere with only one 
model. 

The fringe patterns in Fig. 2 represent the maximum shear 
stresses in three meridian planes of the sphere loaded by opposed 
concentrated forces, in addition to the zero load reference pat- 
tern.? One corresponds to the load applied normal to the in- 
vestigated plane or parallel to the light rays. It is of low fringe 
order and, while the loading frame casts a dark shadow over the 
fringe patterns, the latter is visible over the whole area. The 
other fringe patterns correspond to load axes at 45 and 90 deg to 
the light rays. 

While the first two fringe patterns were included only to 
demonstrate interesting aspects of the new technique, the third 
fringe pattern was used for correlation with an available experi- 
mental [8] solution of the same problem. Correlation with an 
existing theoretical [7] solution was not included because its 
transformation to numerical values was exceedingly complex. 

In Fig. 3, the experimental results are correlated by transform- 
ing the results from [8] into fringe orders and by comparing them 


* It should be noted that the zero fringe orders referred to in Fig. 2 
may actually have an order of interference between zero and one half. 
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FRINGE 
ORDER ——— RESULT OBTAINED BY THE STRESS 


FREEZING TECHNIQUE (REF 8) vy: O48 














FRINGE ORDER 


Fig. 3 Correlation of observed fringe orders with photoelastic results 
obtained by stress-freezing technique 


directly with the observed fringe orders of this experiment. The 
transformation is obtained from 
p-qPt 


n= (1) 
Co A f 


in which n is the fringe order, p/a» and q/oo are the ratio of the 
principal stresses to the nominal stress as presented in [8], P the 
applied load, A the cross-sectional area of the sphere, ¢ the optical 
path length, and f the material fringe value. 

The results shown in Fig. 3 are in relatively good agreement 
along the line of intersection of an equatorial and meridian plane. 
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The slight discrepancy is attributed to the difference in Poisson’s 
ratios of the two techniques: 0.48 for the stress-freezing technique 
and 0.33 for the sandwich technique. In [7], numerical data 
based on theoretical results are presented for the maximum 
principal stress along the line of intersection of an equatorial and 
meridian plane as a function of Poisson’s ratio. The present re- 
sults are in agreement with the theoretical trends in that the 
stresses in a sphere of lower Poisson’s ratio are higher in the center. 

Along the line of intersection of two meridian planes a con- 
tinuously increasing discrepancy is observed between the two 
results toward the point of load applica.rion. At the center of the 
sphere where the discrepancy is relatively small it can again be 
attributed to the difference in Poisson’s ratio. Farther away from 
the center, however, where the discrepancy is greatest, it is 
primarily a result of the large deflections associated with the 
stress freezing technique in the area of load application. The 
corresponding deflection with the sandwich technique, on the 
contrary, is quite small. 

Conclusions. Evaluation of the sandwich technique in mod- 
els under mechanical loading permits the following conclusions: 


(a) A polariscope consisting of thin sheets of polarizing material 
embedded in a model constructed of Hysol 6000-OP material will 
have no appreciable effect on the fringe patterns resulting from 
mechanical loads, provided the plate enclosed by the polariscope 
is at least 6 to 8 times the thickness of the polarizing sheets. The 
resulting fringe pattern is equivalent to that obtained with a con- 
ventional polariscope and requires no new principles to reduce the 
fringe patterns to stresses. 

b) Because of a lower Poisson’s ratio and the nondestructive 
nature of the sandwich technique, it may in some applications be 
superior to the stress-freezing technique. 

The principal limitation of the technique is that only one 
isoclinic pattern can be obtained with each model. 


Three-Dimensional Photothermoelasticity 

The results described in the foregoing section demonstrate in 
way application of the sandwich technique to 
With these results, we 


a preliminary 
mechanical stress fields. can now con- 
sider application of the photothermoelastic method to three- 
dimensional thermal-stress fields. 

Theoretical analyses of thermal stresses in three-directional 
bodies are relatively complex and available exact solutions are 
limited to few configurations and loading conditions [9]. Of 
these, the long thick-walled cylinder exposed to a steady-state 
heat flow with constant temperature distribution along the axis 
was considered well suited to evaluate the potentialities of three- 
dimensional photothermoelasticity. 

A second configuration considered to be of value in the present 
investigation is the two-dimensional disk with a concentric hole 
exposed to a steady-state heat flow in the radial direction. For 
this disk, the thermal stresses in the radial plane are, with the 
exception of a constant factor, identical to those in a long cylinder 
having the same radial temperature distribution. Since the disk 
can be observed in a conventional polariscope, the results can be 
used to evaluate the sandwich technique in photothermoelastic 
applications 

Model Description. 
long thick-walled cylinder are shown. 


In Fig. 4, the uncernented components of the 
The 0.375-in. center disk in 
which thermocouples are installed was of carefully selected epoxy- 
resin Hysol 6000-OP. 

The second model was identical to the center disk of the thick- 
walled cylinder but was not cemented between the other com- 
ponents. As shown in Fig. 5, it was placed at the center of six 
i/,-in-thick Plexiglas disks of identical diametrical dimensions. 
With this procedure the same temperature Cistribution as in the 


thick-walled cylinder was obtained. The components were held 
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together by a tie rod inserted into the plugs of the two Plexiglas 
end disks. 

The polariscope again consisted of two sheets of polarizing ma- 
terial which were placed on either side of the disk, but only for 
convenience of handling. Since the sheets were not cemented to 
the disk they could be considered as a conventional polariscope. 

Material Properties. Evaluation of the three-dimensional photo- 
thermoelastic technique by correlating experimental results with 
available theories requires knowledge of the following properties 
of the model material: Elastic modulus, coefficient of thermal 
expansion, material fringe value, and Poisson’s ratio. 

The first three properties were determined for the materials 
used in this investigation by a procedure similar to that described 
in reference [2]. Poisson’s ratio was determined by use of a ten- 
sion specimen, and the room-temperature value was determined 
to be y = 0.33. In Table 1 the material properties as functions 
of temperature are presented. 


Table 1 Properties of Hysol S000-OP 


Elastic 
modulus 


Material 
fringe value, f, 
psi tension- 
in/fringe 


Coef. of thermal 

A f exp., a, microin/ 
deg F ksi in-deg F 

80 160 30.7 57 

30 180 28.5 58 

—10 500 26.7 58 


Temperature 
T 


Thermal-Loading Procedure. Radial temperature distributions in 
the models were measured at five points and served to check the 
steady-state temperature distribution. The thermocouples were 
installed as shown in Figs. 4 and 5. The leads, consisting of 
0.005-in-diam copper and constantan wire, were guided along 
isothermal planes for a relatively long distance before leaving the 
test region and were connected to a potentiometer, both to mini- 
mize errors. The thermocouples were carbon are-welded and 
cemented into the disks with epoxy resin 

Steady-state thermal conditions were generated by placing the 
model in a water bath at room temperature. Into the central hole 
which was plugged at the bottom, a mixture of ice and water was 


\ 


: 
; 


Fig. 5 Photograph of disk model before assembly 
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The melting ice was constantly replenished and the ex- 
With this procedure the inside and outside 


poured. 
cess water removed. 
surfaces of the models were held at two constant temperatures, 
one by the large volume of the water in the tank end the other 
by the large latent heat in the ice. 

The model temperatures were measured at successive time 
intervals and, as soon as the distribution stabilized, the model was 
removed from the water bath and placed into a thick styrofoam 
The 
model surface thus remained at constant temperature while the 


* block still retaining the ice-water mixture in the center. 


fringe-pattern photographs were completed 

Experimental Accuracy. Sources of experimental error in this in- 
vestigation are associated with temperature measurements and 
material-properties data. The accuracy in temperature data is 
estimated to be within 1 deg F, the material-fringe values and co- 
efficients of thermal expansion are estimated to be within 2 per 
cent, and Poisson’s ratio within 3 per cent. The elastic modulus 
is somewhat of a problem to determine because of the slight non- 
linear behavior of plastic materials and therefore its accuracy is 
estimated to be within 5 per cent. 

The lumped error was estimated to be within 5 per cent since 
the component errors either tend to cancel each other or have a 
minor influence on the integrated results 


The theoretical thermal stresses which are used to 


Results. 
verify the experimental results are functions of the temperature 
distribution in the cylinder wall For a steady-state condition, 


the theoretical radial temperature distribution is given by 


r —T, log 7 


T log r,/r; 


Before correlation of the thermal stresses is performed, it is 


generally desirable to check the temperature distribution through 
the wall thickness to eliminate a possible source of error. In Fig. 6 
the experimental temperature distribution is correlated with 
observed. 


and good agreement can be The per- 


and test « 


Equation (2 


tinent model dimensions mditions are summarized in 


Table 2. 


Model dimensions and test conditions 
Thi k-walled 
evlinder 
12 
250 


Table 2 


Outside diam, in . 3 
Inside diam, in | 
Length, in 5. 500 
Optical path, . a. 0.375 
.— Ti, deg F 9 
Ea/f (fringe deg F-in.) used in analysis 0.244 


Timoshenko [9] presented the solution for the steady-state 





Fig. 6 Correlation of experimental and theoretical temperature dis- 
tribution in thick-walled cylinder and disk model 


Journal of Applied Mechanics 


thermal stresses in a long thick-walled cylinder in terms of the 
principal stresses. Since the experiments of the thick-walled 
cylinder are confined to the radial plane, it is convenient to trans- 
form the theoretical expression into such a form that correlation 
with the observed fringe pattern can be carried out directly. 
For this purpose, it is only necessary to take the difference of the 
radial and the tangential stresses and to transform this into 
The transformed expression then is 


- T;) 2r,3/r? I 
- (3) 
— p) r,?/r? — 1 log r./7; 


The expression for the fringe orders in the disk is obtained from 


fringe orders 
t Ea(T 
f 20 


equation (3) by removing the factor (1 — yp). 
In Fig. 7, correlation of the experimental and theoretical results 
The 


by using the 


is presented for the steady-state conditions of both models 
theoretical curves were obtained from equation (3 
pertinent data of Tables 1 and 2. It is significant that good 
igreement is observed for both the plane-strain as well as plane- 
stress cases since it demonstrates that the sandwich technique 
provides a capability of utilizing the photothermoelastic method 
in three-dimensional problems. It appears that the results of this 
expk ratory study should encourage the application of photo- 


thermoelasticity te three-dimensional thermal-stress problems. 
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I, PLANE motion an arbitrary set of five positions of 
a rigid link considered relative to a frame of reference, Eo, deter- 
mines a set of (up to four) points, M,, in Eo, such that each point 
is the center of a circle passing through the five corresponding 
positions of a particular point, K,, on the link. The points M, 
are called center points or Burmester points after their discoverer, 
L. Burmester [1]! who deduced their existence in 1876 from con- 
siderations involving projective geometry. The points Ky are 
ealled circle points. The particular case of five tnfinilesimally 
separated positions of a plane, especially that of the coupler plane 
of a four-bar linkage, has been studied intensively by Mueller 
[2, 3, 4, 5] and also by Allievi [6] and Wolford [7], all of whom 
derived geometrical or algebraical procedures for the location of 
the Burmester points. Mueller also determined the condition 
for their reality in the case of four-bar motion. Other geometrical 
aspects pertaining to their location are discussed by Hackmueller 
[8, 9]. Except for Wolford [7], these investigations were con- 
ducted primarily from the viewpoint of the projective geometry 
of the higher plane curves, inasmuch as the Burmester points can 
be obtained as the intersection of two third-degree algebraic 
curves known as center-point curves [1], which can be analyzed 
in this fashion. 

An excellent algebraic development of Burmester theory has 
been given recently by Cherkudinov [10] and is described also in 
a joint text by Artobolevskii, Levitskii, and Cherkudinov [11]. 
These references contain an equation for the location of the 
Burmester points in Cartesian co-ordinates which is well suited for 
computation. The co-ordinates are expressed, however, as a func- 
tion of fourteen generalized co-ordinates; e.g., the location of seven 
poles. Except for uncertainty with respect to an extra root, the 
present investigation shows that the Burmester points are deter- 
mined by twelve independent generalized co-ordinates. In this 
way it is possible to explore the geometrical and analytical proper- 
ties of the Burmester points and to consider certain significant 
special cases. In addition, the parametric form of the equation 
presented here, as used for automatic computation, yields in a 
single step the locations of the Burmester points and also the 
locations of their kinematical conjugates— the circle points. 

The practical significance of the Burmester points in linked 
mechanisms arises from the fact that the relative motion of any 


! Numbers in brackets designate References at end of paper. 
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On the Burmester Points of a Plane 


The paper ts divided into three parts concerned with the Burmester points associated 
with five distinct positions of a plane. In the first part, ‘“‘Theory,” an equation is 
derived for the location of the Burmester points; algebraic and geometric properties of 
these points are deduced and special cases considered. 
program is described in the second part, ‘‘Computation,"’ using a parametric form of the 
equation for the Burmester points. 
form of Burmester theory is applied to the solution of a variety of problems in plane 
kinematic synthesis in one uniform manner. 


An automatic digital-computer 


In the third part, ‘‘Application,” the analytical 


two adjacent links is circular. Hence the centers or hinges of a 
mechanism are the Burmester points of the relative motion of 
alternate links. The Burmester points, therefore, single out the 
fixed centers of cranks whose moving pivots can be connected to 
the plane whose motion is specified. While the original motiva- 
tion of Burmester’s work was in the field of approximate straight- 
line generation, the geometrical theory has been applied to the 
generation of a wide variety of paths and can be used also with 
linkages more complex than the four-bar, such as geared five-bar 
and seven-link mechanisms, the latter having two degrees of 
freedom. 


PART I—THEORY 
Location of Burmester Points 


The first two equations which follow are based on the complex- 
number form of the center-point curve obtained by Hackmueller 
[12], which is the only complex-number derivation of these curves 
known to the authors. 

For five positions of a link or plane, designated by the numbers 
1, 2, 3, 4, 5, let the co-ordinates of the following six poles be 
assumed known: Py, Pis, Pu, Pu, Pes, Pas. These poles deter- 
mine the two complementary-pole quadrilaterals (P12, P1:, Ps, Px) 
and (Pi, Pius, Ps, Ps) of which the first defines the center-point 
curve, M24, for positions 1, 2, 3, 4, and the second defines the 
center-point curve, m3, for positions 1, 2, 3, 5. The complex 
number z, expressing the vector position of a Burmester point, 
will be determined as the point of intersection of these two 
curves. ? 

The center-point curve is known to be the locus of points sub- 
tending equal angles (or angles differing by two right angles) 
with respect to opposite sides of a complementary-pole quadri- 
lateral taken in the correct sequence. Thus if O denotes an arbi- 


trary origin and we define complex-number vectors as follows: 
> > > > > 
OP », b = OPu,d = OPu, e = OPxu, § = OP x, 


wit 
= OP 1;, c 
then the variable position vector z of a point on the center-point 
curve, 2%, is determined as follows: 

Let 


where s, @ are real and 7? 
then 


(where ¢ is real) 


? For an account of this theory see, for instance, Beyer [13], chap- 
ters 4 and 6. 
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whence 
(2 — é\(z — d) 


(2 —&)(g—b) -d) 
—c\i—d) 


— = k (say)? 
z — a) (2 — b) (z ‘ 


(1) 
Without the unit vector k, this is the equation of the center-point 
curve 23, obtained by Hackmueller [12]. 

Similarly, the center-point curve, mj235, is defined by the equa- 
tion 
(2 — é\(z — fF 


(z — e)(z — fF) 


(2 — &)\(z — b) = 
z — ez — 6) * 


= k 


With k = e?*, and (2) express the geometrical fact 
that the same angle, ¢, is subtended by 
either Py Py, or PuPs or PxsP 3s. 


To solve equations (1) and (2 


equations (1 
a Burmester point at 


as a system of simultaneous 
> 
equations in the unknown z = OM,, we rewrite equation (1) 


and (2) by cross multiplication thus: 
(kab -_ ab) (3) 
(ked — é@d) (4) 


1 — k)zt + (kO — a)z + (ka — b)z = 

1 — k)zt + (kd — &)z + (ke — dz 

(1 — k)zt + (kf — &)z + (ke — tht = (kef — @f) (5 
Chis is a system of three, linear, simultaneous equations in the 
unknowns z, 2, and (z%). Provided the determinant of their 


coefficients is of the same rank as the augmented matrix, these 


unknowns are given by 


ka — b 
ke —d 
ke — f 


—k 
— k, 
— k, 


l 
= 1 
l 


For consistency it is necessary that z, 2, and (z%) as given in 
6) be related by the equation (z)(#) = (22), or 


VVa = 0 (11 


equation 
V: Vi a 


Assuming that no division or multiplication by zero or infinity 
is involved in this derivation and that k is not equal to unity, 
we can cancel the common factor (1 — k) in equation (11) and 


obtain the characteristic quintic in k: 


1, kb —&, ka — blkeb — ab, kb — &, ka — b 
l, kd —@, 


1 W-«~@ 


ke —f kef — ef, ke —f, ke — fF 

This is essentially the equation for the Burmester points, since z 
can be obtained from equation (6) once the value of k is known. 
The common factor (1 — k) in equation (11) corresponds to the 
intersection of m2, and m5 at the point at infinity; in Cartesian 
co-ordinates this corresponds to the intersection at the two circu- 
lar points at infinity. This intersection does not, however, repre- 
sent a Burmester point. The five remaining solutions include the 


* Bars denote complex conjugates. 
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ke — d/ked — éd, kd — @ ke — d —(1 — k) 1, 


four Burmester points and also the pole Px, which is a point 
common to mje and m5. The values of k derived from the 
characteristic quintic do not necessarily satisfy equations (1) and 
(2), because we have of necessity omitted one consistency check: 
the complex conjugate of z = V,/V, as obtained in equation (6), 
must coincide with = Y3/V as per the same equation; ie., 
VV: = VVz. It may, therefore, be possible to satisfy the 
characteristic quintic by extraneous k-values which do not lie 
on the unit circle and which will not satisfy equations (1) and (2). 
Extraneous k-values or roots can arise as follows: 
Let the characteristic quintic be written in the form 


1, 2,3, 4,5 


k; = f(a, b,¢,d,e,f) i= 


Then k;, = f,(8, b,2.d,é@,f). Ifkis replaced by (1/k) and a, b, ¢, 
d, e, f by their complex conjugates (and vice versa) the conjugate 
of the characteristic quintic equation is obtained. Hence, 


i/k, = £8, 6 def j 


whence 


kk, = kk; = 1 (13) 


If i is equal to j, kk = 1 and k lies on the unit circle; 
versely, if 7 # j, k is not on the unit circle and will not satisfy 
equations (1) and (2). Moreover, it follows from equation (13 


con- 


that extraneous roots necessarily occur in pairs, each root of the 
pair being related to the other by inversion with respect to the 
unit circle. We have thus established the well-known fact that 
the Burmester points are either all real or pairwise imaginary. 
Since the characteristic quintic is of odd degree, at least one 
k-value lies on the unit circle, and the equation must therefore be 
of the following form: 


Ak® + Bk + Ck? + Ck? + Bk +A 


where A, B, C are homogeneous, sixth-degree functions of a, b, ¢, 
d, e, f and their complex conjugates. 


= 0 (14) 


Coefficients of Characteristic Quintic—Relationships 
Among Burmester Points 


The coefficient, A, of k5, reduces to the following expression: 
A= - a(6 — dy(d — ff — 6) (15) 


—(a — e)(e — ele 


From the theory of equations it is known that A/A is equal 


Let each root be denoted 
. 4a-—é é€é-é6 é 
2>¢; = arg ( ) + arg ( ) + arg ( 
. a-e¢ ¢-@6) © 


=- § 
| it 
b—d)\ . d—f }~-§ 
+ arg (? - ) + arg (5-3) + arg (; ==) 


Identifying a, 6, c, d, e, f by their respective poles, we have in 
words: 

Theorem 1. The sum of the angles subtended by P,,; and four 
real Burmester points at either (P,,P,;) or (P;,P,,;) or (P,.:P, 


kb — 4, kab — ab 


kd — , ked — éd = 0 (12 
kf —é, kef — ef 


to the negative product of all five roots. 
by k, = Then 


rer? ;, 


1, kab — ab, ka — 6/1, 
ked — éd, ke — dil, 
1, kef — éf, ke — fF) 1, 


s equal to the sum of the angles included between corresponding 
sides of triangles (P,P ;,P;,) and (Py.Pi:Pi,), where i, j, k, l, m 
represent the numbers 1, 2, 3, 4, 5 in any order. 

Corresponding sides are defined as those involving four poles 
whose indexes involve a total of four different numbers; e.g., 
PyPxy and PP x. 

As shown in the Appendix (A1), the coefficient B in the charac- 
teristic quintic can be written in the following form: 
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B = (a — eye — elie — ab — dvd —F 
+(e — ed — e)(e — ae — bid — Fy — 6) 
+ (a — ee — F(e — a6 — dvd — Fb — @) 
— ea — ff — bd 


+(e ~ 6\(é — d) 
—c)(e — bf — 6\F 


+ (c¢ 
+ (¢ 
+ (e 


— ea 
— ela — d)(a — d) 
~ bie — ee — ab — dif — dya — fF) 
— aXe — ea — dy(b — db — Fe — F) 


Finally, we obtain for C the expression 


— GB, + abo + Yi + N¥o 
- YoVo = v1 - 12%: (17) 


Cc = «3, 


where 
— tf) + af — b) 
—-e)+@ec-—a)+ie-c 
+d(b — f) + Kd — b) 
= adhé — é€) + be — 4) + ebd(a 
= bdé — €) + dba — €) + foodie 
+ ate(d — Ff) + cae(f —b 
+ e&&(b — d) + ab (ef — éd) 
+ ed(éb — af) + ef(ad — &b 
Y: = ab(d — f) + ed(f — b) + eb —d 
y: = ab(f — d) + cdib — fF) + ed — b) 


+ éd(a — e) + He — a) 


&® = a(d + €&b — d) 


a = ta t bit — d) 


+ ab(e — c) 


7: = ab(e —e + edie — a) + ela c 


Equations (15, 16, 17) can be used for computation. 


Special Cases 


Characteristic Quintic When k = 
teristic quintic when k = 1 shows that the vanishing of the first 


1. Examination of the charac- 


determinant in that equation expresses the condition that the 
vectors (a — b), (¢ — d), ‘e — f) have the same length of projec- 
tion in one direction; this is the condition for k = 1 (z-infinite) 
to represent a Burmester point. The vanishing of the second de- 
terminant when k = 1 in the characteristic quintic expresses the 
condition that the same three vectors should be concurrent, which 
is the condition for k to be equal to unity and for the correspond- 
ing center point to be located at the intersection of these vectors. 
Hence we find that the characteristic quintie will furnish the 
correct conclusions when k = 1 is a root 

Three Positions of a Plane "On One Circle.” A reduction in 
degree of the characteristic quintic, equation (14), arises if, 
and only if, A = 0; i.e., in the event of pole coincidence involving 
poles having a common index (P P,,); eg., when @ = ¢, 
For the case of one such coincidence, the quintie 

b, Pi = Pyy = Pos, as 
the characteristic equation 


and so on. 
reduces to a cubic. However, if a 
shown in Fig. 1, and the solutions of 
yield these three points: 

(a) Px. This is not a Burmester point. 

(b) M, ». the angle subtended at 


these poles is zero for any point of £ 


Since Py. and P; coincide, 
Therefore points on the 
center-point curve 724 must subtend zero angle at PP» also, 
and thus this curve degenerates into a straight line through 
PuP x. 
IT, is the only real intersection of 
and, real Burmester 
the location of two coincident Burmester points, M;, 2 


Similarly, 2:5 reduces to the straight line through PoP. 
the center-point curves, 
IIs; is 
Cor- 
It is 


since points occur in pairs, 
respondingly, there must be one double circle-point K,,2. 


Px. 


This is a particular case where the three vectors (a — 6), (¢ — d), 


easy to verify that P2; is a circle point, and thus K,.= 


and (e — f) meet at a point (at Il.;) and represents a type of 
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point-position-reduction applied to the positions of a plane {14}. 
It occurs whenever three positions of a plane can be obtained by 
pure rotation. 

Three Parallel Positions of a Plane.* When two poles with one 
common index are at infinity—if, for instance, a and b become in- 
finite such that a/6 = a = e'*, b/6 = § = e', the charac- 
teristic quintic reduces to the following form: 


f—d e¢-2é 
ws =- Sy _ < =} =0 
O-le =a (. e- ‘) ( -- ) 


Of the five roots, k = 1 corresponds to P»; at infinity; the last 
two are extraneous roots, and k = §$/@ represents a double root 
corresponding to two real, coincident Burmester points, obtained 
readily as shown in Fig. 2. This case arises whenever three of 
the five positions of the plane are obtained by parallel displace- 
ments. 


‘See also H. Alt, ‘‘Mittelpunktkurve in dem Sonderfalle, bei dem 
drei von vier Lagen einer Ebene parallel sind,”’ Maschinenbau / Der 
Betrieb, Beilage Getriebetechnik, 1937, pp. 377-379 


MNiese 


Fig. 1 Special case: 3 of 5 positions of AB obtainable by pure rotation; 
Burmester point M, », circle-point K; » 


Fig. 2 Construction of Burmester point M; » and circle-point Ki,» when 


3 of 5 positions of AB are parallel 
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Existence of Real Burmester Points 


The bilinear, homographic transformation k = (1 + iu)/(u + 2) 
where (¢? = — 1) maps the unit circle of the k-plane into the real axis 
of the u-plane [alternatively, if k = e®, u = tan('/; @ + '/ar)). 
This transformation changes the characteristic quintic [multi- 
plied by (k — 1)] to the following quintic in u, Appendix (A2): 


agu® + 5a,u* + 10ayu* + 10agu? + 5a,u +a, = 0 (18) 


where 
A = A, + iA,;B = B, + 1B,;C = C, + iC, 
as —(A, — A,) — (B, + B,) + (C, — C,) 
5a, —5(A, + A,) + 1B, — B,) + (C, + C,) 
10a; 1A, — A,) + AB, + B,) + AC, — C,) 
10a; 104, + A,) + AB, — B,) + AC, + C,) 
5a, = —5(A, — A,) + 3B, + B,) + (C, — C,) 


| (19) 
| 
do —(A, + A,) — (B, — B,) + (C, + C,) ] 


These coefficients are linearly independent since their (6 X 6 
determinant does not vanish. It can be shown also that A, B, C, 
and A, B, C, are independent ( Appendix-A3) functions of a, b, ¢, 
d, e, f. Under these circumstances the condition for the reality 
of the roots of a quintic—and not of a quartic—determine the 
existence of the Burmester points. The required conditions for 
the roots of a quintic can be found in Salmon’s ‘“‘Lessons Introduc- 
tory to the Modern Higher Algebra.’’* Using Sturm’s theorem 
and Sturmian functions, the following criterion was obtained by 
Dr. Salmon * 
Let 


= a? — Asis 


= G;2a9? — 1O0asayaido + 4asa;420a9 + 1G6asa;a,;? — 12a;a,a,? 
+ l6a,2aea, + 9a,2a,? — 12aya;2ay — T6a,a;020; 
+ 48a,a,* + 48a;%a, — 32a;*a;? 


dg2a,? — As2a2Q, + 3as%40:49 — 3asaya2a, + 4asa3a2" 
— 4asas*a,; — 2a,3a) + 5a,2a;a; + 2a,2a,* — Saya;*a;, 
+ 3a;* 
S = asa; — 4aya, + 3a; 


T = aa? — a;3 


GsQ;0; + 2aya;a, — a;a," - 
Vidiscriminant) = —HJ + 12SM + 4S* — 2167? 


and the conditions for reality become: 

Theorem 2. If VY > O and {H,V,(5HS — 9a;7)} are all positive, 
there are four real Burmester points; if VY < 0, there are two real 
Burmester points; if VY > 0 and one or more of the numbers 
{H, V, (6HS — 9a;T')} are negative, there are no real Burmester 
points. 

This criterion can be evaluated on a programmed computer. 


PART 2—COMPUTATION 


An automatic computer program developed for the IBM 650 
computer [15], the theory for which has been described elsewhere 
{16, 17], can be used for the computation of the Burmester points 
in an efficient manner. Both the Burmester or center points and 
the corresponding circle points are obtained from one set of 


parametric equations as follows:? 
> 


A plane* ABK, is shown in Fig. 3, in which A,B; = jth posi- 
—_—> 


> a 
tion of plane AB; A,A,; = 5,; K,MA,; = 2:5; MK = 2,; 
* Hodges, Foster and Company, Dublin, Ireland, 1876, 318 pp. 
* Rephrased in terms of Burmester points by the authors. 
7 It is usually both of these points which are needed in mechanisms 
design, as will be shown. 
*u = 1, 2, 3, or 4 to designate one of the 4 possible circle points. 
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<K,OM,KY® = y1;; K,© = jth position of circle-point K,; 
M,, = center point associated with K,™ (j = 1, 2, 3, 4, 5); and 
di; = angle of rotation of plane AB measured from A,B, to 
A,B;. For each prescribed position of the plane AB, the closure 
of the polygon A,K,M,K,A, is expressed by the incremental 
closure equation: 


(e'"™ — 1)zo™ + (e — 1)z,™ = 3; j = 2,3,4,5 (20) 


where, for the sake of brevity, we are denoting ¥,;, @,;, 5,; by 
Y;, ;, 5, respectively. Solutions for z:“ and z2 will exist if, 
and only if, the (3 X 4) augmented matrix of system (20) is of 
rank 2. This is assured by the singularity of any two of the 
(3 X 3) determinants contained in this matrix, say: 


Yj 7) 
einli 2 


Fig.3 Computation of Burmester point-pairs M, and K,‘" (v = 1,2,3, 4) 
utilizes the four vector polygons A)Ky‘ MK. Aj, | = 2, 3, 4. 5 


Table 1 Compution of Burmester point-pairs. K, and M, 

Given 

Five positions A ,B, of plane AB by way of co-ordinates of A ,(r;, 
6,) in polar form and rotations A,B, to A,B,;, measured C.C.W 
from A;B,, denoted by ¢,;, (j = 1, 2, 3, 4, 5) 
Procedure 

The input for program $.5.003 [15] includes the five sets of co- 
ordinates of A; and the angle ¢, , (denoted in that program simply 
by ¢;). Follow program 9.5.003; compute roots of the quartic 
(Table 2 p. 8 of program) in 7,: 


% =Toe t+ Cu (u = 1, 2, 3, 4). 


If r,, 0, no real Burmester points exist. 


If r 


= 1,2oru = l, 2, 3, 4). 


= 0, list r,, (u = 


Obtain r,,, r,, (Table 8, p. 17 of program?). From the printout 
of theeten output cards of L,, (Table 5, p. 12 of program) take 
22, Ziy» 22, 2, and list these. These are the components of the 
vectors z,™ and z:™ of Fig. 3 of the present paper in which the 
superscript u identifies the particular Burmester point-pair, whose 
co-ordinates are then defined as follows: 

oe 


m, = OM, =n — 21 — z,™ 


———> 
k = OK =-f,- z,™ 


——j> 
Ko = OK = F = etPtig, (u) 


where K,‘) denotes the uth circle point in the jth position of 
plane AB. 


* These are the Cartesian co-ordinates of A). 
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3, 
6, 
3, 


e+ —1, 5, 
e'% —1, 5; 
on 1, b, 


where 5; and @, are known from the five prescribed positions of 
the plane AB. 

System (21) has been solved in program 9.5.003 [15], in which 
the system is reduced to a quartic in 7 tan(!/s72), possessing 
up to four real roots, thus yielding four sets of values for the un- 
knowns Y2, Y3, Y« Ys. Substituting these values into system 
(20), we obtain (up to) four sets of solutions for z;“ and 2™, 
and thus locate four kinematically conjugate point-pairs, K, 
(circle points) and M, (Burmester or center points), which, for 
the sake of brevity will be called Burmester point-pairs. System 
(20)-(21) can thus be regarded as a system of parametric equations 
for doth AK, and M,, the parameter y2 being determined from 
system (21). 

The computational procedure for the Burmester point-pairs is 
summarized in Table 1 for use with program 9.5.003 [15]. 

The occurrence of system (21) in that program, which was 
written for a prescribed four-bar coupler curve versus prescribed 
crank rotations, is related to Robert’s theorem. By means of this 
theorem we can construct a cognate four-bar such that the rota- 
tions of the cognate coupler correspond to those of the driving 


e’*: — Il, 
e'*: — I, 
e’* — I, 


e'% — I, 
le'%s = « 


p*) —_ 
i€ " 1, 


ey: — 1, 
ey — 1, 


je"% — I, 


=0 (21) 


Table 2 P 


crank of the original four-bar, while the prescribed coupler curve 
remains the same. Thus the motion of the cognate coupler plane 
is completely prescribed, and the four principal crank pivots of 
a cognate linkage are two of the four Burmester point-pairs, K, 
Table 2 shows several numerical examples computed in 


and M,. 


this fashion, following the procedure of Table 1. 


Example 1 of Table 2. 


Function 


Fig. 4 illustrates 


PART 3—APPLICATION 


Generation 


This is conveniently described in summary form as follows. 
Given: Corresponding rotations of two cranks, angle ¢,; versus 
(j = 2, 3, 4, 5) derived from positions 1, 2, 3, 4, 5. 


angle y;. 


Required: 


M.M,, a8 


shown in Fig. 5.* 


Dimensions of a four-bar mechanism over K,K, 


Procedure: Consider motion relative to the input crank M,M,,. 
K,K,, becomes the plane the motion of v hich is specified by the 
and the rotations g; = Wij — dry 

> 


co-ordinates (1, —@,,;) of K,, 


of the plane K,K,. 


n= 


Senti 





1, or 2, or 3, or 4; u = 1 


of Burmester point-pairs 





| EXAMPLE NO. 


1 
|DRAWING NO. PIG. 4 


T 


2 


3 





1,0000000 | 


r, 
PRESCRIBED | @, deg | 0.0000000 


1.3250130 | 
~41.000000 


1.7600000 
131.00000 





COUPLER | r, 1. 7400000 | 
MOTION 8, deg -29.500000 
deg |117.00000 
saz ria.3: | fe “8 | 


1.3400000 


| 120.00000 
| ~57.000000 





1.74C0000 
3 deg |-10.700000 
deg | 150.00000 
eB eee 
| 1.7400000 
8, deg | 10.300000 
4 deg |191.00000 


4 








rs | 1.7400000 | 
@; deg | 25.900000 


| 
|= 


1.3260130 
41.000000 
84 .000000 


| _©.0000000 
=295.00000 | 





Ys deg | 228 .00000 
Pix 1.0000000 | 
| My 0,00000023 | 


1.0000000 
~-0 .86928680 


-1.1546638 | -0.00000020 | 


1.3282888 | =0 .00000007 | 





) | -0.48357573 | 
0.21869970 | 
1.1544322 | 
0.12010368 | 


Zax 





0 .52636640 
-0 .47395371 | 
0.31360302 | 


-0.39634360 


9534360 | 


| ~0.73150955 | 
| -1:0587216 | 


——— 
| -0.64057266 | 
| -0.21385197 
0.06596657 | 
0.54047567 | 


-0 00945192 | 


-1.1637786 ‘| 


J 
1 

-0.32019763 | -0.00003250 | 
0.47087568| 0.00010746 
~1.§306150 | -4.7250316 
0 .50461076 |52817.584 
0.03586465| -0. 54355556 | 
-0.97305604 | -1.0976210 | 
0.21612687| 2.2539805 | 
2.2737708 | 3.2571130 | 





-1.1264058 | 
~0.61724786 | 
0 .38535589 | 
1.0981911 | 





| -0.48633785 
-0.27678419 
| —4.3101305 
2.8224559 


-1.4894495 | 
-1.3411093 | 
0.01319017 | 
0.47182102 | 


-3.6373245 
3.2318701 | 





1.48357573 | 
-21869947 | 
-32914353 | 
-33880316 | 


i] | 
ow 


-39533309 | 
- 21286338 | 


-00001060 | 


0-85741312 | -0 .00010753 | 
0.69614883 | 4.7250639 | 


0.35280236 |-52,817.584 | 





-82938716 | 
- 53627287 | 
-86438638 | 
: 58298763 | 


The vectors M,K, and the angle g; are 


2,3, and 4, butu # n, 


- 73159955 | -1.19052845 | 0.54355536 | 


.18643480/ 2.30134484 | 
74105147 | -1.40665532 | 
35021340 | 0.02757404 | 


1.09762093 | 


-1.71042514 | 
-2. 15949207 | 





-64057254 | 
- 21385220 
| - 57460597 | 


ae 


IMs | 


0.27678442 | 


=6 |Key 
79646835 | 


Ms m4 
idioms 
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Bx 

My | -0-32662347 
-——+ ————— 
ipo \Kax | 1-48633785 


5. 
May | ~2.54567148 | 0.00000148 


KrON Kr OKnHlIOY 


£ 


0.72887303 | 
0.37364318 
142487473 
0 .06382050 | 





. 25203894 

- 74104991 

-1.35023004 & 
2.4894495 s 
0.47182250 | 
2.47625933 | + 





0.91367416 | 
~0.34817068 
4. 55099866 
~3.58004078 | 
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Fig. 5 Four-bar function generator, based on Burmester point-pairs re. 
lated to relative motion of cranks 





SCALE 
Fig = 


Fig.4 Example 1, Table 2: L‘'?), one of 6 linkages based on Burmester’s 


point-pairs for the required coupler motion 








| 


Function: 


Scale factors: 


Oo< y<i 


* =a = id 
“~” a 100 





} 
J Ms ¥j= 


UINPUT DATA FOR COMPUTER 
Bs | P5= ¥1 5-1 





x5 Wey (x;-x,) aj? ry; ~ y,) 





—}—_—__—_—___— 





1/0.05 | 0.00285 | 
|2/0.28 | 0.0628 | 
'3 0.55 | 0.3028 | 
4/0.80 | 0.6400 | 
5|0.95 | 0.9025 | 


| 
4 
+ 


0° 
20° 
50° 
75° 
90° 


; 





Bix? | 
Ziy 
Zax 
Zay) 


— 


Table 3 E ple of P 
of a four-bar function generator 





1.2760608 | 
1.6088318 

0.23303542 | 
0.76696514 | 





0. 26463400 
0 .83331159 


| ~231.16928 





0 .38391066 

0.47979295 

2.7704025 
-1.7704063 














0.61608934 SCALE 


~0.47979295 | 
-2.15431316 | 


Fig. 6 Four-bar function generator com- 
puted in Table 3 





00000046 
© .00000017 | 
0.00000112 | 


~0 .00000027 | 
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the standard input for program 9.5.003 [15] as outlined in Table two different sets of prescribed positions of a plane (for links AK, 
1. Compute the Burmester point-pairs, K,, /,, and the linkage and AK;). In the particular case of plus-one-to-one gearing, 
dimensions as follows: links AK, and AR; are rigidly connected and the motion of A is 
Input crank four-bar motion. Whenever the gear ratio differs from unity, 
however, no such equivalence exists. The procedure for synthesis 
is described more specifically as follows: 
Given: Five positions of A, defined by tr; = (co-ordinate of A) 
Output crank = rei, 7 = 1, 2, 3, 4, 5; corresponding input crank rotations 
¢; = %,;; J = 2, 3, 4, 5; and gear ratio n (link L.M, to link 
I,M,). 
Cluster Required: Dimensions of ge ured five-bar linkage of Fig. 7 
Procedure: Using t; and ¢, as input data, calculate the Bur- 
mester point-pairs as in Table 1, obtaining up to four such pairs. 
: Repeat, using tr, and ¢,’ = ng,, obtaining a second set of up to 
Fixed link four Burmester point-pairs Combine any pair o! the first set 
(identified by symbols z;“ and z2“)) with any pair of the second 
set (identified by symbols z;\” and z,‘")) to obtain (up to sixteen) 
Since K,, is a circle point, there are in general always at least geared five-bar linkages, as shown in an example in Table 4 and 
two real Burmester point-pairs, providing at least one and a_ Fig. 8. 
maximum of three four-bar linkages generating the function. An The case of symmetrical five-bars with a gear ratio of two to one 
example computed in this fashion is shown in Table 3 and Fig. 6 has been investigated by Tao and Hall [18]. 


Geared Five-Bar Linkages 

Fig. 7 shows a geared five-bar linkage 1/,L,ALl.M,. Cranks 
Vil, and M,I,. are either geared or otherwise coupled together. 
For a prescribed path of the tracer point A, with correspondingly 
prescribed crank rotations, we can determine linkage M,A,“ 
AK, Mb», obtained from the given linkage by parallelogram con- 
structions. In this derived linkage, the motions of planes AA, 
and AK, are prescribed and, for five-point approximations, the 
problem is reduced to the search for the Burmester point-pairs for 





Fig. 7 Geared five-bar linkage M)L,Al.M. with prescribed path for A, 


based on Burmester point-pairs M)K\\') and MK: Fig. 8 Geared five-bar linkage synthesized in Table 4 


Table 4 Computation of a geared five-bar linkage for prescribed path versus pre- 
scribed crank angles, shown in Fig. 8 


’ 


r - j deg Y3 deg | Y5 deg 


J 


+ + + —_—____— — 


1.5000000| 0.0000000, 0.0000000 0 .0000000 

1.2750000 | 33.700000 | 12.000000 62 .0000000 

1.0000000 | 90.000000 | 24.000000 | 124.000000 

1.2750000 |146.30000 36.000000 | 186.000000 
1.5000000 | 180 .00000 | 48 .000000 

GIVEN COMPUTED — + 


PRESCRIBED 
(INPUT DATA 
FOR 
COMPUTER ) 


= ' . + <0 E 
| DIMENSIONS | GEAR RATIO: 2,, | 3-5539410]_,|2/, | 0.8371076 
OF GEARED , Z, z, | 

FIVB-BAR 73 _ 31 Z,y | 1-8573202]/ ‘| s/, | 0.0076503 
LINKAGE ?, 6 i i ma 2 ae 
(SEE FIG. 8) : z,_ | -0.4437578|| | 2’ 1.3405355 

3 , 4 2x | 2x 
=i 2/3 1.1890774||  */ 3’ 0.6796784 
2y + —_ A i zy -. a 
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Two-Degree-of-Freedom Linkages 

4 further application pertains to two-degree-of-freedom sys- 
tems, a particular version of which is shown in Fig. 9. The figure 
shows six movable links generating the function F(z, y, z) = 0 
by the analogous shaft rotations of the three cranks. Such link- 
ages have been discussed by Svoboda [19] and Allen [20] and 
have numerous potential applications. 

For a five-point approximation, select five sets of values z,y,z, 
j = 1, 2, 3, 4, 5) for which F(z,y,z;) = 0 and, by means of 
suitable scale factors, determine the corresponding crank rota- 
tions @,;, @,; and ¢,;"; select also an arbitrary set of five points 
for the path of the tracer point A,r; = r,e”/. Using the concept 
ff a derived linkage, as for the geared five-bars, compute the 
Burmester point-pairs for the derived linkage using the three 
planes whose motions are specified; i.e., using r, and the angles 
d,,, ¢,;’ and @¢,,” in succession. If the maximum four sets of 
Burmester point-pairs are obtained for each plane, a total of 64 
seven-link mechanisms result. Combine any Burmester point 
pair in one set with any other in each of the remaining two sets to 
produce the actual linkage, a particular example of which is il- 


lustrated in Table 5 and Fig. 9. 


Conclusion 

The paper has shown some possibilities in mechanism synthesis 
derived from the theory for five positions of a plane, utilizing 
those points of this plane whose corresponding positions lie on a 
The next step, conceivably, might be a generalization, 
wherein we seek points in a plane £,, moving through positions 
E,(j = 1,2... m) relative to a frame of reference, Eo, such that 
in the m-given positions, corresponding positions of certain 
points lie on a family of similar curves, defined by (say) k- 
parameters. In general, k = m + 2. Points having this prop- 
erty could be called generalized circle points. In the course of 
the inversion in which EZ, becomes the reference plane, the points 
in 2) having this property would be called generalized center points. 
rhe sets of two such corresponding point-pairs would, in turn, be 
‘alled generalized Burmester point-pairs. 

The methods which have been presented are suited also for 
ise with error-minimization techniques described elsewhere [21] 
und thus represent a step toward the unification of kinematic 


circie 


synthesis techniques. 
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APPENDIX 
(Al). We rewrite the characteristic quintic, equation (12), by 
subtracting the 2nd and 3rd rows from the lst and 2nd, respec- 
tively, in the three determinants having a column of “ones,’’ ob- 
taining 


ViV: — (1 k)V.V. = 0, 


where 
b —d) 


(d — f)| 
= —Qk? + mk + % 


vy, = KO - 8) — @— 2), hie —e) - 
' Ik(d — f) — (€- ©), ke — e) 


kab — ab, kb — 8, ka —b . z 
ked — éd, kd —@ ke —d = Bok® + Bik? + Bik + Bo 
kel ef, kf —é, ke —Ff 
k(a — c) — (b — d) 
k(e — e) — (d — Ff) 
= yk? + rik + Yo 


k(ab — ed — (8b — éd), 
k(ed — ef) — (éd — €@f), 
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k(ab — ed) — (db — éd 
k(ed — ef) — (éd — @f) 
= —Yk* — ik — Ye 


wo fGiP rere 
where 
@ = &d — fF) + &(f —b) + &b— d) 
ea —e) + ec —a) + ae —~c) + OF —d 
+ db — f) + Kd — b) 
adf(é — &€) + ebfe — &) + ebd(a — é) 
—bde — €) — dbe — &) — fod(a — €) + ate(d — f) 
+ céé(f — b) + ed@(b — d) + ab(ef — éd 
+ ed(éb — af) + ef(ad — eb) 
able — e) + cd(e — a) + ef(a — c) 
ab(f — d) + cd(b — f) + eld — b) 
+ éd(a — e) + @(c — a) 
Sb(d — Ff) + éd(f — b) + @f(b — d 
a@Bo + YoY? 
%B0 + Gio — YoY: + NT: + Tivo 
— abi + MB + Gobo + Try: + Tivo 
— (YoFo + HT + Y2¥2) 


A, B, € are computed by expansion of these expressions 


Qq = 


+ ab(e 


(A2). The same transformation in reverse [u = (k + 7)/(1 + 
ik)] can be used to transform an algebraic equation with real co- 
efficients (with unknown u) into an equation of the same degree 
with complex coefficients (with unknown k), such that real roots 
in the w-plane lie on the unit circle in the k-plane and are ob- 
tained by variation of a unit vector through an angular range of 
360 deg. The coefficients of the k-equation are related to each 
other in the manner of the coefficients of equation (14), and can 
be interpreted as vectors which, in the case of a root on the unit 
circle, i.e., a real root of the original equation, must form a closed 
polygon, a necessary condition the fulfillment of which (polygonal 
inequality) is nontrivial for equations of odd degree. The condi- 
tion appears to be related to one described by Burnside and 
Panton in a development of Descartes’ “Rule of Signs.’ The 
solution lends itself to mechanization by a scheme involving links 
and belts which could be regarded as a development of an idea of 
A. B. Kempe [22]. 

(A3). In the particular case when a = ¢ and f = d, we have 
A = 0,B = —(é — @)%@ — d)(b — d)%e — d) and C includes 
terms with the factor (eé). Hence B cannot be a linear function 
of A, A, B,C, €. The remaining possibility that A, A, C, C are 
linearly dependent is not the case since the expression for C does 
not reduce to a constant when a = ¢, in which case A = 0. 
There would still seem to be the possibility, however, that B, for 
instance, may be a nonlinear function of A, C, A, €, B. Since 
A, B, C are homogeneous 6th-degree functions in a, b, ¢, d, e, f or 
their complex conjugates, the latter condition would imply that 
B is of the form B = f,(A, C, A, B, C)/fX(A, C, A, B, C). This, 
in turn, would require that f, be a factor of f, so that the quotient 
must again be a linear function of A, C, A, B, C, which is a prior: 
impossible. Another rigorous treatment of functional depend- 
ence would involve evaluation of the Jacobian of (A, B, C, A, B 
C) in terms of (a, 6, c, d, e, f) and the demonstration that it does 
not vanish identically. Because of the time-consuming nature 
of this approach, however, the foregoing argument has been pre- 
ferred. 

”‘*Theory of Equations,’’ by W. S. Burnside and A. W. Panton, 
3rd ed., Hodges, Figgis & Co., Dublin, Ireland, 1892, example 1, p. 
78. 
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The concept of frequency response, which has long been used by communication engi- 
neers to predict the response of a linear system to a periodic, nonperiodic, or random 
input, is extended to the general case of a linear mechanical system subjected to a time- 


dependent, multidimensional loading 


Various possible methods for determining the 


transfer function of a given system are examined. One method is given special attention; 
it is based on the cross correlation in space and lime of the response of the given system 
to a multidimensional random load field with the response of another system to the same 


field. 


* ANALYSIS of linear systems has been essentially 
reduced by communication engineers to the determination of 
either of two fundamental functions: The function A(t) repre- 
senting the response of the system S to a unit impulse, or its 


Fourier transform H(w). The function H(w), called the “‘fre- 


quency response function” of S, may be shown to represent the 


ratio go/fo of the complex amplitudes of output and input when S 
Eithe r function 
input fit 


is subjected to a sinusoidal input f = foe’. 
characterizes 8; indeed, the response of S toa given 


may be expressed by the convolution 


q(t) = f- h(r)f(t — r)dr 
7 0 


while its Fourier transform Q(w) is the product 


Q w) = Hw F(w) (2 


of H(w) and of the Fourier transform F(w) of the input. Equa- 
tion (2) also shows that the function H(w) of a system S may be 
determined from the response of S to any given input f(t), pro- 
vided that F(w) exists and does not vanish for any value of w of 
interest. Thus the response of S to one input suffices to define its 
response to any other input 
The introduction of generalized harmonic analysis made possi- 
ble the extension of the concept of frequency response to the solu- 
tion of problems involving random inputs [1].!. Indeed, the 
power spectral density ®,,(w) of the response of a system S to a 
random input f(t) may be expressed as the product 
* = |H(w)|*%,,(w (3) 
of the input power spectral density and of the square of the 
modulus of the function H(w) 
dom process with zero mean is completely characterized by its 


Since a Gaussian stationary ran- 


power spectral density, and since the response of a linear system 
to a Gaussian input is also Gaussian, it follows that the function 
H(w) of a linear system S characterizes the response of S, not only 


‘ Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27- 
December 2, 1960, of THe AMERICAN SocreTy or MECHANICAL En- 
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Written discussion on this paper should be addressed to the 
Editorial Department, ASME, 29 West 39th Street, New York, N. Y.., 
and will be accepted until April 10, 1961. Discussion received after 
the closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, November 10, 1959. Paper No. 60— 
WA-106. 
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to any deterministic input as it was shown in the foregoing, but 
also to any Gaussian stationary random input 

It may be observed further from equation (3) that the modulus 
of H(w) may be determined from the ratio of the output to the 
input power spectral densities. Thus the power spectrum of the 
response of a linear system S to a known stationary random input 
defines the response of S to any Gaussian random input, although 
not to a deterministic input since the complex function H(w) is 
not itself known. This deficiency may be remedied by cTOoss 
correlating input and output and by computing the cross-power 


The relation 


= H(w , (w (4 


spectrum ®,,(w). 
®,,(w 


existing between cross power and input power spectral densities 
may then be used to determine the function H(w) itself. Thus 
the response of S to a known stationary random Input defines the 
response of S to any deterministic or Gaussian random input 

In recent years the concept of frequency response has been ap- 
plied to the solution of problems involving mechanical systems 
but in many cases the loadings were assumed independent of the 
And, while multidimensional random 
11], their 


primary concern was the determination of the response of a 


space co-ordinates [2, 3, 4]. 
loadings have been considered by several authors [5 


specific system. 

The purpose of this paper is to indicate how the methods used 
in communication engineering may be extended to the analysis 
of the response of an arbitrary linear mechanical system sub- 
jected to a loading or excitation which is a function of the space 
co-ordinates as well as of the time. Particular attention will be 
given to possible methods for determining the characteristics of a 
linear system from its response to a given loading. The fact that 
the structure of a mechanical system, while generally invariant 
in time, is seldom uniform in space will impose severe limitations 
to this generalization in the case of deterministic loadings. On 
the other hand, it will be seen that some of the methods used to 
study the response of a linear system to random inputs may be 
extended successfully to the case of multidimensional loadings. 

Since it is intended here only to suggest possible methods of 
attack, we shall not attempt to determine the conditions under 
which the operations indicated are permissible, or the practicabil- 
ity of the computations and experimental procedures required to 
carry out the solution of a given problem. The methods used in 
this paper are those of multivariate and generalized multivariate 
harmonic analysis, which have been used in the solution of prob- 
lems relating to the propagation of disturbances in continuous 
media [12, 13]. To make our presentation more readily under- 
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standable, however, we shall not assume any previous knowl- 
edge of these methods. 


Response to Deterministic Loadings 
Let f(r, t) be a scalar field defined in every point of space at 
every instant, and let S, be a linear mechanical system which 
senses the field f over a region R, which may or may not be 
bounded. We shall assume that the structure of S, is invariant in 
time with respect to axes of fixed direction, attached to a ref- 
erence point defined by the position vector r,, Fig. 1. Thus the 
response of S, to the load field f may be expressed as a function 
q(t, ty) of the position vector r, of the reference point and of the 
time t, at which the response is measured; clearly the function q 
depends upon both the load field f and the structure of S,. The 
response g may be a displacement, an acceleration, a stress, and 
so on, measured at a given point of the system. Once the re- 
sponse g has been defined, however, it should always be measured 
at the same point of S,, since the vector r, defines the position of the 
system as a whole, and not the position of a point within S,. In the 
following, the function q will be assumed to represent the total 
response of S, in the chosen parameter; it could also be used, how- 
ever, to represent a given mode of the response in that parameter. 
Consider now the particular case when the load reduces to a 
unit space-time impulse at the point r, and the time t,; i.e., when 
it may be represented by the product 
fir, ) = d(¢ — #,)d(t — t,) (5) 
to this unit 
impulse may be represented by a function hy/s(t, — ty, t, — ty) 
which depends upon the structure of the system S,, the relative 
position of the point of S, at which the impulse is applied, and 
the time elapsed between the application of the impulse and 
This function characterizes 


of two Dirac delta functions. The response of S, 


the measurement of the response 
the response of Ss, to any loadir g,; u deed, the response q 2. t,) 


to a loading f(r,, !,) may be represented by the convolution 


q(t, t.) = Shais(t, — ty, 


The integration should be performed 


t, — ty f(y, ty)d dt, 
where d*r, = dx ply dz. 
-in space over the region FR, and in time over the interval — © < 
ty < t. 
t,, the above integrals, as well as all integrals introduced later, 
will be assumed taken from — © to 


However, since h.;, is zero for r, outside R, or for t, > 


in space and in time 


co-ordinates. Settings =r, — r,ando = ¢, — t,, and omitting 


the subscript g, we write 
qr, = S he r(s, 
We shall now introduce the Fourier transforms 
S S(t, 
Qe, w) = Sale, 0 


ofr —s,t — o)d'sdo 


RK.) -(s.w) = Sh, s. ce *“%do 


where, as noted previously, all integrals extend from — to 
Substituting the inverse transforms for f and q in equation 
and taking equation (9) into account we write 


oe 
on S Qe, we dw 


1 . ™ , 
JS h, s(s, o)¥(e s, we *) d'sdadw 
27 


1 7 ' 
> SE s(8, W) T(r — 8, we d*$dw 
2n 


from which it follows that 


Or, oo) = rg 7 (s, w F(r - s, w)d*s 
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Fig. 1 


The result obtained constitutes a modified form of Parseval’s 
theorem. The function 3(,,;, which characterizes completely the 
response of S, to any loading, may be called the “influence fune- 
tion’”’ of the system S,, since, as it may be checked by comparing 
(6) and (9), it represents the complex amplitude of the response of 
S, to a sinusoidal loading applied at r, = r, — s only or, more pre- 
cisely, to the loading 


fic, ) = 6 — £,)e'™ (11) 


Equation (10) shows that the Fourier transform © of the re- 
sponse may be obtained by integration as soon as the transform 
§¥ of the loading and the influence function 3C, 
termined at a large number of loading points. 
The volume integral in (10) may be interpreted as a convolu- 
Introducing the 


, have been de- 


tion in each of the space co-ordinates x, y, and z. 
three “wave numbers” k,, k,, k, and the vector k which has the 
wave numbers for components, we define the multiple Fourier 
transforms 

tht), 


(12) 


Fk, oo) = SS fr, Wie 
Q(k, w) = S® r, we 
i(k, w) = fH, i7(s, whe 


where the integrals extend again from © to 


th “13, (13) 


ik 5135 (14 


Substituting 
the inverse transforms for ¥ and Q in equation (10), and after 
manipulations similar to those used to derive equation (10), we 


write 

Q(k, w) = H, r(k, w) F(k, w) (15 
which represents the extension of equation (2) 
The function H,,; is a generalized 


to the case of a 
multidimensional loading. 
frequency-response function which depends upon the three wave 
numbers k,, k,, k,, as well as upon the frequency w. We shall 
refer to it in this paper as the “transfer function” of the system 
S, even though this term was given a different meaning when 
originally introduced by communication engineers. Substituting 
for 3C,,; from (9) into (14), we may express the transfer function 
as a multiple transform of the response h,,; of the system to a unit 
space-time impulse 


Hyislk, @) = Shgiz(s, ce ** 8 +9 digdo (16) 


We thus conclude that the transfer function H,,, characterizes 
completely the response of S, to any loading. Furthermore, it 
may be checked by comparing (6) and (16) that H,,,; represents 


the complex amplitude of the response of S, to the loading 


k r+ wt (17) 
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corresponding to a train of normal plane sinusoidal waves of 
wave length L = 2x/|k| moving in the direction —k/|k| at the 
speed V = w/|k!. 

While the function H,,;(k, w) provides an interesting gererali- 
zation of the concept of frequency-response function and may 
facilitate the visualization of the response of certain systems, the 
use of equation (15) will not, in general, simplify the computa- 
tion of the response of S, to a given deterministic loading f(r, t). 
Indeed, its use requires the determination of the transfer function 
H,.;(k, @) for various values of k and w, i.e., the determination 
of the response of S, to a large number of loadings of the type de- 
fined in (17); this determination will usually not be simple. Nor 
can the experimental determination of the transfer function be 
carried out as easily as in the case of the “black box” of the 
communication engineers. While equation (15) shows that 
H,,);(k, w) may be obtained by forming the quotient Q(k, w)/ 
F(k, w), where F(k, w) is the multiple Fourier transform of an 
arbitrary loading f(r, t), che computation of the multiple transform 
Q(k, w) requires the determination of the response of the system 
S, to f for a large number of values of the vector 1, defining the 
position of S,. Repeating many times with precision the same 
loading conditions would undoubtedly present considerable tech- 
nical difficulties. 

Before turning our attention to the more promising statistical 
approach, we shall outline a few experimental methods based on 
the use of deterministic loadings, which may prove practical for 
determining the characteristics of certain systems: 


1 Application, at a large number of loading points, of a unit 
space-time impulse, defined by equation (5), and direct measure- 
ment of the function h,,, (s, ¢). 

2 Application, at a large number of loading points, of con- 
centrated sinusoidal loadings of various frequencies w, defined by 
equation (11), and direct measurement of the influence function 
HR, s\8, @). 

3 Application, at a large number of loading points, of con- 
centrated arbitrary loadings 


f(r, t) = Or — tf) (18) 


which result in the elimination of the integration in equation (10) 
and allow us to express 3C,.;(s, w), for each value of s, as the 
quotient of the transforms Q(w) and F(w). 
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4 Generation of trains of plane sinusoidal waves of various 
wave lengths L, traveling in various directions ) at various con- 
stant speeds V, and direct measurement of the transfer function 
H,j;(k, w) where kk = —(24/L)Xandw = 2rV/L. 

5 Generation of trains of plane waves of arbitrary profile 
traveling in various directions ) at various constant speeds V; 


since 
qt) =@q (o. t — *") 


for any given train of waves, one run in the direction ) and at the 
speed V is sufficient to define the transform Q(k, w), where w is 
arbitrary andk = —w3/V. 


Response to Stationary, Homogeneous, Random Loadings 


We shall now consider the case when the load field f(r, ¢) is a 
stationary, homogeneous, random, scalar field. To cross correlate 
the values of the field at two points r and r + @, we shall form the 
time average 


T 
lim ef S(r, Of( + 0, t + rid (19 
gee 37F j_ Tr . 
Since the field is stationary, i.e., since its statistical properties are 
invariant in time, this average is independent of the origin of time 
which has been selected. Since the field is also homogeneous, i.e., 
since its statistical properties are invariant in space, the time 
average is also independent of the origin selected in space, and 
thus of the position vector r. Therefore, the cross-correlation 
function ¢,, defined by the time average (19) depends only upon 
the relative position vector @ and the time interval 7; we write 


Pm Be pas 
¢,;(0,7) = lim — Sir, Off + 0,t + 7r)dt (20 


Let S, and S, be two linear mechanical systems which sense the 
field f without disturbing it over regions R, and R,, respectively, 
and possess a structure similar to that of the system described in 
the preceding section. We shall cross correlate the response p of 
S, at point r and time ¢ with the response q of S, at point r + o 
and time ¢ + 7 by forming the time average of the product of the 
two responses. Since the load field f is stationary and homogene- 
ous, and since the structure of each system is time invariant and 
independent of the position of the system, this time average de- 
fines a cross-correlation function ¢g,, which, like ¢,,, depends only 
upon the relative position vector @ and the time interval 7; we 
write 


1 r 
2(0,7T) = lim — (er, ale + o,t+r)dt (21) 
asia jim on ft sil 


The responses p and q are defined by formulas similar to equation 
(6); introducing the vectors shown in Fig. 2 and the correspond- 
ing time intervals, we write 


p(t, t) = Shyis(s, o)f(e — 8, t — o)d*sdo 


(22) 
gt +o,t+r) = Shyjs(s', o' fe +o —8',t+7 — o')d's'do’ 
(23) 


where all integrals extend from — @- to +o. Substituting for 
p and q from (22) and (23) into (21), and taking (20) into account, 
we obtain 


Ppq(0, T) = S his (, The /(s’, o')¢,,(9', T')d*sd*s'dado’ (24) 
where 


o =o+s-s’ (25) 
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r=T+0-0' 


We now introduce the Fourier transforms 
¢,;(0, w) = S¢,,/(9, re~ "dr (26 
$,,(0, &) = S Cnq(®, roe ~*"dr (27 
which define the cross-power spectral densities of load and re- 
sponse, respectively, for any two points of relative position o 
Substituting the inverse transforms 


: , 
7, (0, T) on S %,; /(0, W e* "dw (28 


l . 
Pp_(@ T) — SPyq(9, we "dew (29 
Pag 


for ¢,, and ¢,, in equation (24), and after manipulations similar 
to those used in the preceding section, we write 


w)b,,(0', w)d*sd's’ (30) 


$,(0, ©) = SHyiz*(s, w) Hy i/(s’, 
where 3C,,, is the influence function of S, defined by (9), while 
3,/;* represents the complex conjugate of the influence function 
of S,, and where 9’ is the vector defined by (25). 

We may use equation (24) to determine the autocorrelation 
function ¢,,(7) of the response of a linear system S, to the random 
loading f, and (30) to determine the corresponding power spectral 
density ,,(w), if we assume S, identical with S, and make 9 = 0. 
In the case of the power spectral density we write 
dul) = bq(0, 


= SKyis*(s, w)H,)/(s’, w)b,/(s — 8’, w)d'sd*s’ (31 


Since, as it was indicated in the introduction, a Gaussian station- 
ary random process with zero mean is completely characterized 
by its power spectral density, and since the response of a linear 
system to a Gaussian input is also Gaussian, it follows that the 
function @,,(w) completely characterizes the response of S, when 
the loading f is Gaussian and has zero mean. For example, the 
mean square of the response 


gir) = lim — q(r, Oadt 
: een ee : 


which, as we check by comparing equations (21) and (32), 
be obtained by integrating 


is equal 
to ¢,,(0, 0), may, according to (29), 


the power spectral density @,,(w): 


— ; 1 — 
q(t) = Pog, Q) = ow [ $,9(@ dw 
2T x 


While equation (31) provides an effective way to determine the 
respony: of S, to a specific random loading f, it fails to provide 
a true generalization of equation (3) in two important respects: 
(a) It does not describe separately the influence of the structure of 
S, on the response of the system, nor the influence of the statisti- 
it does not allow for the 
or of its modulus, 


cal properties of f on that response; (b 
determination of the influence function 3C,,,, 
from experimental data collected on the response of the system to 
a given random loading. In order to extend equations (3) and 
(4) to the solution of problems involving multidimensional load- 


ings, we shall introduce the multiple Fourier transforms 
®,(k, w) = S¢,,(0, whe~* edtp (34 
®,,,(k, wo) = S Ooq(0, we~* °d*o (35) 


which define power spectral densities depending upon the three 
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f(t, ), and whose transfer function is thus equal to unity. 


wave numbers k,, k,, k,, as well as upon the frequency w. Sub- 
stituting the inverse transforms 


y(Q, @) = (1/2m)? [Byy(k, we" ede 
$,,(0, w) = (1/2mr)* S ®,,(k, w)e™ Od% (37 


(36) 


for @,, and @,, in equation (30) and recalling relation (25), we 
obtain, after manipulations similar to those used previously, 


P,(k, w) = Hyis*(k, w)Hais(k, w) P,,(k, w) (38 


where H,,,; is the transfer function of S, defined by (14) or (16), 
and H,,;* the complex conjugate of the transfer function of S, 
When S, and S, are identical, equation (38) reduces to 


B,o(k, w) = |Hyip(ke, w)|*D,/(ke, w) (39) 


@ 


which represents the extension of equation (3). The power 
spectral density $,,(w) of the response with respect to frequency 
alone may easily be obtained from ®,,; making @ = 0 and p = q 


in equation (37), we write 


Poq(W) = Hq,(0, w) = (1/24)? JP, (k, w)d% (40) 


Substituting into (33) the expression obtained for $,,(w), we 
also have 


q(t) = (1/2m)* S ®,(k, w)d*kdw (41) 
Equations (39) and (40) show that the response of a linear system 
to a Gaussian random loading is characterized by the power spec- 
tral density of the loading and by the transfer function H,,;(k, w) 
of the system Referring to the preceding section, we conclude 
that the response of a linear system to trains of normal plane 
sinusoidal waves completely defines its response to any given 
Gaussian random loading, as well as to any deterministic loading 
This is a generalization of the observation made independently by 
H. 8S. Riebner [14] and by the author [15] regarding the response 
of an airplane to atmospheric turbulence; this response is com- 
pletely defined by the response of the airplane to flights through 
fixed sinusoidal “washboard” patterns of windgusts, of various 
orientations and wave lengths. While the analysis of the response 
of the airplane to flights through these various patterns is un- 
avoidably lengthy, it lends itself well to the use of numerical and 
analog methods of computation. 

Turning our attention to the possibilities of experimental de- 
termination of the transfer function H,,,;, we first note that, 
while equation (39) may be solved for the modulus |H,,;| of the 
transfer function in terms of the power spectral densities ®,, and 
®,,, the latter cannot be obtained from a time record of the re- 
sponse q alone. Indeed, reference to equations (27) and (35) 
shows that the computation of the power spectrum ®,,(k, w) re- 
quires the determination of the cross-correlation function ¢,,(@, 7), 
and thus the simultaneous recording of the response g for various 
positions of the system S,. This, clearly, cannot be achieved, 
except when S, possesses a uniform structure; in that case the 
recording of g for various positions of S, may be replaced by 
the recording of q at various points of S,. As we shall presently 
see, however, the extension of equation (4) leads to a practical 
method for the determination of the transfer function in the most 
general case 

Returning to equation (38), we define S, as the identity sys- 
tem, i.e., the system whose response p(r, t) is equal to the load 
Equa- 
tion (38) reduces then to 


D,(k, w) = Hays (k, w) PB, p(k, w) (42) 


which represents the extension of equation (4) and shows that 
the transfer function H,,; of S, may be expressed as the quotient 
of the power spectral densities ®,, and ®,,. The power spectrum 
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#,, is determined by cross correlating load measurements made 
at various points in space, while ®,, is obtained by cross correlat- 
ing the same load measurements with the response of S, recorded 
for only one position of the system. This method was first sug- 
gested by D. M. Parke [16] in connection with the determination 
of the transfer function of an airframe from wind-tunnel meas- 
urements. 
Since the load f can be measured only through the response of 
a mechanical system such as a gage, we shall replace equation 
(42) by a relation containing the power spectra of responses only. 
Eliminating ®,, between equation (38) and a similar expression 
derived for the cross-power spectral density ®,,,, of the responses 
of two new systems S,, and S,, we write 
Hyiz*(k, w) Hi, (ke, w) 


a (ke, ®) = vr ® 


His *(k, ©) Ha /;(k, @ (k, «) 


_ (43) 
which relates the cross-power spectra of the responses to f of any 
two pairs of linear systems. » identical with S,, and 
solving equation (43) for the transfer function of S,, we obtain 


P,(k, w 
@ (kk, w 


pn 


Choosing S, 


Hyij(k, @) = Hyis(k, w (44) 


Equation (44) shows that two cross correlations in space and time 


must be carried out to determine the transfer function of S,: 


One between the response of a gage S, and the response of the 


the other between the response of the gage 
The transfer function, H,,,, of 
the second gage only needs to be known. The confidence in the 


value obtained for the transfer function of S, will be increased if 


unknown system S,; 
S, and that of a second gage S,,. 


the response g of the system and the response n of the second 
gage are recorded simultaneously. The confidence will be in- 
creased further if a large number of identical gages S, are used 
to measure the response p at various points of space, simultane- 
ously with the responses of the system S, and of the ge S, 
maintained in the same fixed position. 

It should be noted that the results obtained are independent of 
the dimensions of the gages S, and S,. In fact, S, and S, may 
be any linear mechanical systems which respond to loadings of 
frequency and wave numbers within the range of interest. It 
may be found desirable, for instance, to use for S, a gage, or a 
set of gages yielding simultaneous readings, and to use for S, a 
known system which has the same general characteristics as S,. 
A first run with S, will serve to cross correlate its response q with 
the gage readings p, and thus to calculate ®,, a second run with 
the “standard” S, will yield #,,. Equation (44) shows that the 
transfer function H,,, of the unknown system S, may then be 
obtained by multiplying the transfer function H,,, of the standard 
by the quotient ®,,/®,,.. The modulus of this quotient measures 
the ratio of the amplitudes of the responses of the two systems 
to any of the fundamental loadings defined by (17), while its 
argument measures their difference in phase 


Response to Stationary, Nonhomogeneous, Random 
Loadings 

In order to determine experimentally the transfer function of 
a given linear system, it will sometimes be necessary to create 
While it will be generally 


urtificially a random loading f(r, t). 
‘relatively easy to generate a stationary loading, i.e., one whose 
statistical properties at a given point are invariant in time, it may 
be more difficult to realize a loading which is also homogeneous, 
i.e., one whose statistical properties are the same at every point 
We shall therefore investigate the response of linear 
systems to stationary, nonhomogeneous, random loadings and 
determine which of the results obtained in the preceding section 


in space. 


remain valid under these more general conditions 


We first note that the time average defined by (19), while still 


54 / MARCH 1961 


independent of the origin of time, will now depend upon the abso- 
lute position of both points rand r+ . The cross correlation 
defined by this time average will thus be a function of r, as well as 
of o and T; we write 


r 
pea f(r, Of + 0,¢ + 7)dt (45) 


To « -T 


¢,(t; 9, T) = lim 4 
Similarly, the cross-correlation function of the response of a sys- 
tem S, at point r and time ¢ with the response of a system S, at 
point r + @ and time ¢ + 7, while independent of ¢, will depend 
upon the position of both points rand r + oe. It will thus be a 
function of r, @, and 7; we write 


T 
p(r, tq(e + o0,t+r)dt (46 


. 


= lim —, 
T--o 27 _?T 


Since the structure of the systems S, and S, is unaffected by the 
nonhomogeneous character of the loading, the functions h,,; and 
h,/y which characterize their responses will remain independent of 
the position of the systems. The relation between the cross- 
correlation functions of loads and responses will thus read 


Fpg\"pi OT 


= Shy,;(s, o)hy)/(s', 7 )¢,,(0,; 9’, T’)d'sd*s’dodo’ (47) 


where the various vectors involved are defined in Fig. 2. 
The Fourier transforms ¢,, and @,, of the eross-correlation 
and ¢,, will also depend upon the position vectors 


functions nq 
j and f,, respectively The relation existing between the trans- 
forms reads 

r*(s, w)K,,;(s’, w)D,,(t,; @’, w)d*sd*s’ 


= fX, 


(48 


and 


which is an extension of (30). Assuming S, identical with S 


making @ = 0 in (48), we obtain the following expression for the 
power spectral density of the response (with respect to frequency 


alone): 


o) = P I, ;* s, w) K,,,(s’, w Diy ( ty; 0’, w)d sd%s’ (49) 


Comparing equations (31) and (49), we note that the power spec- 


tral density of the response of a linear system S, may be deter- 
mined from the values of the influence function at the various 
loading points, whether the loading is homogeneous or not. In 
the latter case, however, the cross-power spectral density o,, of 
the loading will depend upon the absolute position of each of the 
two loading points, r, and r, + 9’, and the power spectral density 
of the response, ,,, will depend upon the position of the system 

Introducing the Fourier transforms of ¢,, and @,, in 9 and 0’, 
respectively, we define the power spectral densities ®,,(r,; k, w 
and ®,,(r,; k, w), which will depend upon the position vectors 
r, and ¢,, respectively, as well as upon the frequency w and the 
wave-numbers vector k. 
for Pog and @,, in equation (48), 


Substituting inverse Fourier transforms 
we obtain after reductions 


1*(s, w)®,,(0,; k, whe ik-s3g (50 


= Hyj(k,w) fH, 
The integral in the right-hand member cannot be reduced further, 
since the power spectral density ®,, depends upon the position 
vectorr, = 6, — $ and, thus, upon the variable of integration s 
We may, however, eliminate the integral appearing in equation 
(50) by deriving a similar expression for the cross-power spectral 
density ®,,, of the responses of the system S, and of a new system 
S,. Calculating the cross-correlation function ¢,,, and its suc- 
cessive Fourier transforms with respect to the same reference point 


t,, we write 


®,,.(t,;k, @) = Har(k, w) [Wy/,*(s, w)B,/(e,; be, w)e™'8d%s (51) 
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Eliminating the integral between (50) and (51), we have 


Hyis(k, 
Hajs(k, @ 


®,,(t,; k, w) = 


In the particular case when S, and S, represent the identity sys- 


tem, equation (52) reduces to 


D,(t,; k, w) = Hgis(k, w)P,,(,; k, w) (53 


which represents the extension of equation (4) to the case of a 
stationary, nonhomogeneous, multidimensional, random loading 


Solving equation (52) for the transfer function of S,, we obtain 
®,(t,; k, w 


®,,, (t,; k, w) 


H, r(k, ®) = H, r(k, Ww (54 
14) to the case of a stationary, 
that 
cross correlations in space and time must be carried out to deter- 


which is the extension of equation ( 


nonhomogeneous, random loading. Again we note two 


mine experimentally the transfer function of S,: One between 


the response of a gage S, and the response of the unknown system 
S,; the other between the response of the gage S, and that of a 
gage or standard S,. In the case of a nonhomogeneous loading, 
however, the cross correlation must be carried out- by moving the 


system S, or S,, while maintaining the gage S, in a fixed position, 


and this fixed position must be the same ber both cross correla- 
tions 

Our discussion would not be complete if we did not indicate 
that equation (3) cannot be extended to the case of a stationary, 
nonhomogeneous, multidimensional, random loading or, more 
generally, that the cross-power spectral density ®,, corresponding 
to a pair of systems S, and S, cannot be calculated from the cross- 
, and S,, 


Indeed, while ®,, is 
related to ®,,, through (52), and while it is possible to derive a 


power spectral density ®,,,, of another pair of systems S, 


mn 


when the load field is nonhomogeneous 


similar relation between ®,,, and a the new relation reads 


Hyiz*(k, w 


e&.; 
Hinis* (k, w 


k, w) = ®,..(tn; k, w 


and thus requires that S,,, not S,, be maintained in a fixed posi- 


tion while the cross correlation is being carried out. Only when 
the load field is homogeneous, i.e., when the cross-power spectral 
densities are independent of position, is it possible to eliminate ®,,, 


between (52) and (55) and to express q,,, in terms of ®,,,.. 


Limitations and Possible Extensions of Proposed Method 


The results obtained in the preceding sections were based on 
the assumption that the system under analysis did not disturb 
the load field to which it was subjected 


generally be true in the case of greatest concern to us, that of a 


This, however, will not 


physical system, such as an elastic body, subjected to a load field 
generated by the motion of a surrounding physical medium, such 
as a fluid. In many cases of practical interest, however, the dis- 
placements which must be given to the system to determine the 
necessary correlation functions will not affect appreciably the 
surrounding medium in the region where the system may sense 
the loading field, i.e., outside the system itself. It is possible, for 
example, to ignore the disturbance created by the airplane when 
studying the response of an airplane to atmospheric turbulence. 
In other cases of interest, the system and the surrounding medium 
may extend in different dimensions and the displacements of the 
first will not affect the second. This is true of beams and plates 
subjected to pressure loadings 

Another possible limitation of the proposed method for the ex- 
perimental determination of transfer functions is that the size of 
the systems S, and S, may prevent the complete determination of 
This difficulty 


the cross-correlation function of their responses. 
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will be largely eliminated if a gage is used for S,, as it was as- 
sumed in the preceding sections. It should be pointed out, in this 
connection, that any additional load imposed on the system S, by 
th. gage S, will leave their cross-power spectrum unaffected, as 
Indeed, 
as we shall see presently, a disturbance uncorrelated with the 
” will not affect 
the cross-power spectrum ®.,, of the responses of the gage S, and 


long as this load is independent of the original load field. 
original load field, and not sensed by the gage S 


of the system S,. 
Let two linear systems S, and S, be subjected to n distinct 
for the sake 


The response of 


random loadings f;(r, 0), with ¢ = 1, 2, .. n, which 
of simplicity, shall be assumed homogeneous. 


S,, to this combination of loadings may be expressed as 


bd ’ 
p(r, t | lp/ 7. (8, Of 
e 


will be different if the load fields f; affect 


\r—s,t a)d*sda (56) 


where the functions h, 
S, in different manners. Having expressed the response of S, 


in a similar way, we form the cross-correlation function of the re- 


sponses p and g and find that 


Pq (0, Tt) = [ > h, ; (8, 0 h, (s a')\e Sj 0’, T')d'sd*s'dadoa"’ 


or, introducing power spectral densities, 


®,, (k, eo) = }» H, hy k, w H, f k, wW ®, -P k, WwW 


If S, is a gage sensing only fi, and if f, is not correlated with any 
of the other loadings, we have H,,;,;* = Ofori # 1 and ®y,,, 


forj #1. The relation obtained reduces then to 


?.. k,w) = H, 4 *(k, w H, r(k, Ww Py, ¢,(k, Ww 


which shows that the cross-power spectral density ®,, is un- 
affected by any loading uncorrelated with the only loading sensed 
by the gage. 

The result obtained, which remains valid in the case of non- 
homogeneous load fields, proves that a disturbance due to the 
gage or any other cause, and which is neither correlated with the 
original load field nor sensed by the gage, will not affect the cross- 
power spectrum ®,,. This result also shows that, when a system 
S, is subjected simultaneously to several uncorrelated random 
loadings, the various transfer functions characterizing S, may be 
obtained by cross correlating the response of S, with the re- 
sponses of various gages, each of which senses only one of the 
given loadings. The three transfer functions characterizing the 
response of a system to a vector field, the components of which 
are uncorrelated, such as the velocity field of atmospheric turbu- 
lence, may thus be obtained simultaneously by using three gages, 


each of which senses a different component of the field. 
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Some Gyroscopic Oscillations 


Consideration ts given to the nonlinear terms in the differential equations governing the 
motion of gyroscopes under constant acceleration and a ‘‘correcting’’ torque. 


Unstable 


oscillations are noted when a correcting torque is present and the nonlinear terms are 


included 


* use of gyroscopes as direction-preserving devices 
is becoming standard in various dynamic systems. Owing to 
necessary application of forces, mechanical coupling, aerodynamic 
coupling, and practical difficulties of manufacture, the actual 
situation is a gyro subjected to various forces. We consider here 
only an important special case of this more general problem: a 
gyro being accelerated (constant force) in a fixed direction and 
acted on by a torque proportional to the angle between the fixed 
direction and the axis of the gyro. Curves of results from IBM 
704 calculations of the various approximation formulas and 
REAC curves directly from the differential equations are given. 
It will be noted that undamped oscillations in @ and y only ap- 
pear in the second and third approximations [see equations (9), 
(15), (28), (49)]. 


The Problem 


Consider a gyroscope in space, supported at a point on its axis 
rotating about the axis with velocity 2. Let the forces be inertial 
forces resulting from constant acceleration and a correcting torque 
applied so as to cause the gyro axis to move toward the direction 
of acceleration and proportional to the angle off that direc- 
tion, Fig. 1. With the applied torque (ik:WL sin @ + jk:) and 
origin of co-ordinates at the center of gravity, the differential 
equations governing the motion of the gyroscope’ can be written. 


Aa, + (C — Awyw, + Csw, = k,WL sin 8, (1) 


A&, + (A — Choo, — Cow, = k28, (2) 


i 


C(w, + & (3) 


From equation (3), w, + s = Q (const). Eliminating s, using the 


Euler angle relations 


and the definitions 


cl WL 


= w, 
A A 

1 Leigh Page, ‘‘Introduction to Theoretical Physics,”’ second edi- 
tion, D. Van Nostrand Company, New York, N. Y., 1936, pp. 140, 
146, 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Pasadena, Calif., June 27-29, 1960, of THe AMERICAN 
Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until April 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASMI 
Applied Mechanics Division, March 15, 1960. Paper No. 60 
APMW-15. 


Journal of Applied Mechanics 


Equation (2) becomes 


—_ = 
z (¥ sin 0) + ¥6 cos 0 — wh = 0; 
Cc 


Equation (1) becomes 
6 — ¥* sin 6 cos 6 + wy sin 6 = asin 0. 
Initial conditions used will be of the type 
6=t, 6=6, p=0, P= when t=0 (8) 


We give here formulas for the solutions of types labeled the usual 
first approximation, and first, second, and third approximations. 
The third approximation includes viscous-friction terms. 
Solutions to the differential equations calculated by the REAC 
and calculations from our solutions are graphed for some parame- 
ter combinations, Figs. 2-14. Complete mathematical details 
and further curves will appear.* 


Approximate Solutions 
If 0, 6, ¥ are of order ¢, 
(a) w6, b@, and a sin @ are of order €, 


(b) ¥6 cos 0, wy sin @ are of order e&, 
(c) ¥? sin @ cos @ is of order é’. 
Usual First Approximation. [Supposed good for w large; more 
specifically if 

lv sin 0 + 2/6 cos 6] << lw6| 
and 


? NAVORD Report 6542, Parts 1 and 2. 


FIXED DIRECTION 


Fig. 1 Co-ordinate system for the gyroscope 
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9 — ¥* sin 0 cos 0) < |wy sin 8). | 
If the last two terms in equations (6) and (7) are the dominant 


terms 


and 


(10) 


If L #0, this motion will be a spiraling motion around the fixed 
direction approaching that direction monotonically with increas- 


ing time 
kAWL 


”) 


and @—~0O as t= 


If L 0, Y = 0 and the motion is in the plane ¥ 0 expo- 
nentially approaching the fixed direction. If b = 0, 80 = @. 


First Approximation. [Terms of order €; more specifically 


<1, WO - wlt\< 16 


vs a 
pram "i. < 
max of ||¥6), (w6), |b6)) 


j 


6 = af 11) 


wh as bé (12) 


6-Solution. The solution to equation (11) and initial conditions 
8) 1s: 


Case l.a>O, 








8 9 


7 


10 





Fig. 2. Usual first and first approximations, 3-b. o = —21.168; b = 


11611; w = 580.6; %& = 0.03. 
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0 = 0 + Ot 


Case 3, a < 0, (a = —a?) 


6 = 


6, 
& cos at + — sin at = | 6,2 - 
Q 


where 


cos O = r 


Ss d Approximati [Terms of order € in equation (6), terms 
of order €? in equation (7), probably better than second approxi- 
mation for large w, i.e., Y >>w and @ small or more specifically, 


6< 1, 





< 1 


max of | 6 wy i ae , 


max of 


Equation 6) becomes 


d 
dt 


becomes 


6 T wy sin 0 


Equation (7 


= asin 0 


@-Solution. Eliminating ¥ sin 8 and replacing sin @ by 0 


6 + (w? — a)6 + bw 0 


real numbers and 


With a Qs, a 


[satisfied if w? > a}, 


o1 2 ; 08 oe or 


Fig. 3 Second approximation, 3-b. b = 11611. 
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6 = Cye™ + Cre®™ sin (ast + C3), 


‘) C; — aBC; t sin Bt 


0 = Cye™ + e® [C2 sin ast + C3 cos ast] 2 ; | 
: 271C; 4 aCe ¢ cos Bt 


Evaluating these at ¢ 
sin (8,t + B) we obtain 


either for two equal roots ; . . y 
1€ oO 0 equal roo - ° 7 82 ( 4 aC, 
6 = Cie 4 
or for three equal roots Solving these equations simultaneously for C,, C2, and C;, we 
have 
6 
10, — 4a. 


3a? + 4B2]a® + (3a? + 482)6 
B(9a? + 4682) 


10 + 4a6, 


1 . # 
. dt 
w Jo sin 0 ) An example 


4 ° Q 70 ¢. rad /sec 139.825 
In special cases certain further approximation can be made 
For w? > hw the zeroes are approximately > X 10° gm-cm? 
10-8 (lb-in.? 
30( —10 
0.882 (lb 


0.002 in. 


29 .028( 2.9028 


11611 1161.1 


If also w? 


Aa~Ce* 28 sin (w 0.0871 


Determination of Constants: 
29.028 
20.0 
10 -3)( 439.823 
sin Ot + C; cos pl 


Phen 


580.6 rad /sec 


337096.36 


1+ BC :) cos a | 
J 


Journal of Applied Mechanics march 1961 / 59 





30 
kWL (—10)0.882)L 
A 25x 10-3 
105841 21.168 (when L 
af © }= 0 (when L = 
—3528L —7.056 (when L = 


= (.002 in.) 
0) 
— .002 in.) 


[w? = a when L = 31.85 in.] 
11611. (1161.1) 


b t 
== 0.034444 


Ww Ww 


19.9983 (1.99983) 


In this case and others, approximate solutions are adequate 
A , 
—-—t 
Ce 


Y we , . ’ 
G = + ¢2 [C> sin wt + C; cos wt} 


The approximate values of the coefficients for 4 = 0 values of 
8 = &, 6 = 0, and ¥ = 0 [6 = a®, from equation (18)] are 


(29) 


a - 
sin (al + @ { 


Third Approximation. (Including viscous friction terms.) Con- 


sider a more general set of equations (1), (2), and (3) 
A@, + (C — Ahoyw, + Cow, = WL sin 0 — Dw, (30) 
kz sin @ — Da, (31) 


Aw, + (A — Clww, — Csw, = 
C(@, + 8) = 0 (32) 


The same transformations as applied to equations (1), (2), and 


(3) lead to a similar set of equations (6) and (7 


bsin @—cysin@ (33) 


d : o2 
i (y sin 6) + VO cos 8 - wb = 


6 — ¥* sin 0 cos 0 + wy sin 0 = asin 0 — ¢,6 (34) 


with D/A = ¢. ; 
As before at ¢ = 0,0 = &, ¥ = Wo, 6 = b, Y = Wo. 
With sin 6 = 0, cos 6 = 1 equations (33) and (34) become 
0 + 296 — w6 = 10 — «V0 
; : (35) 
6 — $0 + wl0 = af — «6 


with the transformation.? (Note that if sin @ > 0, 7, > —y, 


" = Zo) 
= 6 cos y yy, = 6 sin y 
# = Ocos Y — Op sin x, = Osin Y + OY cos 
‘ oe cig (36) 
# = 6 cos Y — 26y sin Y — OY sin YW — O* cos p 
ij = 6sin py + 26y cos y + OY cos YW — Oy? sin 
Then 
(6 — 0y%) cos y — (Ob + 26y) sin y 
ti = (6 — Of) sin Y + (Ob + 26p) cos 
2A. G. Webster, ‘The Dynamics of Particles and of Rigid, Elastic 


and Fluid Bodies,”’ third edition, G. E. Stechert, New York, N. Y., 
1942, p. 1289. 


a1 = 


(37) 




















Fig. 4 Third approximation, 3-bo. 
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Fig. 5 Third approximation, 3-bo. Analog computercurve. b = 11611. 
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Fig. 6 Third approximation, 3-bo. IBM 704 data. b = 11611. 
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Fig. 7 Third approximation, 3-bo. Analog computercurve. b = 11611. Fig.8 Third approximation, 3-b;. Analog computercurve. 6 = 11611. 
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Third approximation, 3-b». 


IBM 704 date. b = 
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Fig. 10 Third approximation, 3-b;. 


, equations (35) can be written where 


The solution t » equation 


Aye™ + Be™ for m, ¥ ma, 


’ “oe . p 
A,e™ + Byite™ for 7” ms (special case 3) 
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IBM 704 data. b = 


06 07 


11611. 
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With 


and hence 


Gs .t. 


7”? 


Special Cases: 


a 


(i) 2b — cw 


(a 


i, 


) 


for w? — 


for Dh 


for Ih 


ili) @? 


¢,2 


— ¢ 


This requires 


with a 


0 re quires W 


General Case: 


(a 


With 


Journal 





Bye™ 


- 2b)'/2 


> 


3 


double roots) 


For special case 3, (£ O and 7 
{ em t 


The transformation 


rit 
cos y A and sin y 


can be used to find y. 
If in the general case, 


and 


all cases exce pt spe cial case 


and from equation (47) 
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Third approximation, 3-b;. IBM 704 data. b = 11611. 
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Fig. 12 Usual first and first approximations, 9-b. a 21.168; b = 
1161.1; w = 580.6; % = 0.03. 


and 


2b 2b 
—_— ~ 


r ‘ “ey “aan 844 — A , 
[4b? + (w? — 4a)*} “* sw? — 4a 


sin @; 


SIN @e = - = = 4a ~— S| Then 


[4b? + (w* — 4a)?)'/* — ian 244 piv 
Pr” o, — 2 Pips ps? 
6 = <— ef — —— cos (nt + — gi) + e~ > 
From equation (48 (p2? p2" ’ m ps" f 
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Fig. 13 Second approximation, 9-b. IBM 704 data, 9-curve. b = 1161.1. 
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Fig. 14 Third approximation, 9-bo. IBM 704 data. 
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* cos nt + oi — 9s) 
Pe 


APPENDIX 
REAC and Theory Curves 


The motion of two gyro examples are plotted. 
lated directly from the differential equations by the REAC and 
those obtained by plotting points calculated from the theory by 


Curves calcu- 
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the IBM 704 are given. Some “usual first,” first, and second ap- 
proximation curves are given for comparison, Figs. 2, 12. It 
will be noted that the usual first shows no 6-vibrations and 
the first approximation is an oscillation of constant amplitude 
for 6. The REAC curves for the second approximation are 
for differential equations (6) and (7) with sin @ replaced by @ and 
cos 8 replaced by 1, Figs. 3,13. The third approximation REAC 
curves are for equation (38), Figs. 4-11, 14. 

The notation used in the third-approximation curves for viscous 
friction values is ¢; (b/w). Case bo, X = 0; Case db}, A = 1; 
Case ho, X 2; Case bs, A 0.5; Case bs, X = 0.1. 
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Steady-State Behavior of 
Nonlinear Dynamic Vibration Absorber’ 


The Frahm-type dynamic vibration absorber is analyzed for the case where both main 
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and absorber springs have nonlinearities of the Duffing type. 
tion solution 1s assumed for the motions of the two masses, and the resulting amplitude 
equation is solved using a graphical procedure. It is shown that the optimum dynamic- 
vibration-absorber system for variable frequency excitation is that which has a hardening 


A one-term-approxima- 


main spring together with a softening absorber spring 


Introduction 


ae view of the Frahm type dynamic vibra- 


tion absorber is shown in Fig. 1. The spring-supported auxiliary 


mass, m2, may be tuned so as to reduce the vibration of the 
main mass, m;. In a general case the main-mass spring and 
the auxiliary spring may both be nonlinear. 

One of the earliest investigations of the dynamic vibration 
absorber reported in this country was that by Den Hartog [1].? 
In his work only a linear main spring and a linear absorber spring 
The system behavior is studied for various values 
The effect of the 


are considered. 
of viscous damping between the two masses. 
mass ratio is also studied. 

Roberson [2] has made a study of the effects of making the ab- 


f (x5-x,) 
MVVMA Van 
tn 


| oo 


a 


F_ cos(wt + a) 


Fig. 1 Dynamic vibration absorber 


1 This paper is based on a dissertation submitted by the junior 
author to the faculty of The University of Texas in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy in January, 
1958. 

2? Numbers in brackets designate References at end of paper 

Contributed by the Applied Mechanics Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27—-Decem- 
ber 2, 1960, of Tue American Society oF MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and 
accepted until April 10, 1961. Discussion received after the 
First draft of manuscript received by 
1958; final draft 


will be 
closing date will be returned. 
ASME Applied Mechanics Division, March 17 
received March 14, 1960. Paper No. 60--WA-14. 


sorber spring nonlinear. The type of nonlinearity chosen leads 
to a differential equation of the Duffing type; that is, the ab- 
sorber spring force is k(z + 6*%r*) where 8? is a constant and 2 is 
the extension of the absorber spring. 6? is chosen such that the 
coefficient of the nonlinear term is much smaller than the linear 
term. The amplitude equation of the steady-state response is ob- 
tained using a “one-term approximation.’’ His analysis shows 
that the usefulness of a dynamic vibration absorber can some- 
times be improved by using a softening type nonlinear spring to 
replace the linear absorber spring. A system which is the same 
as Roberson’s has also been studied by Arnold [3]. Response 
diagrams are given for systems with hardening absorber springs 
and softening absorber springs. 

Atkinson [4] has employed an electronic differential-analyzer 
to solve the exact differential equations of the nonlinear absorber 
system described in the foregoing. His results show that the ap- 
proximate analytical solution obtained using a one-term her- 
monic approximation and the differential-analyzer solution com- 
pare favorably over much of the range of the variables. The 
differential-analyzer solutions also verify the suspected stability 
criteria for the two-degree-of-freedom system. 

The analysis given in this paper extends the previous work by 
making an approximate solution of the case where both the main 
spring and the absorber spring have nonlinearities of the Duffing 
type. A one-term-approximation solution is assumed. The re- 
sulting amplitude equation is solved using a graphical procedure. 
It is shown that the effectiveness of the dynamic vibration ab- 
by using a softening 


sorber can be improved significantly 


absorber spring together with a hardening main spring. 


Dynamic Vibration Absorber With Two Nonlinear Springs 


The differential equations which describe the motions of the 


system shown in Fig. 1 are 


me, + Ba, + g(a) — f(re — 2 





Nomenclature 


steady-state response amplitudes of main mass and 
absorber mass, respectively 

damping coefficient in main mass system 

amplitude of harmonic disturbing force 

linear spring constants of main spring and absorber 
spring, respectively 

(ky /m, y'/2 

(ke/mz2) 

F, ky 


displacement of m; and me, respectively 


= static deflection of main mass 
phase angle between disturbing force and 2 
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coefficient of spring-ratio cubic term of absorber and 
main spring, respectively 

B/2mip, viscous damping factor for main mass 

w/pi frequency ratio 

Mie/ My, 


dimensionless coefficients of cubic term of nonlinear 


mass ratio 


spring for absorber spring and main spring, respec- 
tively 

upper and lower boundaries of suppression band in 
vy — 7? plane 

ke/pF,,, 

circular frequency of disturbing force 
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Mets + fize — 11) = O 


If both springs have nonlinearities of the Duffing type, 
g(r) = ki(am + y72*) 
fla. — 21) = kel(z2 — 21) & BX ae — 21)'] (4) 


where the upper sign is taken for a hardening spring and the 
lower sign is taken for a softening spring. 

In obtaining a solution to the differential equations it is im- 
portant to note that, owing to the absence of damping between 
the main mass and the absorber mass, the displacements 2; and 22 
are always in phase or 7 radians out of phase. Employing the new 
variable z = rz, — 2), the differential equations become 


mie + Ba, + kia, + y2x*) — ke(x & B%2x*) 
= F, cos(wi +a) (5) 


Meee + ke(x + B%r*) = O (6) 
The one-term approximation of the motions are 


Zz, = A, coswt, 2 = A: cos wt 


xz = (A: — A;) coswt = A cos wt 


Substitution of the assumed motions into the differential equa- 


tions yields 


—mAw? cos at — BAw sin wt 
+ k,( A; cos wt + y?A;' cos* wl) 
— kx A cos wt + B*A? cos* wi) = Fm cos (wi +a) (7) 


—m2Aqw* cos wt + ke(A cos wt + B*A cos? wi) = 0 (8) 


Equations (7) and (8) cannot be satisfied for all values of ¢; 
that is, the assumed solutions are not exact solutions of the dif- 
ferential equations. One thing that can be done is to make the 
assumed solutions satisfy the equations for values of wt = nw 
where n = 1, 2,3,... At the same time conservation of energy 
of the system must be considered. 

Introduction of wt = nm for which cos wi = 
into equations (7) and (8) leads to 


mAyw? — kA;(1 + y*A;*) + keA(1 + B2A?*) 
= —F, cosa (9) 


1 and sin wt = 0 


meAqw* — k,A(1 + 8*A*) = 0 (10) 


in which the phase angle a remains to be found. This may be 
accomplished by considering the energy balance over a cycle of 


the motion. The work done by the disturbing force during one 
cycle may be expressed 


2e/w 
W, -f F(t) (=) di 
0 dt 


= f | [—F,, cos (wt + a)] [Aw sin wt} dt 
0 
= @F,, sin a (11) 


The energy of the system dissipated through damping in one 


cycle is 
22/w dz, dz, 
Wp B — — } dt 
: J, ( dt ) ( dt ) 
wBA;*w (12) 


Equating work done by the disturbing force to the energy ab- 
sorbed by the damper gives 
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Bw \? 
=) a] 
F,, 
2B mpw\? ..] 
te) 4 
2mpi hiF,,/ ky J 
Equation (13) may be written in dimensionless form yielding 


A,\? 
cos @ = =E - aun ( ") | 


Equations (9) and (10) may be written in dimensionless form to 
give 


o(4)-(*)fren(4)] 
+ (4) [arae(4)) 
(2) -2 (4) [oree(4)) 


Equations (15) and (16) are the amplitude equations 


(13) 


(14) 


Solution of Amplitude Equations 

Equations (15) and (16) are simultaneous equations involving 
the amplitudes A, and A; for which an analytic solution ap- 
pears impossible. It is possible, however, to solve for the ampli- 


tudes by a fairly simple graphical procedure. 
If equations (15) and (16) are written as 


(s)fr-van(4) Jef eel’ 


(7) Lore e(Z)]- (2) 


they contain three simple functions in which each has only one 
independent variable. The variables are A;, A, and Ae, respec- 
tively. These three functions are equal to each other and the 
variables are so related that 


A = A: — A) 19) 


Representing the three functions by the symbols 


-()fs-wan(4)] 


Equations (17) and (18) can be written as a series of equations 


rae(t)-a(4)-0(8) 
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(20) 
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Fig. 2 Graphical solvti 











As shown in Fig. 2, curves of Y versus (A,/s), Y versus(A/s), and 
Y versus (A2/s) may be plotted using a common axis for all the A’s. 
For any ordinate of Y, the subtraction of the abscissa of the P- 
curve from the R-curve creates a new curve which is a function of 
(A/s), namely, Y = N(A/s). The construction of the N-curve 
is based on the relationships given in equations (19) and (20). 
The intersections of curves Q and N are the solutions of (A/s) 
and at the same values of Y, (A:/s) and (A2/s) may be read from 
the P and R-curves, respectively 

One may see that Q is independent of frequency which means 
that a set of Q-curves of different coefficients of nonlinearity v can 
be used for all frequencies, all damping factors, and all values of 
v,. The number of possible responses at a given frequency can 
be seen readily from the number of intersections of N and Q. 

It will be noted that the radical of equation (17) is preceded 
by both a plus sign and a minus sign. It may be shown, however, 
that the same magnitudes for the A wil] result with either sign 
taken. With the negative sign and positive A;, and As, and A, 


(:)[p-wan(4)]-[p-oor 2) 
-(4)[ors-(4)] =m (8) en 


which is the same as 


ios res tes os oe ed 
- (-4) [ors s(-4)']- sar (-4) cx 


The negative sign before the radical is used in the analysis of this 
paper since this gives motions having the proper phase angle be- 
tween the impressed force and the motions. 

The authors have employed the graphical method described in 
the foregoing to determine the amplitudes of response for several 
combinations of linear and nonlinear springs. For the cases 
where the systems are identical, the results agree quite closely 
with the differential-analyzer results obtained by Atkinson [4]. 

As a further check on the accuracy of the results obtained from 
the one-term-approximation solution the authors have used a 
digital computer to solve equations (5) and (6). In making this 
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solution the parameter values chosen were u = 0.1, A? = 1.0, 
£ = 0.2, 1 = 0.01, and 7 = 0.9. The digital computer was pro- 
grammed in such a way that the computer acted as a simulator; 
that is, the solution was started with arbitrary displacements and 
phase angle and was then allowed to cycle long enough for the 
damping to decay the starting transients. The results obtained 
were as follows: 
Digital computer results 
TY “ 2 22 
8 8 
As 12 Ss tie 
8 8 


One-term-approximation solution 


The phase angle as given by the computer solution agrees very 
well with the value given by equation (14) for this case 

The system with two nonlinear springs may have a maximum 
of nine theoretically possible responses at one frequency since 
equations (17) and (18) when combined, with A, eliminated, form 
an equation of the ninth order in A;. Not all of these responses 
will be physically realizable since some of them are unstable 
states of motion. 

The question of the stability of the various states of motion is 
quite complex. Klotter and Pinney [5] have given a fairly 
comprehensive stability criterion for the nonlinear one-degree-of- 
freedom system. Klotter and Pinney show that the stability 
criterion is 

0\A| 


>0 
Os 


where A is the motion amplitude. For the two-degree-of-freedom 
system it is suspected that the stability criterion is 


A,| 2/4; 


ry 
>0O and >0 
Os 


as has been employed by Atkinson [4]. 

The authors have investigated the stability of the responses 
using the suspected stability criterion or the two-degree-of-free- 
dom system. The work is quite tedious since the derivatives of 
|A,| and |A>! with respect to s must be evaluated graphically. In 
general, the results agree with those given by Atkinson [4]. 
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Fig. 2 


Suppression Band Width With Nonlinear Main Spring 
Together With Nonlinear Absorber Spring 


Roberson [2] has defined the suppression band width as the 
variation range of operating frequencies in which the ratio | A;|/s 
is kept below unity. The same criterion of evaluation will be 
used here. Many things other than the ratio A;//s may need to 
be taken into account in defining the effective suppression band 
width as Roberson [2] has discussed. It may be said, however, 
that the consideration of this parameter alone will indicate the 
relative effectiveness of various spring combinations. 


From equation (21), A:/s can be expressed as a function of 7? 


Ag ; 
( ‘) - - (=f) — 9? + @)) 
: 


in which (A;/s) is replaced by +1. 


Equation (21) may be written in terms of A 


Ai — Ai\ [ A; — A,\? Ae 
( 2 ) | urs a »( : | = un? ( ) (24) 
s 8 8 
which when solved for v gives 
Ay , Ay 
(“ =) 


= Aa 


give 
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Substituting +1 for A,/s and choosing the appropriate combina- 


A: 
( *) (a? =» + 2 
\8& 


tion of signs we have 


v= 


in which the upper signs are taken for v; and the lower signs for vy. 
Terms v, and v, define the lower and upper boundaries of the 
effective suppression zone. Fig. 3 shows these boundaries plotted 
for the particular case where \? 0.1, and —& = 0.2. 
It may be seen that the combination of softening absorber spring 


0.75, uw 


and hardening main spring gives the widest suppression band 
width 
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On the Stability of the Linearly 
=p arxinson | Related Modes of Certain Nonlinear 
otengnesrng wecrons, | TWO-Degree-of-Freedom Systems 


University of California, 
Berkeley, Calif. 

Mem, ASME This paper presents a method for analyzing a pair of coupled nonlinear differential 
equations of the Duffing type in order to determine whether linearly related modal oscilla- 
tions of the system are possible. The system has two masses, a coupling spring and two 
anchor springs. For the systems studied, the anchor springs are symmetric but the 
masses are not. The method requires the solution of a polynomial of fourth degree 
which reduces to a quadratic because of the symmetric springs. The roots are a fun 
tion of the spring constants. When a particular set of spring constants is chosen, roots 
can be found which are then used to set the necessary mass ratio for linear modal oscilla- 
tions. Limits on the ranges of spring-constant ratios for real roots and positive-mass 
ratios are given. <A general stability analysis is presented with expressions for the 
stability in terms of the spring constants and masses. Two specific examples are 
given. : 


x a recent paper [1]! by Rosenberg and Atkinson, could not always be maintained for all amplitudes, and the 
a unique technique was introduced in the study of the free vibra- | modes were considered to be unstable for those cases. 
tions of a two-degree-of-freedom nonlinear system, Fig. 1, charac- 
terized by the equations The System 
ee a ae with f, = fe This paper extends the study initiated by (1), which dealt 
: ‘ ‘ : with symmetric systems, to those systems characterized by equa- 
Met, = —fr(t2) + fo(ri — 2 7 2 tions (1) with m + n unsvmmetric masses) and with the 

restriction on the solutions z;(t) and z(t) such that 


which required solutions 2,(t) and ze(t) of (1), such that the ; 

: “ : ” : . rit) = crt (3) 
lowing “mode relations’’ were maintained: 

where c is a constant. A sketch of the system is shown in Fig. 1. 

Confining our attention to nonlinearities in the form of cubic 


polynomials of the Duffing type, the functions f; of (1) become 


(where the subscript 7 indicated an ‘“in-phase”’ relationship and 0 (3 = az, 4+ 
an “out-of-phase” relationship between the displacements). : 

Such a restriction on the solutions 2,(¢) and 22(t) is a special 

case of the more general one that would require a linear modal re- 


lationship 


a(t) = cxrzll 


where c is a constant. Te ry r - Ai(% - 2 d 1 X2)° 
(5) 


In reference [1], the constant c was allowed to have the values 
+1 to yield the mode relations (2). When (3) is substituted into 
(1) fore = +1, there result two identical Duffing equations for The substitution of the restrictive equation (3) into equations 
each of the “natural’’ modes of oscillation. Solutions of these ee keRn Olen Gatien Geliaiieen 
equations were presented in [1] in the form of amplitude versus 
frequency curves. A stability analysis of these natural modes 


bizs 


of vibration of this symmetric (f/f; = f;, ™m = me) system showed 


that the required relationship of the solutions 2,(4) = +22(¢ —— game X(t) pe Xo (t) 


‘ Numbers in brackets designate References at end of paper 

Contributed by the Applied Mechanics Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27—-Decem- 
ber 2, 1960, of Tue American Socrety or MecHanicaL ENGINEERS f f 

Discussion of this paper should be addressed to the Editorial 3 
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Fig. 1 Sketch of mechanical system characterized by equations (1) 
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1 — 1 
xz=--— [a + Attn 
my, c 


1 (ec — 1)8 
— — | age? + A; —— | 2° 
mi c 
and (6) 


1 1 
n= -— [b, - Ai(e a 1))ze — [bs —_ A;(e - 1)3}z2* 
me me 


For unique solutions # of equations (6) we must require that 
the coefficients of x; and also those of z,* in (6) be equal, or that 


1 c-1 1 
. [a + A; +) = — [b, — Ai(e — 1)] 
my c Me 


and 
l e¢— 1) 1 
- | asct + A; ad = — [b; — A;(c — 1)3] 
m L c m2 


If we let up = m,/me, the mass ratio; y: = a:/bhi; Ys = as/bs; 


a, = A;/a;; @; = A;/a;3; we get 


(e — 1) (c — 1) 
m1i1+a——— “nie +a——— 
a a Pe 3 


—— — 8) 
{1 _ ayile — 1)] ( 


[1 — asyz(e — 1)3] 


By cross multiplication of the two ratios of (8) and rearranging 
terms the polynomial G,(c) is obtained (subscript 4 indicates 4th 
power inc 


Gi(c) = yiaryicr%X(c -1)- asyryic(c —1)?§- yc? 


— yale — 1)?'§+ym(e-—1)+ypnce =0 (9) 


The roots ¢; (i = 1, . . . 4) of (9) can be found for any set of 
parameters @%, Q, Yi, Ys, assuming the mass ratio u as yet un- 
specified. Each root must then be introduced into (8) to deter- 
mine the necessary mass ratio for modal oscillations of the sys- 
tem. Owing to the quadratic nature of the first ratio of (8), only 
two of the four roots of (9) can yield the same mass ratio. 

For a more particular study, the modal polynomial G,(c) = 0 
can be reduced in generality by placing certain restrictions on the 


parameters. If we then let 


hi = vfs (10) 


we get after some rearranging of terms 


i= =Y or 

Gilc) = avye*(e — 1) — agye(e — 1)? — e(e + Ife — 1) 
—a(e-—1)?+a@m(e—1) =0 (11) 
One root for this case isc = 1, which also implies that up = y; = 


:, and hence one mode of the symmetric case of (1). Dividing 
(11) by (c — 1), results in the cubie polynomial: 


2a —-a-—l1 
yo? + casy — & — 3 Pil 
a — Ms 


+ [aot] 1=0 (12) 
(a, — a) 


G;(c) = 


Some further work has been done with G;(c) by assuming values 
of y, 1, @ and solving for the roots on the IBM 650, reference 
{5}. The IBM calculations indicated that a further reduction in 
generality of the modal polynomial was advisable for the isolation 
of a sizable subclass of these nonlinear systems; so a further re- 
striction of y = 1 was introduced. This restriction requires f, = 
f, or, referring to Fig. 1, that the outer springs be identical. 

The polynomial reduces to 
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a i c 
e+i1— — (ce — 1%Xer+]1) - (c+1) =0 
ay a 


which has a factor (c + 1) or c; = —1 (the second mode of the 
symmetric case [1]). Dividing by (c + 1) yields the quadratic 
equation 

_%— 1 


Glo) = ot +e[ — - = 1] +1=0 
a — a; 


(13) 


c?+c[k —1]) +1=0 (13a) 


GS=- 1 
k = — 
a — ds 


The roots of (13) can be expressed as 


wo tal) 


—1 are the four roots 


(14) 


These two roots along with ¢ = +1, ¢ = 
of G,(c), equation (9), for y: = Ys = 1. 

The remainder of this work deals with the real roots cs, of 
G,(c) and the corresponding values of a, @3, and u. That is, we 
will discuss those systems that can be simulated by the mechanical 
model shown in Fig. 1, where the outer springs are symmetric, 
but where the masses are unsymmetric. The real roots of G,(c) 
= 0, if supplemented by a positive mass ratio from (8), will yield 
solutions 2,(t) and z,(t) of physically realizable oscillating sys- 
tems. Physical systems for which no real constant c can be found 
cannot vibrate in modal oscillations with the displacements satis- 
fying the linear modal relation (3). The mathematical veracity 
of equation (5) is not altered by a negative mass ratio; however, 
such systems are not investigated here. 


Solution of Reduced Modal Polynomial for 7, = 7, = 1 
The roots c3,4 of G:(c) in (13) depend on the constants a, a 

(which relate the coupling spring constants to those of the outer 
springs in Fig. 1). The restriction that c be real puts certain 
limits on the value of k = (a; — 1)/(a@; — a;). From (14) we see 
that 

k-1 

~s ; >1 
for realc. Thus k has the range k => 3andk s —1. 

For the particular systems being studied, since y; = Y: = 1, 
the parameters a, @;, and ware of interest. It is of some value to 
plot the function k = k(a;, @;) as a function of a; for fixed values 
of a. Since c = c(k) from (14), this amounts to a plot of c versus 
a; for different a,. Such a plot is shown in Fig. 2, and it out- 
lines the regions of admissible values of a,, a; for practical physi- 
cal problems. The ordinate is graduated linearly in k but function- 
ally in c according to (14). The range on k for3 > k > —1 yields 
complex values for the modal constant c in (14). Additional areas 
of the k versus a;-plane are removed from the realm of reality by 
the branches of the curve defined by k(a,a3) for a, = a;'/* since 
the parameters a; and a; in the excluded regions yield negative 
mags ratios wu. This curve, 

a- 1 


—— 


Q;/* — as; 


k= (15) 


has a branch asymptotic to k = —1 for +a; this branch is also 
asymptotic to a; = O fork = —«. The left-hand branch of (15) 
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Fig. 2 k orc versus a;-plane with a, as parameter. Ordinate is gradu- 
ated linearly in k at left of axis, and functionally in c on right side of ordi- 
nate axis. 









































K=-4.2 
C= 1/5 


-3.27 
1/4 


“1.16 <-I.5 a ea 
a> Ve 1/3 


Fig. 3 ju versus c-plane for positive ¢c with a; as parameter. Abscissa 
has a nonlinear scale in both c and k. Note that « < 1 due to reciprocal 
relationship expressed in equation (16), et seq. 
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K=-| 
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is asymptotic to k = —1 for large —a; and asymptotic to the 
line a3 = —1 for large negative k. The branch between a; = 0 
and a; = —1 has a minimum at dk/da; = 0, which occurs at 
a; = —1/8,k = 3. 

The k versus a;-plane between —1 < a; < 0 for +k is thus 
divided by the curve k(a2, a@;'/*) into an upper region where the 
particular values of a; and a yield a negative u and a lower region 
where yu is positive for values of k down to k = +3. The main 
purpose of the k versus a;-plane (with a; as a parameter) is to 
show whether ‘“‘modal’’ oscillations are possible for any given 
system with yu as yet unspecified, from a study of the curves k or c 
versus @; in Fig. 2. 

It should be noted that although the values of c;,4 could range 
from — to +o, it is possible to limit the investigation to the 
range —1 S ¢3,4 S +1 because of the reciprocal relationship be- 
tween c; and c,; that is, 

Cc = . (16) 
az) 


as is evident from equation (14) 

A similar reciprocal relationship exists for the mass ratio and 
thus suggests the physical interpretation that either m,; or m: 
may be the larger mass of a calculated mass ratio. 

This fact that the roots cs, are reciprocal leads to the important 
conclusion that there is at most only one “linear’”’ mode for these 
systems with identical cubic springs and unequal masses. In the 
case covered in reference [1], the so-called “‘symmetrical’’ case, 
two linear modes were found, the in-phase and the out-of- 
phase. In the unsymmetrical system only one such mode is 
possible, either an in-phase mode or an out-of-phase mode, but 
not both.? The question of the exact nature of the relationship 
between z, and z2 for free oscillation other than the linear 
mode remains to be answered for these two-degree-of-freedom 


systems. 


? An interesting exception to this statement is mentioned in Con- 
clusion #3, at end of paper. 
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The « versus c (of k)-Plane With a, as a Parameter 
In Figs. 3 and 4 is shown the uw versus c-plane with a as a 
parameter. The necessary range onc is —1 <c < +1 due to the 
reciprocal relationship (16). The abscissa is graduated with values 
of ¢ and the correspondng values of k. Fig. 3 has positive 
values of c and shows curves for constant a,. The curve a, = 0 
is a horizontal from uw = 1. Below the curve a; = 0 extend curves 
for increasing values of a. All curves end (or begin) at u = 1 and 
The curves for positive and negative a, run through the 
With a, > 1 the curves cross 
With large values of a, the 


c = I, 
same area of the u versus c-plane. 
the abscissa and yield negative uy. 
curves get steeper and yield positive u for narrower ranges of c 
until the limit of a, = @ for which c = 1 for all yu. 

In Fig. 4 the abscissa has the range of negative c with cor- 
responding values of k. As in Fig. 3, all curves have their “‘origin”’ 
it w = 1 and the curve a = O extends horizontally from this 
point. The curve for a, = +o cuts the plane into two parts 
with the curves for positive a; above the a, = 
for — 2 < a, < —1/2 between the curves a; = 
nate axis atc = —1. The remaining curves for —1/2 < a, < 0 
spread themselves over the plane with increasing a, from a, = 
—1/2. The curves in the range —1/2 < a; < 0 cross the abscissa 
and enter the region of negative wu. 

The steps in the development thus far allow the following 
with 


c curve and curves 
co and the ordi- 


analysis of a two-degree-of-freedom nonlinear system 


symmetric springs and unspecified mass ratio, as shown in Fig. 1: 


1 The question is: Can the system oscillate with the modal 
relationship defined by equation (3)? 

2 From the given constants of the system determine a and a; 
and enter their values on the & or c versus a@;-plane of Fig. 2. If 
this point falls in the region of real c and positive u, we read from 
the figure or calculate the value of c and proceed to step 3. (If 
not, our question of the existence of modal relation (3) is an- 
swered 

3 The value of c for the particular a, can be used to set a 
point on the w versus c (Figs. 3, 4) plane and the required mass 
ratio for the system Is established 


Examples of Systems Amendable to This Technique 


Example 1. 
sary mass ratio uw so that 


As an example of the method of finding the neces- 
a system, otherwise specified as to 
parameters @, @; (with y: = Ys: = 1) will oscillate according to 


the modal relation 


let us take the differential equations (5) in the form 


x3 — [—0.5(2, — a) 3.5(21 


Z2 + [-—0.5 Xi — 2) — 3.5(2 
as specific equations that satisfy the modal equation (3); for this 
system the parameters 


Ay —0.5 


a; 


the ratios y= 1. The corresponding point on the k orc 


versus @ -plane, Fig 2. conveniently setsk = —1 5, ec = 2or1/2 
The associated point on the uw versus c-plane sets wp = 1/2 or 
= m/m,andc = 1/2inz, = 


There result the two Duffing 


Let uw = 
cx, and substitute in equations { 


its reciprocal uy = 2 


» 
0 


equations: 
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Fig. 5 Amplitude versus frequency curves for Example 1. 
indicate unstable modal oscillations. 
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Fig. 6 Amplitude versus frequency curves for Example 2. 


4.5 
Ss 


zz = 0 (18) 
The equations are uncoupled and amendable to exact solutions 
in terms of elliptic functions. Fig. 5 shows the backbone curves 
for the modal oscillation of this system. These curves are based 
on the approximate relationship between amplitude and fre- 
quency as given in equations (30). The only possible linear 
mode is the in-phase mode with c = 1/2. 

Example 2. 
25 with a; = 25, A; = 6.1. 


ft or 4/3 


1.0 and A; = 0.1 and 
Then k = 5.25andc = —4 


Let a, = +0.1 with a, = 


a; = 6.1 


or — {with uw = 3 Equations (5) become 


mF; —x, — 252, — [0.1(27; — ze) + 6.1(% 


Moire —X2 — 25x23 + [0.1(27, — 2 6.1(2, 


and with the modal relation 


1 


Zi = —~—*/eae, . 


and y= 3 


the equations for this system then reduce to the two Duffing’s 
equations 
— 191.252,3 
(20 
12.322* 


The 


possible linear mode is the out-of-phase one with ¢ = 1/4. 


The backbone curves for equation (20) are shown in Fig. 6. 


Stability Analysis 
The stability analysis of the systems described by equations 


(5) with symmetric springs (y:1 = Ys; 1) and unsymmetric 


masses (u + 1) proceeds as follows; equations (5) can be trans- 


formed by the substitutions 
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é 
s 


4 = Z2 = 


VE 
inte the following equations 


Ve 
Me fh 


= a; A; 
= a» ' + 
” > me ” ee Me 
with ¢ = 1, 3. 


tions of motion of a particle of unit mass in a two-dimensional 
force field and can be derived from a potential function of the 


form 
a; &** a; 
7 » itl — p i 4 


(i+ 1)m. yu ? 


-’ 1 
ee + —_ ( 


Now, under the assumption that the modal constant has been 


These equations can be considered as the equa- 


1 
u(é, 7) = 


found, the co-ordinate axes £, 7 are rotated to the modal line 
Let the yaxis be taken in the direction of the modal line and the 
z-axis be perpendicular to it. The transformation equations 


between the co-ordinates &, 7 and z, y are as follows [6]: 


& zx sin 6 +t ycos 0, 


sin § — 7 cos 0 
n y sin 0 — z cos 8. cos 6 + 7 sin 0 
where 


l Me 
c . ie 


The equations of motion in the z and y-directions are now 


tan=! 


Ou 
Or 


ou 
OV 


Since the modal line is given by 0 we can expand the poten- 


0 by means of a Taylor’s series, thus 
x? [du ) 
) " 2! FS , 
3! Or . z 


= 0 along the modal line, the second term 


tial function (23) about z - 


Ou 


uz, y) = uo, vy) + r( 
or 


(27) 


Ou 


< 
Then since (zr, y) 


Ir 


on the right of (27) is zero and the equations (26) can be written 


(= ) x? (= ) 
= 2 + T 
So 2! \oz’ . 


du x? O (= ) xz? d (2 ‘ ) : 
4+ | a “ 
Oy!,.y 2! Oy \dz? 3! dy \dz?),, 


Neglecting higher-order terms in zx since we are looking at the 


ow 
stability of the modal oscillation, that is, motion near the y-axis, 
‘Du 
a a 
Or* 


Ou 
oy 


we get the following: 


z= 


- 
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The potential function (23) is given in terms £, 7 so 
ou Ou On 


On Ox 


du OE 4 
o& Ox 


or 
Thus 


4 
(31) 
&o 


d? o% 
2 cos 6 sin 6 ~ + cos? 6 
OfOn on 


Ou 
OY 


Ou ; Ou 
= cos 6 - — 6 
Oot on 


Hence the equations of motion when referred to the modal direc- 


tion y, and x, perpendicular to the modal direction, are 


O71 
on 


, O7u P Ou 
# = x | sin? 6 — — 2 cos @sin 0 —— + cos? 0 
of? Of0n 
Ou , 
cos 6 — + sin 0 
of on 


The first of (32) being derived from the potential function (23 
which, for this case, has only 
takes the form 


second and fourth-order terms, 


# r(ky + key? (33 


where k,; and k2 are constants), which is a Hill equation, or, with 


certain approximations, The second of 


(32) takes the form 


a Mathieu equation 


ij = kgy + kay 34 


where k; and k, are constants), which is a Duffing equation 
Hence it is seen that the modal stability can be studied by ana- 
lyzing the stability of a Duffing equation in the y-direction and 
a Mathieu equation in the z-direction. 
the 


displacement in the z-direction makes the system unstable, the 


If a perturbation intro- 


duced in j-co-ordinate, combined with an assumed small 
modes are unstable 
The analysis thus involves a study of the Mathieu equation for 


the motion if the Duffing equation is stable 


Examples of This Stability Analysis 
Taking now the first example given in the preceding section, we 
find from (25) and (24) 


/ 
i”? 


}2 ] 
| » cos = 
3 V2 


tan @ sin @ 


y cos 0, 


since z is zero along the modal line. 
Equation (33) finally reduces to 


and (34) becomes 


For this case, then, the stability of the mode depends on Equa- 
tion (35) which can be reduced to a Mathieu equation of the form 
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Fig. 7 Mathieu plane with coding for stability-threshold lines used in 
Fig. 8. Region within dashed square is enlarged and used in Fig. 8. 
Equations for lines are approximations for small «. Shaded areas 
represent stable oscillations as solutions to Mathieu's equation. 

by the substitutions 


7 = A cos wi 


Then with z = 2wt, Equation (37) becomes 


d*z 3A? 3A? 
oe ee ee ee cosz} = U 
dz? 16w? 16w? 


6,(A — 0) is zero for this case, the stability characteristic 


(38) 


Sine ‘ 
on the Mathieu plane is given by the line 
3A? 


1l6w? 


~ 


= (39) 


where w* is obtained from Equation (36) by the approximation 


3 3 (83) 
w? = —- + A? 
4 4\ 36 


This stability characteristic is shown in Fig. 8 as lying in an 
The characteristic for Equation (36) falls along 
line 2 in Fig. 8. This is a threshold line between a stable and an 
unstable region and represents orbital stability. The instability 
of this mode was confirmed by an electronic analog computer. 
For the second example given in the preceding section we have 


(40) 


unstable region 


21/3 4 1 
tan 6 = —27/3, sin?= — . cos 6 = 


Equation (32) takes the form 


75(63 
32(13 


The stability thus depends on the first of (41), and in Mathieu 


form it becomes 


l 5 w 2 
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Fig.8 Stability characteristics of Examples 1 and 2 on region of Mathiev 
plane losed in dashed square of Fig. 7. Lines 2 and 3 are approxi- 
mated bystraight lines. For Example 1, 5(¢) is in an unstable region; 
for Example 2, 5(c) is in a stable region. 





The stability characteristic is given as a line lying in a stable 


region beginning at dy = 


8 ~~ 
~ as shown in Fig. 8. 
45 


Conclusions 


Some conclusions that can be drawn from this paper are these: 


1 The fourth-order polynomial in c, equation (9), has a root 
c = +l when y: = 7: = uw. This states that if the outer springs 
have the same ratio as the masses, then modal oscillations with 
2, = 2: are possible. This merely states that the coupling spring 
is unstretched and the two masses move in a similar manner de- 
scribed by identical differential equations. 

2 When 7: = ¥3 = 1, the roots 2 = +1 are found. This 
restriction requires a mass ratio uz = 1. Such systems have been 
studied in the paper by Rosenberg and Atkinson [1]. For these 
systems two modes of oscillations were shown to exist and their 
stability characteristics were studied in detail in the paper [1]. 
For such systems both the roots ¢;,4 are either +1 or —1. 

3 For the systems in which the outer springs are symmetric 
(¥: = Ys: = 1) and the masses are not symmetric, there is at 
most only one mode of oscillation for any system when the term 
mode implies the assumed “linear modal”’ restraint 


a(t) = cz2(t) (3) 


That is, for any particular pair of a, and a; there is at most only 
one real c. An interesting exception to this statement occurs in 
the special case when the coupling spring has no linear term 
(A, = 0). Then the modal equation (9) yields four modal con- 
stants for the same mass ratio. This means there are certain 
two-degree-of-freedom systems with four possible linear modes 

4 The equations that can satisfy the modal restraint are but 
a small fraction of differential equations of the type described by 
(5). The great majority of such nonlinear systems cannot oscil- 
late in this modal manner. The exact relationship between the 
variables z,(t) and z(t) for the general system has not been de- 
termined in this paper. It can be concluded, however, that the 
modal restraint (3) is too restrictive for analyzing any but a small 
fraction of equations of this type. 

5 Of these particular systems that can oscillate according to 
the modal restraint, a stability analysis shows that the modal 
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oscillations may become unstable at certain amplitudes or that 
the oscillations may be unstable for small oscillations and become 
stable for larger amplitudes. 
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The Bending Stress Distribution at 


M. L. WILLIAMS 


Associate Professor, 

Guggenheim Aeronautical Laboratory, 
California Institute of Technology, 
Pasadena, Calif, 


the Base of a Stationary Crack 


Extending an earlier paper dealing with extensional stress distributions, this study con- 
siders the stresses around a crack point owing to bending loads 


It is found first that 


the stresses possess the characteristic inverse square-root singularity in terms of distance 


from the crack point. 


Along the crack prolongation direction the symmetric principal 


stresses are of opposite sign and in the ratio (1 — v)/(3 + v), in contrast to the ex- 


tenstonal situation where they are identically equal. 


This leads to the observation that 


more yielding might be expected as the percentage of bending to extension stress at the 
crack increases. In the antisymmetrical loading, the shear stress is a maximum +90 


deg to the side of the crack, where the distortion energy is also a maximum 


Interesting 


reciprocity relationships are also shown to exist between the symmetrical and antisym- 
metrical loading conditions for the isochromatic fringe lines and the stress trajectortes 
Finally, the results are discussed in connection with the combined extensional and bend 


ing loading. 


I. A previous paper,’ the character of the local stress 
distribution at the base of a crack in a stretched plate was ex- 
amined for both symmetrical and antisymmetrical loadings. 
Several interesting features were observed. (a) The elastic stresses 
were found to vary as the inverse square root of the radial dis- 
tance from the point of the crack, hence approaching high mathe- 
matically infinite values at the point itself. Moreover, it was 
shown for the symmetrical case that the local principal stress per- 
pendicular to the line of crack was identical to that along it, thus 
tending toward a condition of two-dimensional hydrostatic ten- 
sion. It was suggested that this feature would tend to reduce the 
amount or area of plastic flow at the crack tip which might ordi- 
narily be expected to exist under such high stress magnitudes and 
lead therefore toward more of a brittle type failure. (b) It 
was shown for a symmetrical loading that, around an arc of con- 
stant radius from the point, the maximum stresses and maximum 
distortion-energy density did not occur along the line of crack 
prolongation as might be expected, but rather off to the sides at 
+60 and +70 deg, respectively. 

A natural inquiry at this point is the investigation of the similar 
problem when the plate is subjected to either symmetrical or anti- 
symmetrical bending in contrast to stretching. The purpose of 
this paper therefore is to inquire into this situation and make the 
appropriate comparison. 

As a point of departure, one may formulate the problem in 
terms of the usual linear small-deflection theory for plates in 
bending where the appropriate differential equation controlling 
the deflection w(r, 8) is 
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States Air Force under Contract No. AF 33(616)-5740, monitored by 
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Viw(r, 8) = gir, 0)/D 


Taking as boundary conditions along the edges @ 
usual Kirchhoff conditions for a free edge; viz., 


1 Ow 1 O*w 
—f) . 
r or r? 06? 


OV *w 


2 (- 
or r 


Me r, 6 


O*w 1 Ow ) | ' 
> = = () { 3) 
orod ob , | 


one may proceed to determine those appropriate eigenfunctions 
It has been shown? that the desired charac- 


which satisfy (1)-(3). 


teristic solutions are of the form 


u’, r,6 = prstl Rpg. A,) 4) 


pratlrp 1)6 + he cos A, + 1)6 


% 


sin A T 


n 


+ bs sin (A, _ 1)0 + bh, cos A, — | 6 (4a) 


where the values of the eigen parameter A, for the particular 
case of free edges in a cracked plate are a special case of the 
general relation 

1 —vsina 


sin A,a@ 
a 


where @ 27. Hence one has sin 27A,, 


m 


X., : 
9 
where the values m < 0 have been excluded in order to satisfy 
the physical boundary condition of finite slope at the origin. 
Therefore 
36 
w(r, 8) r'/ J sil 
' 2 7+y 


37M. L. Williams, “Surface Stress Singularities Resulting From 
Various Boundary Conditions in Angular Corners of Plates Under 
Bending,"’ Proceedings, First U. S. National Congress of Applied 
Mechanics, 1950, pp. 325-329. 
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2 5+: 
Dama 
+1 cos 26 + 
l — 


It actually proves more convenient to write the solution in 
terms of even and odd functions of the angle 6 — mr measured 
The free edges are thus 


+r? ) [sin 20]b,° 


from the line of the crack prolongation. 


Wy = +7, and (7) becomes 


(38) 


From this basic relation it is a straightforward procedure to cal- 
culate the quantities of interest in terms of the even and odd be- 
havior. 


> 


From (2) and (3) and the similar relations for 1/,, V,, and M,, 


one finds 


Mir, ¥ 


Considering the usual plate theory, the stresses o,, oy, and Ty 
are assumed linearly distributed through the thickness of the 


late and may be ex yressed ina normalized fashion as 
I . I 


2 1 co 3y 
vr | 2 


8 ‘ , 
- z{{1 — cos 2p]bo° [sin 2p]b 
»” 
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higher-order terms in the earlier reference*® are in 
rected expressions are given in the Appendix 


8 


a 
sa | 


[sin QW] be 2» — [cos 2y]b,°} + O(r’*) +... 1t) 

It may be observed in passing that whereas oy( +7) = 0, cor- 
responding to the vanishing of the moment on the free edge, 
T,y( +7) is not zero on the free edge for the symmetrical loadings 
as required by the true physical condition, but vanishes only in 
the Kirchhoff sense. 

In order to facilitate comparison of the bending solutions with 
those previously obtained for extension,‘ it is convenient again to 
discuss the solution with respect to symmetrical and antisym- 
metrical stress distributions about the line of prolongation of the 
crack, Y = 0. 


have been completed for the principal stresses @; ,» 


Furthermore for completeness, certain calculations 
and the strain- 
energy density of distort ion, Wa, i.e., the strain energy 


W = — |o,? + oy? - 2(1 


+ V)Try?*] 


1S 
12G 

where the normal and shear stresses through the plate thickness 
are zero by assumption. 
Symmetrical Distribution 

For the immediate vicinity of the crack in a plate loaded sym- 
metrically, Say by pressure from one side, one has 
C, 


G 


that certain of the 
The cor- 


‘L. D. Stimpson has pointed out to the author 


error 
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|, §2(79 + 26» + 7p?) a1+ oy i-_ 3% of, , (oP — 2”) coe ay} 
(7 + v)? (7 + v)? G ar Yo * (543)? 5+ 3» 

1 — +... (31 

+ C=? cos av int. (31) 

alias 32? {86 + 100y + 387? (1 + »)? 


W.=— 
: OV G+ 3) (5 + 3v)? 


; cos ¥ 





Antisymmetrical Distribution _ 


In a similar fashion the antisymmetrical local behavior can be 5 + 3v 


_- ——— coe ayh int + ae 


/ 


obtained, such as would occur in a tearing of a cracked plate, as 


0, 


32 ay 3 + 5p y It is obvious from inspection * * the foregoing formulas that the 
Soe | -si _ > oa sin al be’? quantities of interest depend upon Poisson’s ratio, v. Generally 
” ag 5 + 3y 2 speaking, there is no large effect of this parameter with variations 
— 42[sin 2y]b, + O(r'/4) +... of +10 per cent from the vy = 1/3 values, over the complete range 

; O<v<1/2. Figs. 1, 2,3, and 4 show, respectively, the principal 

ay + sin 4] by? stress variation, distortional energy distribution, isochromatic 

2 2 pattern, and stress trajectories for the dominant lowest order 


+ 42[sin 2¥]b + O(r'/*) +... 27 singular term of the solution. 


< l—vp j j 
o,f : coe ¥.| bao Discussion 
j 5+ 3p 2 7" :' . , , 
+ There are several points of interest. First of all, by way of 
« 5 1 ‘ . . . . . 

— 4z[cos 2p}bi + O(r”*) +... : comparison with the results obtained in the symmetrical exten- 
sional analysis,? the normal stress ratio along the prolongation 
of the crack direction is no longer unity, but rather of the order of 
1/5 depending upon Poisson’s ratio. Moreover, the stresses are 

+ r{sin 2W]b, + O(r'/*) +... of opposite sign. Specifically, from (19) and (20 


v g,(0) l-vp 


4 1) /a " == ~es (33 
ac + O(r'/4) +... o4(0) Ste" ) 





one might therefore conclude that if bending is present near the 
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Fig. 2(c) Symmetrical distortional strain-energy density distribution 
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Fig. 1(a) Symmetrical principal stress variation 93.6° 
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Fig. 1(b) Antisymmetrical principal stress variation Fig. 2(b) Antisymmetrical distortional strain-energy density distribution 
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SYMMETRICAL SOCHROMATIC PATTERN 


+ 
ANTISYMMETRICAL SOCHROMATIC PATTERN (w=i/3) 


Fig. 3(a) Fig. 3(b) 


Fig. 4(c) Symmetrical principal stress trajectories (y = 
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Fig. 4(b) Antisymmetrical principal-stress trajectories (v = 1/3) 
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vertex or crack point, relatively more yielding would take place 
On the other hand, because the shear condition is not exactly 
on the free edge, e. g. (21), it would be interesting to 


satisiact 
inquire as to changes in (33) which may be introduced by apply- 
ing higher-order plate bending theory. 

The maximum principal stress for bending does not show the 
characteristic peaking to the sides of the crack axis as was 
found in the extensional case where it was 25 per cent higher +70 
deg to either side. For the antisymmetric loading, the charac- 
teristic variation is very similar 

lurning to the distortional energy variation, the general charac- 
ter of both loadings is seen to be complementary; i.e., whereas 
the extensional peaks (dips), the bending dips (peaks) at es- 
sentially the same angular position, 70-90 deg, and relatively to 
the same extent. If therefore the magnitude of the extensional 
ind bending applied loading were comparable, one would predict 
a more or less uniform combined strain-energy density field along 
constant-radius semicircles about the crack point. Similarly, 
the combined maximum principal stress would also be nearly uni- 


It is felt 


that these characteristic features may help explain why initial 


form with only a slight tendency to rise off to the sides. 


forking of stationary cracks takes place as infrequently as it does. 
As might be physically expected, the more bending which is 
present, the smaller likelihood for forking. 

In the antisymmetrical analysis, which is of interest in studying 
the tearing problem, the maximum shear stress (o,; — @2)/2 
actually has a relative minimum along the crack prolongation 
where the normal stresses are zero by symmetry. Its maximum 
value, some 10 to 20 per cent higher, occurs at Y = m/2, ap- 
proximately the location where the distortion strain energy also 
has a maximum. The situation is somewhat similar to the sym- 
metrical extension case where the crack direction generally re- 
mains unchanged even though higher (principal) stresses exist 
off to the sides. It may be noted in passing that the antisym- 
metrical solution satisfies the physical as well as Kirchhoff 
boundary condition of zero shear at the free face of the crack. 

[wo other sets of curves have been presented; namely, the iso- 
chromatic or photoelastic fringe patterns and the principal-stress 
or strain trajectories. An interesting peculiarity is immediately 
evident upon making judicious reflections or rotations of the co- 
ordinate In Fig. 3, if the crack is pictured rotated 90 deg 
without also moving the fringe patterns, Fig. 3(a) will practically 


axes 
reproduce Fig. 3(6 This may also be seen by comparing (24 
and (31) which are essentially the fringe locus equations. In (24 
and (31 
Poisson’s ratio, approximately (1/7)? and (1/5)" compared to 
unity, and in (24) replace Y by Y + 2/2 to find 


neglect the contribution of the constant term containing 


Al—vp 


=== CO8 2 


In a similar manner, the stress trajectories are very nearly the 
same. Indeed closer inspection of the fringe patterns for the ex- 
tensional analysis yield qualitatively the same complementary 
tendency 

this presentation has been to compare the 
parallel bending analysis for the previous extensional one. It is 
All that has been 


shown so far is that the characteristic stress singularity for bend- 


The purpose of 
important, however, to bring out a salient point. 


ing is the same as for extension, which indeed is nearly a priori 
evident. In addition, certain aspects of each analysis such as the 
stress ratios at the crack point are individually interesting. On 


the other hand, no effort has been made to find the degree to 
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which the bending or stretching control the distribution. Be- 
cause the character of the local singularity is the same, the 
strength of the respective stress contribution depends upon the 
ratio of applied bending and extension stresses. Recently, Ang 
and Williams,® using a different mathematical formulation, have 
answered this question for one case, namely, a finite crack of width 
26 in an infinite plate subjected to combined bending and stretch- 
ing, neglecting the nonlinear interaction. One of the results is 
that if the applied bending and extension stress magnitudes aré 
&, and &, far from the crack point, then at the crack point the 
local stresses within a distance € from the point are 


— p\ l 
a0 a+ @ 
, *\3 + p/ | (2e/b) 


o 0 = & + a ] 1 
: sik * (2e/b)'/* 

so that the local stresses combine quantitatively in magnitude, 
including the Poisson-ratio factor (33), in direct proportion to 
the applied loading, as postulated earlier in discussing the uni- 


formity of the stress and energy fields near the tip of the crack. 


APPENDIX 


Corrections to the Extensional Solution? 


As noted earlier, L. D. Stimpson has pointed out to the author 
that there are certain errors in the numerical values for the higher- 
order eigenfunctions in the extensional analysis. They, for- 
tunately, do not affect the dominant or singular stress terms and 
the former conclusions, but do lead to the following corrected ex- 
pressions for the general stresses and displacements. Equation 


numbers pertain to those in the earlier work? 


'D. D. Ang and M. L. Williams, “Combined Stresse 
tropic Plate Having a Finite Crack,"’ GALCI' 
Institute of Te« hnology, January, 1960 


s1n an Ortho- 
SM 60-1, California 


Transactions of the ASME 





A Nondestructive Three-Dimensional 
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Strain-Analysis Method 


The objective of this paper is to develop the technique of the embedded grid for three 
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photoelastic ones. 
provement made. 


of three-dimensional strain fields with good precision. 


dimensional strain and stress analysis 
jected to diametral loading ts described and results are compared with theoretical and 
The limitations of the method are outlined and suggestions for im 
As it stands now, the method allows the nondestructive determination 


The application to the case of a sphere sub- 


; 


The determination of stresses, 


however, is less precise. 


Introduction 


HREE-DIMENSIONAL stress analysis has been ap- 
proached so far by two methods; i.e., theory of elasticity and 
problems 


Three- 


three-dimensional telatively few 
f 


have been solved completely by the theory of elasticity. 


photoelasticity. 


dimensional photoelasticity, on the other hand, has found wide- 
spread application in its many forms. The method of locking-in 
stresses in photoelastic models and analyzing the fringe patterns 
in slices cut from the model is a common one and employs several 
techniques. These are the frozen-stress method with its ramifica- 
tions [1],! the creeping method [2], and the curing method [3]. 
All these techniques are destructive in that they require slicing 
of the model. A nondestructive photoelastic technique is the 
one using scattered light [4]. 
suffers from the limitation that it is not sufficient and requires 
complementary methods for the separation of stresses. This 
nondestructive and 


The photoelastic method in general 


paper investigates the possibility of a new 
complete method of three-dimensional strain and stress analysis 
using the embedded grid. The embedae d-grid technique as de- 
veloped by one of the authors [5] employs a grid of stretched 
rubber threads embedded in a model made out of clear epoxy 
resin or urethane rubber. The method has been applied success- 
fully in two dimensions for both static and dynamic loading [6]. 

In this paper the experimental technique of the embedded grid 
in three-dimensional models is de veloped and an application to 
the diametrically loaded sphere is shown. The results were com- 
pared with theoretical and photos lastic solutions available [7], 


l 


Experimental Procedure 


Extruded rubber threads were used for the grid. These threads 
diam. A network of stretched 
rubber threads was strung on a frame and a sphere model, 6.85 in. 


when stretched are about 0.004 in 


diam, was cast around it, symmetrically about the plane of the 
grid. The model material urethane 
rubber identified as Hysol 8530 CH, after first attempts of using 
epoxy resins of low modulus of elasticity failed to give a reasona- 


used was a transparent 
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bly homogeneous model. A sheet of the same material with an 
embedded grid was cast at the same time as the sphere and 
cured under the same conditions. The refractive index of the 
model material with respect to air was 1.5365. 
optical distortions and insure a parallel light path, the sphere 
For this 


In order to avoid 


was immersed in a liquid of the same refractive index 
purpose a mixture was used of Halowax oil No. 1007, 
refractive index of 1.6346, and paraffin oil with a refractive index 
of 1.4728. The sphere with this immersion liquid was confined in 
a container with parallel glass walls and placed with the grid on 


having a 


a meridional plane perpendicular to the direction of the observed 
light path. Thus the embedded grid was clearly visible through 
the walls of the immersion tank. Photographic records were 
taken for no load and diametral loads of 50 Ib, 100 Ib, 150 Ib, and 
200 Ib. to over- 
come buoyancy and hold the sphere in position. 


These values include a small preload necessary 
Photographic 
glass plates were used instead of film in order to avoid distortions 
resulting from film warping. 

Fig. 1 shows over-all photographs of the embedded grid before 
and after loading. Close-up photographs, giving approximately 
a 2.5:1 magnification, were taken of a region a little larger than a 
Attention was focused on the « quatorial region of the 
Mc- 


of this in- 


quadrant. 
sphere. Grid deformations were measured by 
Pherson Model 100 linear comparator. The 
strument as given by the manufacturer is within one micron (40 
x 107% in 


means of a 


accuracy 


Results 

The evaluation of the results requires that strains be deter- 
mined first, and then stresses be computed from the strains. 

Displacements from the center along the horizontal diameter 
of the sphere were measured for all levels of load. Fig. 2 shows 
these displacements for three levels of load. Because of rotational 
symmetry, these radial displacements are sufficient to determine 
the radial and circumferential strains on the equatorial plane as 
follows: 

du, 


dr 


where 
= radial and circumferential strains 
radial displacement 
radial distance 
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Fig. 1 


Photographs of grid embedded in meridional plane of sphere 
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responds to a diametral load of 10 Ib, that at right corresponds to a load of 200 Ib. 


By graphical differentiation, therefore, of the curves in Fig. 2 and 
by division of the ordinates by the abscissas the strains €, and € 
were determined. 

The vertical strains were determined by measuring vertical dis- 
placements over a certain interval at several points on the hori- 
zontal diameter and by differentiating the displacement curves 
graphically. Then, each one of the three principal strains was 
plotted versus load at several points along the horizontal diame- 
ter. There was sufficient evidence that the deformations vary 
linearly with the load at least up to the level of 150 lb. Thus the 
best straight lines were drawn through the points in the strain 
versus load plot. From the slopes of these lines the strains cor- 
responding to an effective 100-lb load were determined and 
plotted in Fig. 3. These strains are compared with the photo- 
elastic results [1] translated in terms of strains using the elastic 
constants of the model material. The modulus of elasticity and 
Poisson’s ratio, as determined from a uniaxial specimen made of 
the model material, are 


E = 410 psi 
v = 0.475 to 0.480 
As seen in Fig. 3, the agreement between grid results and photo- 


elastic ones is exceptionally good away from the center and the 
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Fig. 2 Radial displacements on equatorial plane of sphere for three 
levels of load; dimensions shown are those on photographic plates 


boundary of the sphere. This is partly because of the fact that 
the material used here and that used for the photoelastic model 
have approximately the same Poisson’s ratio. It is also true that 
small errors in the determination of the elastic constants do not 
affect critically the translation of stresses into strains. Thus the 
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possibility of introducing appreciable errors in the translation of 
the photoelastic results in terms of strains is small. 

The stress analysis of the grid results presents, in general 
several problems. The high value of Poisson’s ratio indicates 
that the material used to make the model is nearly incompressible 
as manifested also by the small volume dilatation shown in Fig. 3. 
This fact introduces difficult problems in the translation of strains 
into stresses by posing requirements of high precision in the de- 
termination of strains and elastic constants. 

The following stress-strain relations were used: 


0, AA + ue, 
o, =AA+ 
AA + 


2 ue, 
2 ues 


where 


A 


The principal stresses on the equatorial plane of the sphere were 
thus computed and plotted in dimensionless form in Figs. 4 and 5. 
Fig. 4 shows the vertical stresses obtained by the grid method 
for two values of Poisson’s ratio since the latter was not deter- 
mined to the third decimal figure. The grid results are compared 
with the theoretical ones obtained by Sternberg and Rosenthal 
and with the photoelastic results obtained by Frocht and 
Guernsey [1]. The agreement with theory is very good in the 
middle portion of the horizontal radius, but the grid values are 


—o— GRID RESULT 


OMPUTED FROM PHOTOELASTIC RESULTS 
FROCHT AND GUERNSEY 

















Fig. 3. Principal strains and volume dilatation on equatorial plane of 
sphere compared with photoelastic results; effective diametral load is 
100 Ib 
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lower than the theoretical near the center of the sphere and higher 
than the theoretical near the boundary. This was anticipated as 
a result of the large deformations applied at the ends of the 
sphere. The poles of the sphere were flattened considerably by 
the load. Static equilibrium checks made on the curves obtained 
by the grid method gave errors of +5 and +2 per cent for the 
values computed using vy = 0.480 and vy = 0.475, respectively. 
Fig. 5 shows a comparison between the grid results and the photo- 
elastic ones [1] for the radial and circumferential stresses. The 
agreement seems to be satisfactory, except for an appreciable 
discrepancy in the circumferential stress near the boundary of the 


sphere. 








Fig. 4 Vertical stresses on equatorial plane of sphere compared with 
theoretical and photoelastic results 











Fig. 5 Radial and circumferential stresses on equatorial plane of sphere 
compared with photoelastic results 
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Discussion 

The results reported here show that the embedded-grid method 
can be used with good precision to determine three-dimensional 
strain fields. However, the proximity of Poisson’s ratio to one 
half poses requirements for very high precision in the determina- 
tion of physical constants and strains, if the determination of 
stresses is required. 

The elastic constants used here are the best estimates of the 
constants of the material inside the sphere. It is possible for 
these constants to be somewhat different in the interior of the 
sphere, from the constants determined on thin specimens, It is 
believed that the modulus of elasticity, for instance, is slightly 
lower inside the sphere. This could be checked, if necessary, by 
destroying the model and testing a specimen machined from 
the interior. This modulus, however, can be adjusted so that 
static equilibrium on the equatorial plane is satisfied. 

The effect of Poisson’s ratio on the stresses is the most critical 
since small changes in pv affect very severely the value of the con- 
stant A in equations (3) and (4). Measurements of v should be 
made to the third decimal figure. The quantity (1 — 2v) in the 
denominator of the expression for \ is a very small number when 
vis near one half. The constant A as a result becomes a very large 
number. 

The increase in A is accompanied by a decrease in the dilatation 
A. The fact that A is very small and sometimes important re- 
quires high precision in the strain measurements. In the photo- 
graphic records used for the analysis of the sphere the position 
of the rubber threads was determined within 0.0003 in. The edges 
of the rubber threads were not sufficiently well defined in the 
photographs and measurements were based on the center lines 
of the threads. Although the were mini- 
mized by averaging many readings and plotting them versus load, 
The prod- 
is a finite 


errors in strains 
the results do not guarantee the fourth decimal place. 
ict AA appearing in the stress-strain relations (3 
quantity and, depending on the case, is a small or large part of 
the total stress. In the case of the vertical stresses on the equa- 
torial plane, AA accounts for a small percentage of the total 
stress, while in the case of the radial and circumferential stresses 
the term AA is of the same order as the stresses. 

If the method of the embedded grid is used to determine three- 
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dimensional strain fields as it stands now, it will supply the strains 
with sufficient accuracy in most cases. However, for the deter- 
mination of stresses, attempts should be made to improve the 
accuracy of the method. This can be done by several means. Ma- 
terials with lower Poisson’s ratios should be sought, and this 
constant should be measured to the third decimal place. Experi- 
mental techniques should be improved to increase further the 
sharpness of the grid lines in the photographs. Thus full ad- 
vantage of the high-precision comparator can be taken. With 
these improvements the embedded-grid method will also be a 
reliable method in stress analysis. 
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A New Approach to the Analysis of 
the Deflection of Thin Cantilevers 


The paper proposes a new method for the calculation of large deflections. Slender 
bars under point loads are traced back to the strut problem, thus bypassing the solution 


of nonlinear differential equations 


Tis deflection of a straight, horizontal cantilever 
with a vertical load at the free end has been considered by Barten 
[1]! and by Bishopp and Drucker [2]. The vertical and horizon- 
tal movements of the loaded end are solved in [2]. Conway 
analyzed a number of problems, such as the large deflections of 
simply supported beams [3] and the deflection of circular-arc 
cantilevers under a horizontal or a vertical load [4]. Mitchell 
solved the straight and circular-arc cantilever under an inclined 
load [5]. 

The main difficulty in the analysis of nonlinear bending is that 
the mathematical part of the problem points to the solution of a 
nonlinear second-order differentia! equation. Since the principle 
of superposition is not applicable, every gombination of loads 
must be solved on its own 

To overcome part of these difficulties this paper will propose the 
“principle of elastic similarity’’ instead of the principle of super- 
By applying this principle a number of cases can be 


position 
This case is the vertical bar loaded at 


reduced to one basic case. 
the free top by a vertical load and fixed at the bottom, Fig. 1. 


Solution of the Basic Case 


The well-known solution for a vertical, slender bar fixed at the 
vottom, loaded by a vertical load P at the top Is as follows: 


where / \/(P/EI 


co-ordinates of B(x, y) are given in terms of the 


parameter ¢, as 


and 
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and L is the total Ie ngth of the bar The 
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The angle of the tangent at any point B s. is O, and 


6 psn ks 
where 
Pp 
The parameter ¢ is defined as 
—sin '/.6 p sin ¢ 


Equations a), (b . » 2 ae have been obtained from solving the 


basic equation of a slender column 


Eld?0/ds? + P sin 6 


Principle of Elastic Similarity 


The principle of elastic similarity says in effect that a cantilever 
under point loads of any direction can always be broken up into 
portions that are identical with a portion of the basic case. In 
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Fig. 2 « horizontal cantilever With a verticad toad at the end has 

been reduced to the basic case by continuing the cantilever along 

B-A. If the shape of the bar A-B-C is found, the co-ordinates 

with respect to axes z’ and y’ can be obtained without difficulty. 
We note from (a) and (6) that 


(2) 


and 


We have then 


~ la = — {K(p) — F| p93 “(2 in ~ L 
; 54 (p) p, sin “her 


hence p, gg, and h can be calculated. 

The co-ordinates of the deflected cantilever can be found from 
e) and (f) with reference to axes rz’ and y’. In the new system of 
axes z and y, we have in terms of ¢ 


z = heoos gg — y’ = A(cos gg — cos ¢) (5) 
y=b-2z 

1 ‘os ‘ J , 9 . 

y P, a) — F(p, op) + F(p, ¢) — 2E(p, ¢)] (6) 


The horizontal deflection of the end of the cantilever is 
A = L, — hcos ¢, 


and the vertical deflection of the same point is 


5 = — [2E(p, gg) — F(p, ¢g) + K(p) — 2E(p)] 


‘ 
These results are in agreement with [2] where the problem was 
analyzed by solving 


EI d*0/ds? + P cos 8 = 0 9) 


Cantilever Under Inclined Load at Free End 


This problem was solved in general terms im [5]. The analysis 
of this case rests with the solution of 


EI d*g/ds* — P, cos @ — P: sin g = 0 (10) 


where P,; = P sin a and P, = P cos a, Fig. 3. 
Equation (10) reduces td 


d?0/du? + c sin 6 = 0 
where 
= 3/L 
—(a + ¢) 


L?P/EI = L*k?® 


(« is negative) 
ty 
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It may be remarked here that (11) is similar to (1). The sub- 
stitutions necessary to reduce (10) to (11) are such as to return 
to the solution of the basic case. 

After introducing a parameter y such that 


p sin Y = sin '/,0 
where 
p = —sin '/,a + y) 


we have 


1 
eat [K(p) — F(p, m)] 


1 
sin~! | - — sin | 
p 


Equation (12) gives the solution for p which determines the 
shape of the bar. 
The deflected shape of the cantilever can be determined from 


where 


[F pP,nrnj)- F p,m )] (13) 


s= 


2 
k 


where 


s 


on = sin ' (@ + ¢ 
: = 


The deflection of any point of the bar can be found from 
z= S dz = S ds cos ¢ 

and 
y= Sdy = Sadssing 

Regarding the horizontal component, we note that 


l dy 

ds = eee pre BF TT? 
k (1 — p* sin? y)'/* 
cos ¢ = cos (9 + a) 

1 — 2p? sin? y 


sin 8 = 2psin Y(1 — p* sin? ¥ 


cos 6 = 


After some reductions we have 
S fens [F ) — Fip, n) + 2E(p, n) — 2E(7, m)] 
; ;cos al[F(p, m p,n 2E(p, n 2E(T, 

+ 2p sin a(cosm —cosn)} (14) 


Similarly, for the vertical component, we have 


- }2p cos a(cos m — cos n) 
— sin a[F(p, m) — F(p, n) + 2E(p,n) — 2E(p, m)}} (15 
The deflection of point C is 
{cos a [F(p, m) — K(p) + 2E(p) — 2E(p, m)] 
+ 2psinacosm} (16) 
f 


1 
b }2p cos @ cos m 


— sin a[F(p, m) — K(p) + 2E(p) — 2E(p, m)}} (17) 
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The problem will now be solved by applying the principle of 
elastic similarity, Fig. 4. 
Considering the bar A-B-C we have 
aE a 
sin Wp = —— sin '/.0, 
Pp 
(6, is negative as shown in Fig. 4.) 
The equation between L, p, and '/26, is 


1 l 
Ll, = Ik p)-—F |». sin= ( — sin ! ts) (18) 
k p { 


which is identical with (12). 
The relationship between s and the angle ¢ of the tangent is 
given by 


I —sin '/:(¢ + 6p) 
o=5 ‘ F (>, sin=? |= = y . ) 


— (>, sin =? | = sate) (19) 
Pp : 


if we write 


=sin ke + Os) 


sin Pg = 
p 


(19) is identical with (13). 

The horizontal and vertical components of the deflection of a 
point Q(z, y) can be found in terms of the ty-co-ordinate system. 
From Fig. 4 


[F(p, m) — F(p, n) + 2E(p, n) — 2E(p, m)} 


= h(cos m cos n) = 2p(cos m — cos n)/k 


Hence 
rcos 6, + q sin 0, (20) 
and 
y = qcos 6, — rsin 6, (21) 


The last two equations are the same as (14) and (15), respec- 


tively. 


Cantilever With Two Vertical Loads 
Forces P; and P; are replaced by the resultant P, Fig. 5, whose 
distance from P, is 
b, = bg 
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WHIT 
HL. 


h=2g/k, 


Fig.5 (NOTE: In the bottom line, “h” should read "*h.”") 


where 
g = P, P 


The relationship between P, Jy, p, and 6, along G-A-B is defined by 


: fr |», sin~! (- sin ‘1tn) | 
k Pp 
—F , sin=! (2 sin «) I 


The relationship between P2, Le, pz, and 0, along H-B-C is defined 
by 


1 
In = - ; K(p2) — F E sin ~ (- — sin! 04) |t (23) 
2 P2 


From Fig. 5 it is clear that 


I, = 


(22) 


h cos gg = hug cos gp’ 


After some reductions, (24) becomes 


ae ; 
1 — — sin? '/.0, 
Pp? 
sin? '/,0, 
Pp 
The solution of the problem rests with satisfying the two trans- 
cendental and one algebraic equation. To do this we assume a 
slope @,, and find p and p: from (22) and (23). The problem is 
solved if the assumed @, and the calculated p and p, satisfy (25). 
The deflected shape of the cantilever is found from 


Hele o(-5 =a) 


— F[p, sin~! (0.707 pit (26) 


3; = 


for values of 0 between !/2 and 6, and 


: \P | ps sin~! (- : sin ! *)| 
— F |p sin~! (- sin ! ») |t (27) 
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for values of 6 between 0, and y, where 
— sin! 


ee 


The co-ordinates of any point of the deflected cantilever can 
be solved in terms of the ry-co-ordinate system, Fig. 5. 
A and B 


Bet ween 


h( cos G4 —~ cos gy 


a ee. 
SIN ©. — sin and 
Pp 4 


28) and (29) are valid for 


1 


Between B and C we find 


I 
Pr 


sin '/.8, and sing 


and zr, and yz are the values of (28) and (29), respectively, for §= 


6,. Equations (30) and (31) are available for 


Yep <¢' <'/r 
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As an example for the application of equations (22)-(31) we 


shall solve a horizontal cantilever 102.75 in. long with 1.35 Ib 
load at the end and 0.85 lb at 52.03 in. from the fixed end. The 
bar is 2 in. X 0.1 in. flat steel. 

Equat:ons (22), (23), and (25) are satisfied by 1/28, = —70°, 
and pez The deflections at the first 
43.75 in. and yg At the free end the 
The slope at 


sin 75°. 
25.14 in. 
a 


71.74 in. and y, 67.32 in. 
— 150 


p sin 72° 55’, 
load are Ip 
deflections are x, 
the free end is ¥Y 
the Tables in 


In solving equations (22) and ( 


99 
=) 


[6] have been used. 


Conclusion 


The method outlined in the solution of a cantilever under an 
inclined load and of a cantilever under two parallel loads can be 
applied for any combination of point loads. However, as the 


number of loads increases, the number of simultaneous tran- 


scendental equations increases too, and their solution by trial and 


error will become lengthy. 
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Stresses and Deflections in an Elastically 
Restrained Circular Plate Under Hydrostatic 
Normal Pressure Over a Segment 


This paper is concerned with the application of complex variable analysis to establish 
exact expressions for the small deflections occurring in a thin isotropic circular plate 
subject to hydrostatic transverse pressure distributed over a segment of the plate. The 
general boundary conditions taken at the edge of the plate include those for the simply 
supported and rigidly clamped boundaries as particular cases. In the latter case the 
solution 1s obtained in a closed form. Explicit formulas are given for the boundary 
values of the bending and twisting moments and shearing forces. Expressions are also 
developed for the corresponding values on the axis of symmetry. When the hydrostatt 
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pressure extends over a half of the plate or over the entire plate, the problem is investigated 


in detail and numerical results are presented in the form of tables and graphs 


7 he ve- 


sults obtained are of practical significance in connection with the design of cylindrical 


tanks and botlers 


* complex variable method, as was first developed 
for extensional problems in two-dimensional elasticity theory, is 
described in detail in Muskhelishvili’s book [1 
method was further extended to 


1 which contains 
an excellent bibliography. The 
flexural problems of thin plates under lateral loading by Lech- 
nitzky [2] whose results are presented briefly in Sokolnikoff’s 


notes [3]. Numerous papers dealing with ramifications of the 
theory and applications of the procedure to specific problems have 
to be found in [4] and at the end of a 


appeared; references are 


recent paper by Deverall [5 One of the authors [6, 7] has ap- 
plic d the method to obtain the deflections and stresses in a thin 
circular plate supported at several interior or boundary points 
and partially and normally loaded over the area of an eccentric 
circle; the general loadings considered include the uniform and 
uniformly varying pressures and the boundary of the plate is free. 
spe cial example s were worked out in detail. 

rhe methods of complex-function the ory have also been used 
to establish exact. solutions for a circular plate under a general 
boundary condition covering the usual clamped and simply sup- 
ported cases and subject to various distributions of normal thrust 
8, 9, 10, 11]. When the 


circular plate is under the same boundary condition and is sub- 


over a concentric or an eccentric circle 


jected to uniform or uniformly varying pressure distributed over 


a concentric ellipse the appropriate solutions have also been 
derived [12, 13]. 

\ systematic and rather comprehensive treatment on the bend- 
ing of the circular plate was given by Shin-Min Jen [14], who 
studied the problems of both small and large deflections of the 
plate produced by arbitrarily distributed lateral loading together 
with loading in the plane of the plate. Making use of the complex 
method, Yi-Yuan Yu [15, 16] has 


variable investigated the 
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transverse flexure of thin circular plates subjected to both con- 
centrated and distributed lateral loading. In the case of dis- 
tributed load on that the 
load may be expanded into a Fourier-Bessel series in the complex 


a circular plate, it was shown [16 
form. Based upon this result, a general solution is obtained for 
a clamped circular plate and some particular cases are treated 
Among the illustrative examples given were the case of a clamped 
circular plate subjected to linearly distributed load on the entire 
or half plate 

In two recent papers [17, 18] solutions have been developed for 
a thin circular plate subject to the elastic boundary constraint 
[9] and acted upon normally by general ioad- 


t 


mentioned before 
ing over a sector or uniform loading over a segment of the plate 

The purpose of this paper is to discuss the transverse flexure of 
a thin circular plate under the general boundary condition re- 
and subjected to a linearly varying load 
When the linear load dis- 
tribution extends over the entire plate and the boundary is 


ferred to previously [17] 
spread over a segment of the plate. 


simply supported the solution of the problem was given by 
Fliigge and quoted by Timoshenko [19, p. 260]. The usual re- 
of small deflections of 
Exact formulas are provided for the deflec- 


strictions? made in the treatment thin 
plates are adopted 
tion at any point of the plate, the bending and twisting moments 
and shearing forces on both the boundary and the axis of sym- 
In the particular cases when the hydrostatic pressure is 


a half of the plate or over the entire plate, 


metry. 
distributed over 
numerical results are given for the deflections and stresses on the 
axis of symmetry and typical curves of deflections, moments, and 
shears are drawn corresponding to three degrees of boundary con- 
straint. The distribution of stresses along the boundary is also 
investigated. 

The form of the theory is greatly simplified by making use of 
complex combinations of stress components. A great economy 
is effected in the presentation of the theory by the consistent use 
of complex variable technique. 

The results of this paper when combined with those of the 
previous paper [18] enable us to determine the distribution of 
deflections and stresses in the plane vertical bases of a cylindrical 


?For the assumptions underlying the classical plate theory, see 
references [19, 20} 
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tank or boiler fixed with its axis horizontal and partially filled 
with liquid. 


General Formulation of the Flexural Problem 


Let C denote the boundary of an isotropic homogeneous thin 
plate of thickness hk and flexural rigidity D and let z = x + iy = 
re’? be the complex variable of any point of the midplane of the 
plate. We assume that the plate is divided into the two regions 
| and 2 bya curve I joining two points of C and that‘ p,(z, 2) and 
poz, 2) are the normal loads per unit area acting on the face of 
the plate at points of regions 1 and 2, respectively, Fig. 1. Ac- 
cording to the classical theory of thin plates the transverse de- 
flections w,j = 1, 2) of the middle surface of the plate satisfy 
the Lagrange partial differential equations 


V ‘wz, 2) = pz, 2)/D (j = 1, 2) (la) 


where w, is measured positively downward, and 
V2? = 07/dz? + 0*7/dy? = 407/202 (16) 


The general solutions of equations (1a) may be expressed in terms 
of four analytic functions @(z), (z) (j = 1, 2) of the complex 
variable z, usually called the complex potentials, and two par- 
ticular integrals W,(z, 2) and W;(z, 2) corresponding to the load 
intensities p,(z, Z) and po(z, 2), respectively: 


26,(8) + ¥,(z) + 92) + Wz, 2) 


rhe required solution of the flexural plate problem under con- 
sideration lies in the determination of these particular integrals 
and analytic functions which must satisfy (a) the boundary con- 
ditions along C, (b) the transition conditions along T. It is 
known [18] that the latter conditions may be taken as 


[2p(z) + 26(2) + Y(z) + Wz) + Wz, 2)};2 = 0 (3a) 


[2p'(z) + G(Z) + W'(z) + OW/dz],2 = O (3b) 


[O’(z) + OZ) + 0°W/dzd8],;2? = 0 (3c) 


[@"(z) + 0°W/dz22dz),;? = 0 (3d) 


Once the particular integrals and complex potentials are de- 
termined, the deflections w; are calculated by means of equation 
(2) while the bending, twisting moments, and shearing forces® at 


any point of the plate may be computed by the use of the well- 
known formulas [15, 18] 


M, + My, = —4(1 + 9)D[2 Re @'(z) + 0°W/dz0%] (4a) 
M, — My + 2iMa = 

—4(1 — n)D[2p"(z) + 2X" + W")/r3] 

Q, — iQ¢ = 


where the accents on ¢, ¥, W denote differentiation with respect 
to z and Re stands for the real value. 


(4b) 


—8D(z/r)(6"(z) + d0®W /dz2708)} (4c) 


Boundary Values of Moments, Shears, and Slope Along 
an Elastically Restrained Circular Boundary 

In the case of a circular boundary C of radius c the boundary 
conditions taken are 


w=0, M,/Me = —p--along C (5) 


4 It will be assumed that the region bounded by C is a simply con- 
nected Schicht region, and that C consists of the union of rectifiable 
arcs with continuously turning tangents. 
* Bars are used to denote conjugate complex quantities. 
5 Timoshenko’s notations [20] are used in this paper. 
bols will be defined as they appear in the text. 


Other sym- 
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where y isa constant. It was shown [8, 18] that these conditions 


are equivalent to 


otw v ow 


— -=(f9 


or? ec Or 


w = 0, along C 


vy = (e+ n)/(1 + wn) = (14+ A)/(1 — A) (7) 
A= (wu — 1)B/ut+1), B= 1 — Kl +7) 8) 


n being Poisson’s ratio for the material of the plate. The circular 
boundary C is clamped or simply supported according as the re- 
straining parameter \ takes the values 1 and —{§, respectively. 


In the general case we may therefore take 


1>A2>-8 and ~ >v2>y7. (9) 


It was proved [17, 18] that for a circular boundary subject to 
the conditions (6), the boundary values of the moments, shearing 
force Qs, and slope are furnished by the two formulas: 


M, Me 


D w 
1 — nv c Or 


4D : ow ’ 
= « 2Re z)+ — on ¢ 10a) 
Oz0Z 


yv-l z 


&cD ow 


10b) 


= 


Me cVe 
1-7 y-— | 


where Im designates the imaginary part. The boundary value 
of the shearing force Q, can be computed with the aid of equation 
(4c). 

Equation (10a) shows that any of the three restraining parame- 
ters A, u, or vy can be translated into a coefficient of rotational re- 


straint k defined by 


where, using (7) 


1+ 
cev—g= Mie PI +o) = — > -9 11h) 


C 
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Table 1 gives the values of these coefficients corresponding to 
three degrees of boundary constraint for which subsequent calcu- 
lations will be made (n = 1/3) 


Table 1 

Simply 
supported 
boundary 
~1/2 


Intermediate 
case 
1 0 -—B = 
a= —M,/Me —1/n = —3 l 
v oo ] 


k oo l—y7 


Clamped 


Parameter boundary 


Elastically Restrained Circular Plate Under Hydrostatic 
Pressure Over a Segment 

Let the circular plate with center O, radius c, and boundary C 
be divided into the two segments 1 and 2 by the chord ABA’, 
Fig. 2, which is parallel to the y-axis an¢ subtends an angle 
2¥(¥ < w/2) at O; and let C, and C: be the corresponding parts 
of the boundary C. We assume that z = z + iy = re” is the 
complex variable of any point of the plate referred to O as origin. 
The complex variables of the points A and A’ are 


q=ft+ib=ce’", G=f-—itb= 


Writing 
i o 
Z| = 


respectively. 


it is easily seen that 


¥Y on | 
arg (Z/Z') = > 14) 
y7~-T @ 
For all points on the chord ABA’ which we denote by T° we 
have 


2+%=2f (15) 


Fig. 2 represents one of the plane vertical bases of a cylindrical 
tank with horizontal generators, the tank being partially filled 
with liquid up to the level ABA’. The pressure intensity p at 
any point z of region 2 is then given by 

p = pox — f) (16) 


where po is a constant. Since the deflections and stresses on either 


C, 








x 


Fig. 2 
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base due to the uniform load pof distributed on region 2 have been 
obtained in a previous paper [18] we here confine ourselves to 
the determination of deflections and stresses corresponding to the 
variable part p = pox. We therefore assume that the plate is 
subjected to the transverse-load intensities 

(17) 


pilz,2) = O, pel2z, 2) = por 


The particular integrals may be taken as 


W (z, 2) =0, Wz, g) = (1 24 9 K27z? z2+v 2) 


where 


K = po/(16"D) (19) 


Introducing (18) in equations (3) and using (15), we see that the 


continuity conditions to be satisfied along the chord T’ take the 
forms 


[ep(z) + 26(2) + We) + 2)? = —(1/12)rKfers* (20a) 


[2p'(z) + P(@) + Wz)? = —(1/24)wKz2%32 + 22) (20d) 


2)rK fez 20c) 


[o'(z) + (2)? = — 


[o%z)]}\® = —(1/4)eKe(2z2 + 2 20d) 


+ B*z + ct) 


We now assume tentatively that 


1 
nK ( f+ A*z? 
48 


2la) 


l 
2 = wK (; 2+ E*z* + F*z? + G*z + u*) (21b) 
240 


where A*, B*,C*, E*, F*,G*, and H* are real constants to be deter- 
mined from the conditions (20). Substituting from (21) in (20), 
making use of (15), and equating the coefficients of the same 
powers of z on both sides of each equation we obtain a simul- 
taneous system of linear equations. Solving them we find 

\ 


—(1/6)f%, | 


4/15)f* 


B* = (2/3)f%, E* = 


= ('e —_ f*, 


A* = —(1/2)f%, 
F* = (2/3)f3, 


22) 


It can be shown that no contribution is made to the deflection 
by the real constant C* which therefore can assume any arbitrary 
real value. Taking, for the sake of later convenience, C* = 
—(1/2)f* and introducing the values (22) in equations (21) we 


get 


[p(z)].? 


23b) 


where f = c cos ¥. 

We now proceed to determine the appropriate complex po- 
tentials ¢)(z, y) and y(z, y) at any point z of region 1 due to the 
hydrostatic pressure por distributed over region 2. These will be 
obtained by integrating the corresponding functions for uniform 
line loading p = pordx = —poc* sin 0 cos 0d extending along the 
chord EE’, Fig. 2, which is parallel to the y-axis and subtends an 
angle 26 at the center where @ varies from ¥ r/2)to0. The 
analytic functions ®,(z, #) and V,(z, @) at the point z of region 1 
due to uniform line loading p along the chord EE’ are furnished 
by writing 6 for y in equations (39) and (32) of [18 
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z -- ¢ cos 8) 


7 so 
ce - & 

— 2cz cos 6)? log | (24a) 
c= 


24 2ct/2? + ¢ cos Wz — 4c2/z)} 


4 
23 — 2c2z? cos 8 + 2c*z cos 29 — ; c? cos? 0) 


2 ‘ ° 
c? — 2cz cos 6)? 


c — ze 
2ez cos 4) log 7) (24b) 
e¢= @ 


" 
where 


Hi 2, 6 X sin 


i” sin (n + 
6+ D>) 
n+m n+ 1 


n=0 


2 sin (n + 2)6 cos 0 sin | 


(26) 


Writing — poc? sin 6 cos @d@ instead of p in equations (24) and in- 


tegrating the resulting expressions from 0 = y to 6 = 0, we find 
after a considerable amount of algebraic manipulation and reduc- 


tior 


sin 4y 


; on 
sin 2Yy 


96 


1 — le 
6 cos 7 4+. g-! log ; ws 
a i 


( 
t 
240 
=) 
15 “ 
aes 3\*~io™” 
11 a = : 
is \ 2 sin 2y + 5 sin4y } ¢-! 


a sin 27 ms sin Y f 


120 60 


sin ¥ — sin 27 ” 
240 480) 


1(t + 6 cos ¥ 


276 
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2 ; i” sin(n — l)y 
- Asin® y + ) ane i | 
15 2 4 (n + 2Xn +m) \ n?— 1 


U(t, y) = 


sin(n + 5)y { 


(n+ 3\n + 5)§ 


2 sin (n + 2)¥y cos 
y y (t=2z/c) (28) 


(in + 1 n + 3) 


The value of the first term in the expression between the braces in 
(28) is obtained for n = 1 by a limiting process which gives y/2 
for this term. By expanding the logarithmic terms which appear 
in equations (27) we find that the terms containing negative 
powers of ¢ cancel, so that the two functions $,(z, y) and ¥(z, Y) 
are regular at z = 0. 
The deflection at the center of the plate is now given by 
, eek 
wo = sin Y — 24 sin 34 


2Y.(0, ¥) = (poct/24eD) E 


e ane ‘ . » ain? 29 
Tt sin o _ oF Y — A 8in 4 
yee; Y 


on substituting for K from (19) 


Combining eC uations (27) with er uations (23 », we get the 
1 1 
and 


following expressions for the regular functions @(z, ¥ 
¥(z, y) at any point of the plate: 


l 
(2, —Ket | (Ut, + t 
; [wan +e(2 
- cos *) 4 sin ¥Y 3 
, 48 
Re 
2Y + > sin ty) 


sit 
—k # 


7 , ‘ sin 2¥ 
T = sin oy {-*+ — t 
lo 120 


6 cos ¥ 


16 cos? i log 


where 


if z lies in region 1 


z lies in region 2 


yY¥- 7 if 
The complete solution of the problem is now furnished by 
and (30 


restrained boundary we have A l,m 


In the particular case of a fully 
©, and Ut, 7 


equations (18), (28), 
reduces 


to 
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Ut, Y) = (2/15 


sin® + (32) 
so that the complex potentials (30) are expressed in finite terms 

The deflection at any point of the plate is obtained by intro- 
ducing the expressions (18) and (30) in After some straight- 
forward calculations and simplifications we arrive at 


9) 


384rD — 
— 2sin y + 5 sin 3y 
Pot 


2.2 sin 44 rf 


sin 2yY — 


37(5.6 — 2.99%) ¢ 


‘ _—— 
— : sin Y cos | 
op* 


p cos G — cos 7 ‘ 


sin 2Y cos 36 + 


—_ 3.2€( p cos 4 + } cos 7 


(33) 


pe”, Re Ut, ¥Y 
by putting p” cos n@ instead of i", and® 


where p r/c, t z/e = is obtained from (28 


snny — 6 


n 


psin(y - > p”" 
l 


1 — pcos (¥ 


r 


psinty + 
1 — pcos (¥ 


p" sin n(y + 6 


R cll — 2p cos 


R’ cl - 2p cos 


On the boundary we therefore have 


] 
(0 _ ) R 
9 


(6 + ¥ 


Setting p l and ¢ = e” in equation (33) we find 


1202 Dw / poc® 


= —(cos 6 — cos 7 )*(cos 6 + 4 cos yXe+xet 


which evidently vanishes since at any point on C 
x +x’ 
ae 


From equation 


1 we have € 7; 
elt while at any point on C, we have € = y¥=— @, 
7 

33) the deflection at any point on the axis of 
symmetry of the plate is obtained as 


)| r200% 7 
, 
es A 3 
+ 3&* sin y 4+ (sy + 
, 


7 sin y - 


9607 D 2 
w=(1l-—g€& 
Pp "ina - 


5yé 


sin 27) é 


27 sin 2y + 


11 sin 4y)E>! 


' sin 7] 


& + 6 cos ¥ + é 


_ 8 cos? y} x (36) 
* Notice that x and x’ are positively measured from OA and OA 


in anticlockwise and clockwise directions, respectively, Fig. 2 
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ary values are calculated by substituting for W)(z, 2), We(z, 2 


and @(z, ¥ 


where 


— sin ¥Y 
1 — & cos ¥ 


sin n’y 


n 


tan~? > 


n=1 


(37) 


will now be shown that the solution (33 


0<¥ 


pressure p 


established for 
2 is equally valid for y > 4/2. For the hydrostatic 

por cos @ distributed over the entire surface of the 
elastically restrained circular plate, the appropriate expression 
for the deflection was obtained [19, p. 2 


262] as 


3842 D 
w 2rp(l — p* l 
P id 


—iAX l 


superposition we now see that the 


where m 1/(1 v)/2. Applying the principle of 
solution corre sponding to the 
load intensity p = por cos 6 distributed over region 1 of Fig. 2 is 


given by subtracting equation (33) from Equation (38). Putting 
7 — ¥ instead of y and x — @ instead of @ in the resulting ex- 
pression, immediately extends the validity of the solution (33) to 
all values of y(0 < y < 7). Ina similar manner subtraction of 
63) [18, p. 50), from that 


corresponding to an elastically restrained and uniformly loaded 


the solution furnished by equation 


circular plate’ shows that the former solution remains true for 
uniform load spread on any segment of the plate (0 < 4 7). 


Moments and Shears on the Boundary and the Axis of 
Symmetry 


The bending and twisting moments and shearing forces at any 
point of the plate can now be computed by introducing equations 


18) and (30) in equations (4) and the results may be written as 


Mig = Sspoc 9a) 


Q, Kip ‘ 2 Ve K P ‘ 2 39b 


where 6 ’ be, 6 , Ky and Ke are dimensionless cot fficients Explicit 


formulas for these coefficients will now be established on both the 


The bound- 


boundary C and the axis of symmetry of the plate 


from equations (18), (30a) in equations (10) and 


ic). After reduction the following results are obtained 


sin 37 cos 26 4 


sin 27 cos 


l 
, Sin ¥Y cos 10 + 


cos 


cos 6 — 


Te 
sin = 


€ cos 20 + sin 26 log 40a) 


This solution is provided by equation (67) [19, and can be 


written in the form 


24w/Ke* = 6r(1 pv p? K 


16«D 


which is suitable for our purpose 
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1 


-- — Im };@U%t, y)}’ 
2r(il—vp 


Py l 
sin 4y + — sin 2y — - sin 6 
a ae 7) 
oy da 9) + dn Seda + — even et 
g sin 37 sin 20 + 5 sin 2 sin 2 ¥ sin 


cos 8 — cos y) { —e[2cos y sin 8 + 4(1 + 2 cos 2y) 


sin 20 — 10 cos y sin 30 — 5 sin 46) 

+ {1 + 2 cos y cos 6 + 4(1 + 2 cos 2y) cos 20 
_ 

isin — (0 — y) 

isin > ( Y 


— 10 cos y cos 38 — 5 cos 48] log |— 


(406) 


— 


sin 
' 


= — | 6 Refers, y)}' - 


1 ' 
+9 > sin y — sin 37 
2r 2 


a 


" ( 7 
(35 11 
_ ossny rz 

o 


5 
— sin 3y) cos 20 — 7 sin 2y cos 30 


+ + sin 2y + — sin 4 8 
TT —~— end — aoe cos 
4 1Zy 8 Y Os 


sin ¥ 


cos 49 + (cos 6 — cos y) (€ (. + 7 cos y cos 8 


\ 


+ (5 + 4 cos 2y) cos 20 — 5 cos y cos 30 — 


~ cos 10) 
2 
~ (: cos y sin 6 + (5 + 4 cos 2y) sin 20 — 5 cos y sin 30 
LS 
° sin— (0 — ¥) 
5. 2 
-—c 1) log |- 


S| (406) 
ar (0 + 7) 
- | 


where { = e and U(t, y) is given by (28). 
The vertical reaction V, at any point of the boundary is deter- 
mined by 


V, = Q, — (1/c)(0M,4/d6) 


Writing V, = «:poc?, where x; is a dimensionless factor and using 
(39) we see that 


K; = Kk; — 26;/28 (40d) 


The application of equations (4) leads to the following expres- 
sions for the values of the moments and shears on the axis of sym- 
metry: 


; i} 
& sin y + (7+ sin 27) & 
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l 3. 
- ses + (sin 27 + 8 sin ty) &-1 


3sin 2y + —E-* sin y 


1 4 1 
5 tiny + sin By) E447 
+ 2e(— + 2 cos y)(E — cos y)* 


+ 4cos y + E“")(E — 2cos y 4+ 9% | 


(41a) 
6 1 wee nf. f t2 U'( , 
1 — 6, = lor | ie = I) (&, y)} 


= ; 
— 78 + &sin y + > (y + sin 2y)& — sin 7 


1 j 
— sin 3y — — §-' sin 2y 
) 4 


” 


2: a a 
i: sin 37 + 0 sin 57) gs 


+ (sin y+ 


1 : 7. 
+ — [sin 2y + ; sin 4y } &-3 


1 ; 5 ; 
— > (4sin y + 5 sin 3y)E-* + — 


£-5 sin 27 


3 ; ; 
~ €*sin y + 2e(§ + 2 cos y)(E — cos y)* 


+ §-”E — E-1)(E — 2c08 y + E-) 


s 
_ l 
+2 ony = | — 


— (2 +3 cos 2y)é-! + 3é 2 cos » i ~ + 


+ cos 27) — — cos y 


I . 
- yf? + = E sin ¥ 


> 
> 
») 


poc? | -~1Seerre ' ‘ 
Q, = PE og-feurg, I" - 


+ z ¥y + sin 2y — (sin y + 2 sin 3y)E- 
3 4 6 


ee . — Bg 
_ 3 sin 2y + —_ iy } &-* + = ¥ 


i! 
~ sin 3) t-3 


5 5 : a 
- §-* sin 2y — — E-S sin y + 2e(E* — cos? y) 
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— — 8 cos y 


it x| (41c) 


By expanding the expressions con- 


1 R » 
a r: E-2£ — 2 cos ¥ os —-) J ges + 6" cos Y — 
) 


— (7 + 8 cos 2y)é-! + 10E-* cos y + 5£ 


where x is given by (37). 
taining x in equations (41) it is checked that the terms involving 
negative powers of — cancel so that finite values are obtained for 
6:, 62, and Q, at the origin. In fact, at the center of the plate we 
find 


6 3 + 1 
. ae Canty « = 


by oo 5 sin 37) 


1 
A sin’ y — 
in’ y 3 


1 - 8 
+ —— cos 26 E €cos*y — = sin 


103. - 
— sin 3y — — sin 5y 


~ 180 12 “in 9 


1 23. ee 
-- ° ( 3 sin y — 15 sin 4y cos y + 70 sin 77) | (42a) 
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a i-¥9y sin 20 8 said 2 7 — On the real axis expression (44) simplifies to 
167 3 12 

960% D rie 

103 . Bas ‘ _ w= (1 — &*)} 120U(E, w/2 

i a ee a ain 7 of 

180 sin 37 12 sin 5y + 140 sin 7Y P 


1 or, Bia “Lee ) 
_ 8 = sin ¢ 08 8 
see eC Ch 


Wke 1 4 - . ’ 
_— = ¥Y sin 2’y F : 
sin 0 12 8 and at the center of the plate equation (29) gives 


— Sef + (2E-' — B3E\(E + EE)‘ tan € 


> 


cS i - . 
> sin 47 - 24 sin 6y — 6e cos’ y° wo = (poct/60mD)(7/, — A) (47) 


1 1 l Fo — , J ‘ j is 
eg si P ‘or the boundary values of the moments, shears, and slope we 
+ (+ - . sin 3¥Y cos y + 2m oY (42c) ‘ I 


m+i1 find 


where € takes the value y or y — @ according as the center lies in é- D mw 1 
. ° ° . * ‘ 4 ‘ , 
the unloaded or loaded regions, respectively; i.e., according as ¥ : "fa ae a ae ae Re} tU(t, #/2)} 
is less or greater than 7/2. Setting 6 = O in equations (42) ” Ps ys 
— See ee . le 3 os Benet : - T 2 1 
readily yields formulas for M, b:poc®, M, dspoc®, and Q, int 4 — — 
K:poc® at the center of the plate. ‘ 24 9 2 


Circular Plate Under Linearly Varying Load Over a Half of f 20 + sin 20 log |tan ( - 2 
the Plate . . 


Considerable simplifications occur in the foregoing results . rae 
when the linear load distribution (17) extends over a half of the s teens — 6 Im CU", © 
plate. This is the case of hydrostatic pressure on one of the plane P 
vertical bases of a cylindrical tank half full with liquid. Setting I oon 0 4 2 dn 20 — ae 
Y = 7/2 in equations (30) and (33) it is found that the complex 3 2 


potentials and deflection at any point of the plate reduce to 5 


5 
+ cos 6 Je2 sin 26 + : sin 40) 


- 


l 5 T 
( — 2 cos 20 — : cos 1s) log jtan ( -—- 
2 2 4 
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1 
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+ et! + 0° + Qet? — 71 - 
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9 F 


— cos 20 — = cos 40 
3 2 


+ cos 6 ‘ ( = + cos 26 — 


5 T 
+ (sin 26 - : sin ton ) tan ( ; 


384rD 10 


w = (1 - p» | ast U(t, w/2 where ¢ = ¢ 


4 . . - 
- Calculations on the axis of symmetry now lead to 


1 
-~ 7+ mp(1 — p?) cos @ 4 is (15p? + 14 — 41p~*) cos 20 
~ 


| ~ 3.2€p* cos’ 6 


2 cos 6 
1)4 = + . 
' 1 — 


2p sin 6 + p*l (44 
> | log ae rT 
2 1 + 2p sin 0 + p? 


where € = +7/2 or —7/2 according as z lies in the unloaded or 
loaded region, respectively, and 


rl 


‘e | 
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_ perf —1) gay" /2)h" 


3 T 
te - Sa) e+ e+ 3 


1 
+ = (38 + 2 + GE-* + 5E~*) tan é| (49c) 


In particular at the center of the plate we get 


(-) 


1 1 
retorts =) es 


7m +2 
= m+1 


Q. = (506) 


Circular Plate Under a Linearly Varying Load Over Entire 
Plate 


For a completely full vessel which is the most common loading 
condition the load intensity at any point of the plate is given by 


(51) 


In this case region 1 is annihilated and setting y = 7 in (31) 
gives € = 0 in region 2 which occupies the entire plate. The de- 
flection at any point, moments and shears on the boundary and 
on the real axis corresponding to the load intensities poc and por 
can now be immediately derived by putting y = m7 and € = 0 in 
the results of [18] and in the foregoing results. 

For p = poc equations (59), (63), (70), and (71) of [18] readily 
give 


Pp = poc + por 


v 
> ») (ep = r/c) (52a) 























Fig.3 Profiles of deflection surfaces along axis of symmetry in the case 
y = 2/2) = 1/3) 
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Fig. 4 Variation of radial bending-moment factor (10°5,) along axis of 
symmetry in the case y = 2/2 (n = 1/3) 
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Table 2 Values of 10° Dw/poc® along diameter of symmetry in the case 7 


—0.1 
1838 
6837 
9412 


—0.5 
671 

3767 

5573 


—0.4 
938 

4586 

6648 


—0.3 
1230 
5388 
7665 


—0.2 


1537 
6149 
8598 


Table 3 


—0.5 
—2332 
3985 
9429 


—0.3 
522 
9349 
15366 


—0.2 

2471 
12724 
19050 


—0.6 
— 3358 
1860 
7038 


—0.4 
—1060 
6457 
12180 


—0.8 
—4877 
—1585 

3099 


Table 4 Values of 10° 5. along diameter of symmetry in the case 7 


—0.3 

5362 
17217 
23770 


—0.2 

7012 
19819 
26570 


—0.4 

3910 
14847 
21209 


—0.8 
—459 

7178 
12820 


—0.6 

1465 
10678 
16670 


—0.5 

2615 
12672 
18847 


Table 5 Values of 10° x, along diameter of symmetry in the case 7 


—0.2 0 
29375 
47804 
51669 


—0.5 
17692 
32768 
36200 


—0.4 
20891 
37035 
40608 


—0.3 
24751 
42017 
45734 


Ae —1 
1 8236 
0 18897 

—0.5 21700 


—0.8 
11026 
23263 
26302 


—0.6 


15044 
29111 
32406 


In the special case of a simple support v 7 and it is easily 
seen that the results furnished by equations (53) reduce to those 
obtained by Fliigge and quoted by Timoshenko® [19, p. 262]. 

Results relating to the load intensity (51) can now be estab- 
lished from equations (52) and (53) by applying the principle of 
superposition. 


Numerical Results 


Calculations have been carried out for hydrostatic pressure 
distributed over a half of the elastically restrained circular plate 
(Y 
straint; namely, those for which the edge is fully restrained (A 
1 


= 7/2) and corresponding to three cases of boundary con- 


x , 
9 


— 


o), the edge is simply supported (a 


y=1/3,k = 


,k= 
0) and an intermediate case in which the restraining 


parameter A = O(v = 1, k = 2/3); Poisson’s ratio is taken as 
* There is an error in the formula for Q; at the top of p. 263 of [19] 


There should be no p before the square brackets. 
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Fig. 5 Variation of transverse bending-moment factor (10°5,) along axis 
of symmetry in the case 7 x/2(n = 1/3) 
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41667 
62500 
66667 


x/2 
0.4 


2408 
7806 
10218 


0.2 

2497 

8109 
10758 


0.6 
1721 
6230 
8142 


0 0.1 
2122 2348 
7427 7863 

10080 10541 


0.3 

2524 

8104 
10665 


0.5 
2136 
7185 
9381 


Values of 10° 5, along diameter of symmetry in the case y = 7/2 


0.3 
18355 
37599 
45699 


0.6 
14309 
40360 
49704 


0.8 
—6210 

24860 

35099 


0 0.2 
8084 15471 
21558 32668 
28547 40385 


0.4 
19606 
41012 
49513 


0.5 
18502 
42180 
51095 


x/2 

0.5 
16504 
36977 
45236 


0.8 

4429 
28734 
37709 


0.3 
16362 
34467 
42270 


0.4 
17021 
36291 
44320 


0.6 
14465 
36178 
44670 


0 0.2 
10779 14901 
25600 31875 
32757 39461 


x/2 
0.5 
—28108 
—1518 
3384 


0.8 1 
— 167692 — 299902 
— 138263 — 268897 
— 132968 — 263367 


0.4 
2443 
27965 
32726 


0.6 
—66711 
—39111 
— 34073 


0.2 
38958 
62196 
66664 


0.3 


24832 
49233 
53849 


1/3. The numerical values of the deflection coefficients 10°wD /poc* 
at different points on the diameter of symmetry of the plate 
(@ = 0, 6 = m) are provided in Table 2 and the corresponding de- 
flected forms of the plates are drawn in Fig. 3. Values of the 
bending moment and shear coefficients 6,, 62, and x Q,/poc? 
along the axis of symmetry have been computed from equations 
(49) and the results are presented in Tables 3, 4, and 5. Graphs 
illustrating these values are plotted in Figs. 4, 5, and 6. The 
maximum radial bending moment M, at the boundary occurs at 
the point of maximum load intensity (9 = 1, @ = 0). Table 6 
and Fig. 7 show the effect of the boundary constraint on this 
maximum value, and it is evident that this moment is greatest for 
X = 1 (rigidly clamped boundary) and tends to zero as A tends to 
—0.5 (simply supported boundary). The variation of the trans- 
verse bending moment M¢ at the same point with the restraining 


parameter A is studied in Table 7 and Fig. 8. The maximum 








-50)00 





-100 000 





-150 000 





~ 200000; 


—250000 








-- 300 000 


Fig. 6 Variation of shearing-force factor (10°«,) along axis of symmetry 
in the case y x/2(n = 1/3) 
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Table 6 Values of — 10° 5, at point p = 1,0 = Oin the case y = 1/2 
1 0.75 0.50 0.25 0 —0.25 —0.50 
—10*5, 47578 34707 25301 17704 11181 5353 0 


Table 7 Values of 10°52 at point p = 1,0 = Ointhe casey = 1/2 
PY 1 0.75 0.50 0.25 0 —0.25 —0.50 
103, —15859 —6941 0 5901 11181 16058 20659 


Table 8 Values of —10°x, at point p = 1,0 = Oin the casey = 7/2 
1 0.75 0.50 0.25 0 —0.25 
299902 286685 278523 272953 268897 265804 


Table 9 Values of — 10°x; at point p = 1,0 = Oin the casey = 1/2 
» 1 0.75 0.50 0.25 0 —0.25 —0.5 
—10%x, 299902 289114 282436 277880 274554 272017 270015 


Table 10 Values of 10° Dw/poc’ along diameter of symmetry in the case y = + 

—0.5 —0.4 —0.3 —0.2 —0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 9.8 
7324 9555 11645 13440 14804 15625 15825 15360 14233 12495 10254 7680 2565 

28809 34055 38661 42440 45225 46875 47278 46360 44092 40495 35645 29680 15315 

40137 46830 52595 57240 60591 62500 62850 61560 58595 53970 47754 40080 21240 


Table 11 Valves of 105, along diameter of symmetry in the case y = + 


ANE —1 —0.8 -06 -0.5 -0.4 -0.3 -0.2 -0.1 Q 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1 
1 —83333 —48667 —9333 10417 29333 46750 62000 74417 83333 88083 88000 82417 70667 52083 26000 —51333 —166667 
0 —34722 6889 53167 76389 38778 119667 138389 154278 166667 174889 178278 176167 167889 152778 130167 59778 —4861l1 
—0.5 0 43000 90667 114583 137667 159250 178667 195250 208333 217250 221333 219917 212333 197917 176000 107000 0 


Table 12 Valves of 10°), along diameter of symmetry in the case y = + 
—1 —0.8 -0.6 -0.5 -0.4 -0.3 -—0.2 -—0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1 
—27778 —1556 25333 38194 50222 61083 70444 77972 83333 86194 86222 83083 76444 65972 51333 8222 —55556 
34722 65111 96167 111111 125222 138167 149611 159222 166667 171611 173722 172667 168111 159722 147167 108222 48611 
72222 103444 135333 150694 165222 178583 190444 200472 208333 213694 216222 215583 211444 203472 191333 153222 94444 


Table 13 Values of 10°, along diameter of symmetry in the case y = r+ 


—0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.8 1 

29583 —31667 —100417 —176667 —260417 —351667 —556667 —791667 
10000 —58750 —135000 —218750 —310000 —515000 —750000 
—50417 —126667 —210417 —301667 —506667 —741667 


ANE —1 -—0.8 -—0.6 -—0.5 —0.4 -—0.3 —0.2 
1 208333 243333 248333 239583 223333 199583 168333 129583 83333 
0 250000 285000 290000 281250 265000 241250 210000 171000 125000 71250 

—0.5 258333 293333 298333 289583 273333 249583 218333 179583 133333 79583 18333 
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Fig. 7 Maximum radial bending moment at boundary (— 10°5,) as a 
function of r ining p ter \ in the case y = +/2(0 = 1,0 = 0, Fig.8 Transverse bending moment (10°5:) at point (o = 1,0 = 0) asa 
function of restraining ter \ in the case y = 1/2 (n = 1/3) 
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Fig. 9 Shearing force (— 10°x;) and vertical reaction (— 10%«;) at point 
coh oa ti of r ining peor fer \ in the case 
= ¢/2(n = 1/3) 














60 000+— 


+10 w D/pc 


L 4 1 4 4 s) 


Fig. 10 Profiles of deflection surfaces along vertical axis of symmetry 
in case of a completely full vessel (y = 7,7 = 1/3, p = poc + pox) 
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Fig. 11 Variation of radial bending-moment factor (10°5,) along axis of 
symmetry in the case y = x (yn = 1/3) 
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Fig. 12 Variation of transverse bending-moment factor (10°5:) along 
axis of symmetry in the case y = x (ny = 1/3) 
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value of the shearing force Q, on the boundary also takes place 
at the point p = 1, @ = 0. Values of this maximum correspond- 
ing to various values of the restraining parameter \ are com- 
puted from equation (48c), listed in Table 8 and plotted in Fig. 9. 
The variation of the reaction V, with \ at the point of maximum 
load intensity is given in Table 9 and is also shown in Fig. 9. 

The numerical evaluation of the sum of series (35) together 
with its first and second derivatives with respect to ¢ is effected by 
the application of a powerful method explained in reference [21]. 
This method deals with the summation of alternating and slowly 
convergent infinite series. 


1961 / 101 
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Fig.13 Variation of shearing-force factor (10°x;) along axis of symmetry 


in the case y = x (yn = 1/3) 


Calculations have also been made corresponding to the case of 
a completely full vessel (y = 7). Equations (52) and (53) are 
used in these computations and curves showing the distribution of 
deflection, bending moment, and shear coefficients along the 
vertical axis of symmetry of the plate are presented in Figs. 10, 
11, 12, and 13. The corresponding numerical values of these co- 
efficients are listed in Tables 10, 11, 12, and 13, respectively (7 
= 1/3). 
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iin problem treated here is that of an elastic plate 
of unlimited extent which is subjected to a concentrated force 
and contains a circular insert of a different elastic materia). The 
line of action of the force lies in the plane of the plate and passes 
through the center of the insert, as shown in Fig. 1; the case of 
a force perpendicular to the radial direction will be made the 
subject of a future investigation. It is assumed that the bond 
between the two materials is perfect. The mathematical inter- 
pretation of a perfect bond is given in the following text in terms 
of conditions on the stresses and displacements at the interface. 
The exterior to the circle of radius a(a < r < @) will be re- 
ferred to as region 1, the insert (0 < r < a) as region 2. In 
addition, all quantities, like the elastic constants, Airy stress 
function, stresses and displacements, pertaining to the plate 
itself, will be marked with subscript 1, whereas those for the 
insert will carry the subscript 2 
The solution to this problem is required to satisfy the following 


conditions: 


(a) The stress field for region 1 must exhibit at the point of 
application of the force (x = b, y = 0) the proper singularity for 
a concentrated force at an interior point; however, it must not 
have singularities at other points in r > a 

(b) The stress components ¢, and 7, in the two regions must 


assume the same values on r = a 
and (Tri) =a (T 62) rea 


(On)ma = (Or) rea 


(c) The displacements on r a must be identical for both 
regions: 


(ur)rma = (U2)mea and (v;)ma = (V2)me, 


where u and v are the displacements in any convenient co-ordinate 
system. Herein it is understood that arbitrary displacements of 
a rigid body may be added to any of the displacement fields. 


(d) The stresses in region 1 must vanish at infinity. 
(e) The stress field for region 2 must not contain any singulari- 
ties inr < a. 


Contributed by the Applied Mechanics Division and presented 
at the Winter Annual Meeting, New York, N. Y., November 27 
December 2, 1960, of THe American Soctery oF MECHANICAL 
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subjected to a cuncentrated radial force in the plane of the plate 
of the insert are different from those of the plate, and a perfect bond is assumed between 
the two materials. The solution is exact within the classical theory of elasticity, and is in 
a closed form in terms of elementary functions. 
components of stress in Cartesian co-ordinates, and also in polar co-ordinates at the 
circumference of the insert 


The elastic properties 


Explicit formulas are given for the 


(f) Since region 1 is multiply connected, the solution should be 
specifically checked for single-valuedness of displacements in this 


region. 


The Airy Stress Functions 


The proposed problem can be solved in a closed form and in 
terms of elementary functions. The solution was obtained by 
assuming the probable structure of the stress functions and adjust- 
ing the relative magnitudes of the separate terms so that all the 
foregoing conditions were satisfied. The details are suppressed 
here, but the approach and some intermediate results are included 
in the Appendix. 

The Airy stress functions for the two regions are 


Pp 
—(k; + 1)r, & sin A, 
2r(k,; + 1) 


(6? — l)a 
1 log r; cos So A A 


log Te 
B ae 


(Ax; — B)re log re cos 9 


cos * | 


log r 


cos 0 
Ax,a* > 
r 


(1) 


B)reOe sin 6. — 


2— l)a (B? — l)a 
cos 26, = 
B3 


—_ B log r cos @é T 
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- Bs - 1a 
2m (Ki + 1) 
— [(1 — A)x,; + 1 — Bjri& sin & + [C1 — A)am 

=a al (2) 
Ba § 
Part of the notation is shown in Fig. 1; x = (3 — v)/(1 + ») for 
plane stress and x = 3 — 4y for plane strain, where v is the 
Poisson’s ratio; 8 = b/a and [ = G./G,, where G is the shear 
modulus. Also, the following abbreviations have been em- 
ployed: 

1-T ko — Tn, 


8 oe B ‘ C= 
Tk, + ¥ r + Ke 


= log ri 


{ie - a)‘ 


1 
— (1 — B)]n log r; cos & + C — 


Mo 2 2) 
(T + x)(2T + x: — 1) 
(3) 


It is interesting to note that each individual term present in U; 
and U, is contained in the general solution of the biharmonic 
equation in polar co-ordinates [1, page 116]. The expressions 
for the Airy stress functions could be written more concisely 
through simultaneous use of Cartesian and polar co-ordinates. 
This, however, would obscure the true structure of these stress 
functions. 

It is obvious from the structure of (1) and (2) that, in case of 
b < a, U; may no longer be used for region 1 and U, for region 2. 
This is because of the fact that, otherwise, the stress functions 
would contain improper nuclei of strain at points A and B, Fig. 2. 
Similarly, it is not possible to use U, for region 2 and U2 for 
region 1. Although this would give the proper nucleus of strain at 
A in region 2, there would also be inadmissible nuclei of strain 
at O in region 2 and nonvanishing stresses at infinity in region 1. 
Hence the validity of the solution is restricted to b > a or B > 1. 

Note that, when the elastic constants of the insert material 
are identical to those of the plate, that is T = 1 and x, = xk. = x, 
then we have 


= = 
«+1’ 


and the solution reduces to the well-known case of a concentrated 
force at a point in an infinite plate: 


2r 


P (=n sin 6, + : — r, log r; cos a.) (4) 


If the hole in the plate is empty, [! = 0 and, if x. = 1, 
A=B=1l, C=0 
Then the stress functions are 


P 
U; = —_ {—« — 1)r;9, sin 6, 


27 (kK; + 1) 


(x1 ~— 1)(8? = lja 


8 
— (kK; + 1)r26, sin 6. — (kK, — 1)r2 log r2 cos 6, 
Fy (6? — l)a en (8? — 1)a cos 6, 
Bb B re 
[(x, — 1)6? + 2]a 


-- 3 - log r + (Km: + 1)r6 sin 0 


+ (Kk, — 1)r log nr, cos#; + log rz 


cos | 


f° (5) 


+ (xk; — 1)r log r cos 6 + x,a? 


Uz =0 


' Numbers in brackets designate References at end of paper. 
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Fig. 2 


This case has been analyzed before by Sen [2]. By setting 8 = 1, 
the force moves to the edge of the hole, and the solution previously 
given by Bickley [3] is obtained. In the process, the nucleus of 
strain at the point of application of the force changes automati- 
cally to that in Flamant’s solution. 

For a rigid insert, T = © and 


Then 


P 
Bs (ki + 1)r,4 sin 0, 


U, =; . 
; 2m (Kk; + 1) } 


(x, — 1)(8? — I) 
Og Te 
«0 


tr (Ky + 1)r.0. sin 6, —- {ki = l)re log T; COS 6. 


(8? — 1) (6? — 1 os 6, 
4 a | 8B ja cos A, jan 26 | 


KB B re 
(x; — 1)(8? — 1)a ; 
= — logr — (Kk; + 1)r@ sin 9 
«8 
“os 6 
co 


r 


+ (ki — 1)r, log r; cos & — 


+ (x, — 1)r log r cos 6 — a? 


P [ — 1)(8? — l)a 
. >: 7 log rT 


2r KiB 

+ 2r,6, sin 0, + 
28a 
Although the state of stress is formally indeterminate within the 
rigid insert, we find that U:; remains defined for this case. The 
resulting U: is nothing but the stress function for an elastic disk 
subjected to boundary tractions that are identical to those ex- 
erted by the material of region 1 on the rigid plug. Therefore it 
is not a mere coincidence that in this limiting case both stress 
functions become independent of the Poisson’s ratio of the insert 
material. 


Stresses in Cartesian Co-ordinates 
The derivation of stresses from a given stress function by use of 
ou re Ol ou 


o, = = : T — 
7 oy? : ” or OY 


o 
4 ox? 


may be considered a routine operation, and hence only the results 


will be quoted here. It is expedient to introduce (Fig. 3) 
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and also to make all co-ordinates dimensionless by dividing these 
by a. Thus in the following expressions, z, y, 2:, 22, T, 71, and re 
stand for z/a, y/a, x,/a, x2/a, r/a, r;/a, and r2/a, respectively. 
The stresses are 
P j Pa Zi 3 


4 —(Ki — 1) —4 
2m(x, + 1)a | r? ri‘ 


7— ] 1 
+ | - 4% = 1? + (Ak, - Bx. | <7 


8 
+ 2A | - 3 ("5 


i+ (a - 145) 
a=- zt 
- 3B 3 2 
° “ Te B? — | B? — | ‘ z;* 
-_ anit | =v + 8A 33 ( 3 _ 20) -" 


l 
— [M’ + (Ax, — B)z] 
y2 
x3 
af? (9) 


on = 


r 
+ 2(3AK, + M’z + 2Axk;2?) “fey SAK; 
rT 


P J 


a. : (Ky 
2r(x, + la | 


- [ AW — 1) 
A) 
+ 2A] — Io 
B? 
6\ 62-1 
T (« -—-ili-—- 32 3 
p?—- 1 (# —1 
- 8A 
= oe 3 
+ [—M’ + (Ax, — B)z] = 
' 


49 ty? 9 42 aa . zyt ( 
+ 2(Anc + M’y? + 2Axn ry SAK, rat 10) 


P eres. Cals 
y ’ — (x, + 3) ie } — (3AK; + B) 


Try! 
‘a r,‘ r3? 


2m (k; + l)a 


estate ot t\ 62-1 so 
+2 3 32 + a-I-s 3 Ze + 2Kyu = 


e-1f @-1 .\y . 3 
me (- gt + 2m) St Ban + BS 


+8A 
B 


+ 2 (—3AK, + M’z — 2AK,y?) 


4 l 
2= 2c’ -T 
2mr(ki + l)a 8 


¥ 


1 ae 
ie. 8Ak; yf’ 
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6? —1 
8 


+2[ce- A) 


1 
+ [(l— Alm — (1 — B)inf ; 
rs 


Bt -1 


2? , 
5 a (12) 
i 


= {@-a) 


- 2(1 _ Bn | 


i ae 2c —T)- 
@ Q9(q, + Ia at B 


2 — 
6 


a a 1 2 
“- 2| — A) B —- 21 - Bx | } (13) 
B r,‘ 


P 
Tat = y4- 
= 2ri{x, + l)a ) 


1 
+ {a- 


r,? 


+4-@- A) Ayn — (1 — Big 


1 
[(l — A)x, + 3(1 — B)) — 
r,? 


1 1 
+ 2| — A) B -24 + 2(1 -— By | t (14) 
8 ri‘ 
where 


1 
M’= —— {1+ A[(m — 18? +1) —C(e2+1)} (15) 


8 
Stresses at the Interface 


The stresses in the bond between the two elastic materials are 
of particular interest in applications. Because of the boundary 
condition (b) introduced in the statement of the problem, these 
ean be derived from either U, or, preferably, Us, since the latter 
has a simpler structure. Using the notation shown in Fig. 4, the 
the stresses in the bond are 


P 


(0;,)—a = —— 
2r(x; + l)a 


(1 — +4(3B — A) + 200 -T)]2 
B 


— 1/,(1 — A)(K, — 1)8 — (1 — A)x; cos 0 


1 
+ 24-0 — B) 8 + [-—(1 — A)(q, — 2) +1 — BIB 


ae Ee (§?-1)) 1 
+ (1 — Ads — 208% F, + tall - A) 3 + 


(16) 


: Jy — A)k; 


(T@) = 
tes 2m(k, + l)a ' 


—-(|B-—A+(1—A)(@ — 18] : 
R;? 

a” _ 

— (1 — A)(p? — 1)" Rf sin @ (17) 


y 
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Here again R,; has been made dimensionless, and actually denotes 
R; /a. 
The circumferential stresses at the interface are 
P 


o _—_ 8 ————— 
(ce 2mr(x, + l)a 


[aie + 3(B + A) — 4C(1 — Dis 


+ (1+ 3A)(q; — Dat + (1 + 3A)x; cos 9 


l 
\-8 + B) 3 + [x + 1+ 3A(m — 2) + BIB 


. “e's ae) 
— 1/(1 + 3A) me 
lata BR 


(18) 


+ 3A)(K, — gt 


s. — 
2r (xk, + l)a 


1 
(Ce) rma = 5 


[qe — (B+ A) + 4c(i — T)) 


+(1—-A)(ni - vl + (1 — A)x, cos 0 


1 , 
+ '/; 1-30 — B) B + [xi + 1 — A(x, — 2) — 3B)8 


l (8? — 1)? 1 
— (1 —A)(m — 9g — — 1/4] — A) ——_ - — 
' x rae rey ant 


(19) 
For the limiting case of an empty hole in the plate (' = 0), the 
circumferential stresses at the edge of the hole are from (18) 


Lecce 
“| 


+ (x, — 1)8 + 2k; cos 0 


2r(k, + l)a 


l l 
+. == + (x, — 1B — (x, — 2)83 
[ 3 Ki )B (Ki lz 
(6*— 1)? 1) 


8B R&f 


\Cn)ma = 


2 
8 


This may be shown to agree with the results obtained by Sen.? 


Example 


Some of the stresses were evaluated for the special case of 
8 = b/a = 2 and k, = k, = 2 (for plane stress this corresponds 
ony=h = 1/3). 

Figs. 5 and 6 show the stresses in the bond. For I’ = 0, which 
corresponds to an empty hole in the plate, these vanish. 

The circumferential stresses at the interface are represented in 
Figs. 7 and 8. 

The Cartesian components of stress on r = 0 and also y = 0 
are given in Figs. 9 to 13. Because of symmetry, (Tzy)y-0 = 0. 


Limiting Case: Two Joined Half Planes 


The solution for two joined half planes subjected to a concen- 
trated force perpendicular to the interface may be obtained as a 
limiting case of the solution for a circular boundary. By keeping 
points A and C fixed, Fig. 14, and letting a -> ©, we have 
a? 

— 0 ¢ 


d=a- 


However, there is an error in equa- 
That equation should 


? Reference [2], equation (1.8). 
tion (1.10) and Fig. 2 in the paper by Sen. 
read 
61 
4’ 
and it is obvious that the curve in his Fig. 2 should have a horizontal 
tangent at @ = 0. 


2a(5 — 4 cos 6)°2,(6@) = 22 cos 36 — 76 cos 20 + 32 cos 6 + 
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and B becomes the image point of A. Also 


=—-> il, 


(8? — 1)a — 2c 


Furthermore, terms in U, which are singular at O give vanishing 
stresses. Thus, for example, a-log r in (1) leads to stresses that 
are proportional to a/r?. Then asa—> ~, O moves out to infinity, 
and r — © for points at finite distances from point A, Fig. 14. 
Therefore the stresses due to a log r vanish at these points, and 
the whole term may be omitted from U. 

Using the notation shown in Fig. 15, the Airy stress functions 
for the two half planes are 


he 
On(x: + 1D ‘Baa + 1)r,6, sin 0; 


+ (ki — 1 )ri log r; cos & + 2A(Ki — 1)ec log re 


U; = 


— (Ax; + B)ref, sin 6. — (Ax; — B)rz log rz cos 6, 





as 
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” CE ~ in 
The Cartesian components of stresses are + 32A(z2 + y?) ef (23) 
Zi 
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P 
C2 = {-—-2B — A) -— — AK 
2mr(Ki + le [ . S Ra: 





1 
— (1 = B)}a} = + 4[B - A - (1 = Ba) = 
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P 
= Quin + 1 [i-2 — A) + [(1 — A); 
< i 











| y? 
— (1 — B)Jx} , + 4[B- A — (1 — B)x,] — 
rT) r; 
: te { + 31 B 
Ty = —{(1 — A) 1 — 
2r(k, + my s “a ] : 


ry 








1 
+ 4[((B — A)x, + (1 — B)y?] t 27) 
rtf 
In equations (22) to (27) the co-ordinates x, 22, y, ri, and re 
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have been made dimensionless through ¢ and actually denote 
2i/C, t2/c, y/c, t1/c, and r2/c, respectively. 

The expressions for the stresses have been given before in a 
different form by Frasier and Rongved [4]. Melan’s solution [5] 
is contained herein as a special case for T = 0. 

The stresses at the interface are 


P j 


: AK; 
le | 


(O:)r— = 3 
2r( Kk; + 


(i - 
—(B-. 


P 


2r(K, + l)c” 

I 1 
— 4(1 — A) a 
2 rtf 


iw 


B)| 


P 
2n(kK; + Le 


1 | 


l 
- B) — 41 3A { 
in ese’. 


re” 


y[-( = Anis = 2 


1 il 
+ 3(1 — B)) — — 1 — A) ; 


r;? rif 
Of special interest is the case of c = 0, that is, the force P 
applied directly at the interface of the two materials, Fig. 16. 
The’ stress functions from equations (20) and (21) reduce then to 
P 
= }-—{al + 
2m(k, + 1) 


+ B)ré sin 0 


A)ki + 1 
+ [(1 — A)k, — (1 — B)Jr log r cos 0}, 


P 
{—[(1 — A)x: + 1 — B)r@ sin 6 


Qmn(x, + 1) | 


+ (i - 


A)m — (1 — B)}r log r cos 0} (29 
b It'is remarkable that the Airy stress functions for this case con- 
the ré sin 6 and 
r log r cos 9 that are present in the singularity for a concentrated 
force at an interior point of a homogeneous plate. 

{ Substituting for A and B from equation (3) and T = G,/G, 


rs 


or |) 


tain only same two biharmonic functions 


l . 
U,« G, ( — = ) r@sin@ 
G.+ Ge, | Gm+G 


G,GA KK. — 1 
+ : mPa Kia r log r cos al (30) 
(G, + Geni Ginx, + Ge f 
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Fig. 16 
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1 
-«, (2 reat, oes — -) + O sin 8 
G: + Gike Gok; + G, 
GG Kor, — 1) 


— — r log r cos ol (31) 
(G, + Goke ( Gex, + G,) f 


The importance of equations (30) and (31) lies in the fact that 
they establish the proper singularity for a concentrated force ap- 
plied at the interface between two homogeneous plates if the in- 
terface is a smooth curve. These equations show also that 
definite portions of P fall on plates 1 and 2, Fig. 16. Thus if P; 
is the portion of P falling in plate 1 and P, that directly trans- 
mitted to plate 2, 


f. rt (—o,, cos 6 + 7,9; sin @)rd@, 


2 
(—o¢,- cos 0 + Tm sin O)rd8, 


Pi + P; = P, 


obtained that 


Jr. 
G, 


G, 1 Ky ) p 
= + 
2 \G. + Girz Gx, + G, 


It is interesting to note that the stresses due to the terms with 


( l Ke 
+ 
2 G, + Gor; Gk, + 


(33) 


r log r cos 8 in U,; and U; do not contribute to P; and P». 
Finally, it follows that 
P; Ge Giky\K, + 26x, + G, 


= 


P, G, 


r Kiko + 20x, +1 (34 
Gowok,; + 2G\K. + Gz Tx, + 2nn + 'T 


Limiting Case: Force at Interface Between Insert and Plate 
The stress functions for this limiting case, Fig. 17, are obtained 
simply by setting 8 = 1 in equations (1) and (2). Thus, 
P 
U, = 
2r(K, + 1) 
+ [((1 — A)x; — (1 — B)}r; log r; cos 4, 


J— i + A)x, + 1+ B)r,A, sin 4, 


fl + An, — C(k, + 1)Ja log r + (An, + B)r @sin 0 


cos Ay 


+ (Ax, — B)r log r cos 6 + Ax,a® (° (35) 
r 


rep itr 
27k; + 1) ) 


ze 
ra 


= 


—|(1 — A)x, + 1 — Bjr,A sin 6, 
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1-T 
+ [(1 — A)x; — (1 — B))}r: log mn cos 6, + C — rt (36) 


On comparison of equations (28) and (29) with equations (35) 
and (36) it is seen, as could be expected, that at the point of ap- 
plication of the concentrated force the singularities are identical 
for the two problems. 

The fact that Bickley’s solution is a special case of the solution 
presented here, was mentioned earlier. For the other extreme, 
that is a rigid insert, the stress functions reduce to 

os 2 
U, = c (=r si 6+ &=2 r log r cos 0 — =n <8) 
2r wi+1 i+ 1 ery 
(37) 
> 


F 1 
U, Ss aoc (20 sin 0; + . ) 
2x 2a 


(38) 


Note that in this case there is no singularity at A in the stress 
field for region 1. Asa matter of fact, U, of equation (37) is the 
same as for a plate with a rigid insert, the latter subjected to a 
force anywhere along the horizontal diameter.* Also, it is possi- 
ble to obtain Hertz’s solution for diametrally compressed disk 
from U; of equation (38) by superposition. 
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APPENDIX 


It is well known [6] that any Airy stress function may be ex- 
pressed in the form 


U = R{s9(z) + x(z)}, 
where ¢(z) and x(z) are analytic functions of the complex varia- 
ble z = z + iy. Since in the expressions for stresses and dis- 
placements x(z) appears only in the form of its derivatives with 
respect to z, it is convenient to introduce 


dx(z) 
(2) = —— 
¥(z) 


Known solutions, which are limiting cases of the problem 
treated here, supply enough clues to surmise the proper structure 
of the functions g(z) and ¥(z). These functions were taken as 


(z) £ j log (z — 6) + E) - 
Ce ae ee | ee ee LL = 
. n(x, +1)) = ss 


. 


a? \~! 
+Fiz- % + H log ze, (39) 


¥i(z) = oes ae dx log (z — b) + b(z — b)=? 
2m(x, +1) )° : 


? Reference [6], p. 352. 
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2 2\-: 
+ Tog (2 - *)+a(:- +) 


2\-2 
az (: = =) + Llogz + Mz + vert, (40) 


P 
LL {Q log (z — b) + R(z — b)=! + Sz + Tz*}, 


v2) a + 1) 


(41) 
P , 
¥(z) = On(K: TD {U log (2 — 6) + V(z — 6) 


+ W(z — b)-*} (42) 


This substitution gives the proper singularity at the point of 
application of the concentrated force in region 1, as well as obeys 
the requirement of no other singularities at points where there 
is material. Also, the condition that the stresses in region 1 vanish 
as r— © is automatically satisfied. The undetermined coeffi- 
cients E, F,...W are to be found from the boundary conditions 
on r = a and the requirement of single-valuedness of displace- 
ments. 

The boundary condition on r = a as regards to the stresses 
may be written as 


(On — IT rti)rma = (Ore — 1Tr62)rma; 
and, since [6] 
, a 210; 48 1») 
o, — iT = go (z) + o'(z) — ec” [Z0"(z) + W'(z 


it leads to the following: 
b b 
_ . eae” _ b)7} _ — e~ *(ae—” ad b)7 
@ a 


b? 


— e~“%ae—*” — b)-? 


a’ 


3 
~ ¢~ 2 ge—? — |r 


2 b 
—e% + — ~*) H + — e%(ae—* — b)- 1 
a a 


53 0 . i 
e~ “(ae—~” — b)-* K 


t 
+ —(ae~” — b)-? J — 2 
a? a’ 


> 
, e~"N — [(ae® — b)-! 


+ (ae~” — b)-' + ae(ae — b)-*]Q + [(ae® — b)- 
+ (ae~ — b)~? + 2ae%(ae® — b)-*)JR — 2S — 2ae~*T 


+ e7(ae® — b)—U — c7%ae® — b)-2V — 2c?(ae — b)-3W 


- (xe? + 1)(ae® — b)- — (ae~*® — b)- 


+ (be? — ae”)(ae® — b)-2? = 0 (43) 


Equation (43) may be simplified somewhat on basis of the fol- 
lowing reasoning: There are only two terms with (ae — b)? in 
the denominator. If these are to interact with the other terms 
to satisfy equation (43), the numerator after the combination of 
the two terms must contain (ae — b) as a factor, so that the de- 
nominator is reduced thereby to (ae® — b)*. This leads to 


2Qae"R — 2e?”W = (ae — b)X, 


where A may be any linear combination of products containing 
powers of e”, a and b, or 


> FF .. a 
rm a 7] 9 fv) 10 \ 
(2 ew —b -2> Re ) = «a — b)ArA 


Transactions of the ASME 





Hence, 


(44) 


Similarly, consideration of the two terms with (ae~” — b)* in the 
denominator leads to 


K = oF (45) 


Rather than to extend a similar reasoning to other terms in 
equation (43), it is more convenient, after substitution of (44) 
and (45) in (43), to put all terms over the common denominator 


(ae — b)*%ae~” — b)? 


and to equate to zero the coefficients of different powers of e® in 
the numerator. Thus there result seven equations for the remain- 
ing fourteen coefficients E, F,..., V excluding K. 

The condition on displacements at r = a may be written as 


(ur + I)rea = (Ue + ive + & + iB + TYZ) ma, 


where a, 8, and yy denote the components of some arbitrary dis- 
placement of a rigid body. The displacements in Cartesian co- 
ordinates are [6] 


; 1 re 5 ee 
utwe= 26 [xg(z) — z9"(z) — ¥(z)] 
Upon substitution, the displacement condition leads to 


) + be?(ae® - >] E 


2 


D, + iD, + T {[ « log (ac - = 


) 


b : ' b? . 
+ | -« —e~“(ae—* — b)- + — e*(ae® — 0] F 
a a 


+ [k; log (ae) — e?)H — log (ce-# 7 


b }2 
- 2:0 
e%(ae® — b)-1 J — e7( ae 
a a* 


— b)-"*K 


1 a 
e“M — e7"®N N 
a a’ f 


— log (ae~®)L — (46) 


+ [—Kz tog (ae® — b) + ae®(ae—” — b)—]Q 

- [ke(ae™ — b)-! + ae(ae—” — b)-2]R 

— (Kz — 1)ae®S + (—xea%e? + 2a2)T 
+ log (ae~” — b)U + (ae~*® — b)—'V + (ae~* — b)--W 
+ I'{ —x; log (ae — b) — x, log (ae~” — b) 


—-#®@_ p)-1} = 9 


+ (ae” — b)(ae ; 


Here we already put y = 0, since there are no other terms to in- 
teract with the term (i7yz)m. = yaie”. D, and D, are multiples 
of a and 8, respectively. 

The logarithmic terms in equation (46) must reduce to zero by 


themselves. Since onr = a, Fig. 4, 


ae® —b = Rye™, ae~” — b = Rie~ 


this leads to 
(TH — TL) log a + (—K.Q + U — 2Tx:) log R, 
+ (TE — TJ) log R: + i[(TnH + TL)O 
— (xQ + VU), + (ThE + TI)0.] = 0 (47) 


However, 
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a R 
nas b ly 


and also 6, @,, and 6 are interrelated on r = a as 
6=6,+6,—fr 
Substituting in (47), 
(ThE — TI — nQ + U — 2Tx;) log R, 
+ if(TkH + TL — «Q — U)O, 
+ I(qiE + mH +1 + L)6.) = 0 (48) 


where all real and imaginary constants have been dropped, since 
these can be absorbed by D, and iD, in equation (46). To satisfy 
equation (48) identically, it must be required that 


TnE — TI — .Q+ U — 2Tx, = 0, 
Tn,H + TL —«.Q-—U =0, 
KiE+KH+I+L=0 


(49) 


Substituting (44) and (45) in equation (46), putting all non- 
logarithmic terms over the common denominator 


(ae® — b)%ae~* — b)? 


and equating to zero the coefficients of the different powers of e” 
in the numerator, we have seven additional equations for the co- 
efficients D, E, F,..., V excluding K. 

The requirement that the displacements should be singled- 
valued [6] in region 1 leads to the condition 


nE+nKnH+I+L=0 (50) 


This is, however, identical to the last of equations (49), and in- 
troduces no additional constraints on the coefficients. Also, the 
very form of ¢2(z) and y¥2(z) assumed by equations (41) and (42) 
insures that the displacements will be single-valued in region 2. 
Thus there are altogether seventeen equations to be satisfied 
by the remaining fifteen coefficients D, E, F,..., V excluding K. 
Solution of the seventeen simultaneous equations shows that all 
coefficients are uniquely determined and that, although there are 
more equations to be satisfied than the number of disposable 
coefficients, there are no contradictions. The results, using the 
contractions introduced in equation (3), can be written as 


I=B 


(x, — 1)8? + 1 


[(K,. — 1)8* + 1) 

— Cl + 1)} = 
8 
— Ax,a’ 

(1 — A)t 


a 


(1 — A)? — (B — A)] 3 


W=0 
This completely determines the complex functions g(z) and Y(z) 
for both regions; the corresponding Airy stress functions may be 
obtained from equations (39) to (42). 
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On the Buckling of Circular Cylindrical 
Shells Under Pure Bending 


The stability of circular cylindrical shells under pure bending is investigated by means 
of Batdorf’s modified Donnell’s equation and the Galerkin method. The results of this 
investigation have shown that, contrary to the commonly accepted value, the maximum 


critical bending stress is for all practical purposes equal to the critical compressive 


Stress. 


Ss many years, the theoretical maximum bending 
stress that will cause buckling of a circular cylindrical shell has 
been commonly accepted as being equal to 1.3 times the compres- 
sive buckling stress. This factor having been accepted, experi- 
mental data for bending instability have been consciously analyzed 
in many cases to indicate an empirical reduction coefficient 1.3 
times that for compression. It is quite easy to trace the origin of 
this belief, for we need cite only two references. Fliigge [1]' 
investigated the buckling of cylindrical shells under combined 
bending and compression and calculated the interaction curve for 
a particular radius-thickness ratio 


[(*/12) (/R*) = 10~*)) 


and for a particular longitudinal buckle half-wave-length-radius 
ratio 


[(m@R)/L = 1) 


For this case, he noted that the ratio between the maximum critical 
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stress for bending alone was 1.3 times the critical stress for pure 
compression. This calculation was then cited by Timoshenko [2] 
without the qualifying statement as to assumed buckle wave length and 
has been used as a general rule ever since. 

In recent years, word-of-mouth reports of other theoretical 
work have cast doubt on the general validity of Fligge’s specific 
result. The present investigation was undertaken to try to 
settle the question, at least from the viewpoint of small-deflection 
theory. Batdorf’s modified Donnell’s equation for buckling was 
used in conjunction with the Galerkin method [3] to obtain 
critical maximum bending stresses for cylinders with various 
longitudinal buckle wave lengths. The results indicate that the 
ratio of bending and compressive stresses can vary widely with 
wave length, but that when we minimize with respect to wave 
length the maximum critical bending stress is, for all practical 
purposes, equal to the critical compressive stress. The analysis 
and the numerical results leading to this conclusion are reported 


herein. 


Theory 


An equation for the determination of the buckling loads of cir- 
cular cylinders is provided by Batdorf’s modification of Donnell’s 
equation [3] which may be written as 


Et 
> = D 4 ~ a 
Q(w) Vw + Re Vv 


oz? = R? 262 


Ow O*w 1 O%w 
-~ ti¢g,—— + 
oxr* 





Nomenclature 


coefficients in deflection func- 


radius-thickness parameter 


maximum critical stress due to 
bending when compressive 
load is equal to zero 


L 
M 


P 
R 


tion fiz _ psy’ Rl 


flexural stiffness of cylinder wall 


EE - =| 


Young’s modulus of cylinder 
material 

buckling stress ratio for bending 

o,/6, 

buckling stress ratio for com- 
pression o,/&, 

length of cylinder 

applied bending moment 

integers 

applied compressive loads 


cylinder radius 
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cylinder thickness 
radial deflection 
co-ordinate in axial direction 


= angle denoting circumferential 


location of point in cylinder 
middle surface 

buckle half-wave-length pa- 
rameter mmR/L 

Poisson’s ratio of cylinder ma- 
terial 

longitudinal and circumferential 
direct stresses and shear 
stress, respectively, prior to 
buckling 

maximum stress due to bending 
moment 


stress due to compressive load 

critical stress due to compres- 
sion when bending moment is 
equal to zero 

theoretical compressive buck- 
ling stress for long cylinder 


i a ct 
(301 — v)]'2 R 
(= 2 2d 
*rator -~ —_ 
on hee R? dz? 06? 
1 o 
+ Re oo 
inverse operator defined by 


V«AVvY) =f 
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1 O'%w 
+ 2r.6 = 0 (1) 


R dxd6 


For completeness we shall consider a cylinder under combined 
bending and compression, Fig. 1, in which case the stresses prior 
to buckling are given by 


Co = 


z 


— (¢ + OG, cos 6) 


Og = T24 = 0 


where 0, = P/(2rRt) and o, = (M/xR't). 

Since equation (1) cannot be solved exactly for the stress dis- 
tribution given by equations (2), we shall use the Galerkin 
method to derive the stability criterion. The radial deflection w 
is assumed to be given by the infinite series 


maT 


w = sin a,, cos n 6 (3) 


n=0 


which, together with the implications of the operator Y ~, as used 
by Batdorf, satisfy the conditions appropriate to simple support 
of the cylinder ends by bulkheads rigid in their own plane but free 


to warp out of their plane. The equations for the coefficients a,, 


2 L . pwr . 
f, f, Q(w) sin L cosg@Rdrd6 =0 (4) 


p = 1,2,3,... 


are then 


Oo: Bae dee 


from which, with the use of equations (1), (2) and (3) and some 
manipulation, we obtain the homogeneous system of equations 


(aa) eee 
Ss 


—- «= Pf 


S “( n? \? 
+>) 


~ k,[ + bi, — bo.) Gna + Ans | =0 (5) 


n = 0, 1,2,3, 
where 


_ jlifn =) 
“ Wifn+j 


The stability criterion is determined by the condition that the 
determinant of the coefficients of equations (5) be equal to zero. 


Results and Discussion 

Computed values of k, for k, = 0 (o,,,/%.) are given in Table 1 for 
R/t equal to 100, 200, 500, and 1000 and for various values of 
[(m#R/L)|, with Poisson’s ratio vy taken as 0.3. These results 
were obtained by the usual method of truncating the determinant 
of the coefficients of equations (5) and finding the lowest eigen- 
value by matrix iteration. The size of the determinant was in- 
creased until the buckling coefficient converged to five significant 


= wl 
C; 

P =o 2 
\ 

— 


Fig. 1 





t 


Notation for problem under consideration 


Journal of Applied Mechanics 


figures. The number of terms used in the deflection function 
varied from a minimum of 12 for R/t = 100 to a maximum of 51 
for R/t = 1000. A detailed study was made of the variation of 
buckling-stress ratio with buckle half-wave length for the case 
R/t = 100 and the results are plotted in Fig. 2. It is interesting 
to note that the curve is smooth and has a minimum at a unique 
value of wave-length parameter, unlike the behavior of the 
corresponding curve for axial compression. This phenomenon is 
associated with the continuous variation of the buckle pattern 
with wave length as contrasted with the discontinuous variation 
for pure compression. Computations indicate that this behavior 
is also obtained for other values of R/t and for combinations of 
bending and compression. 

Since the curve in Fig. 2 has only a single minimum value, it is 
easy to replot the results to obtain the variation of critical bend- 
ing stress with cylinder length. This is done by letting the quan- 
tity m, the number of longitudinal half waves, take on the 
consecutive values 1, 2, 3, and recalculating the resultant 
abscissa L/rR. Curves for the values of R/t considered are 
shown in Fig. 3 for relatively short cylinders. It can be seen 
that the critical bending stress is not more than 10 per cent 
greater than the critical stress of a long cylinder in compression 


Table 1 Variation of o)/%. with mrh/L |v = 0.3) 


mark mark mark 
L / F. L op /F, L 
(a) R/t = 100 
13 O68 
056 
041 
026 
016 
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O17 
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248 
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586 
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(d) R/t 1000 
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Fig. 2 Variation of buckling stress ratio with wave-length parameter (R/f = 100) 
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Fig. 3 Variation of buckling stress ratio with cylinder length 
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Fig. 4 Variation of interaction curve with radius-thickness ratio and 
wave-length parameter 


for R/t greater than 100, except when the length is extremely 
short (less than 0.15 R for R/t = 100 and still smaller for greater 
values of R/t). In this case, however, the results of the theory 
are doubtful as a result of the neglect of end effects. As the 
cylinder increases in length, the peak stress ratios indicated by 
114 / 
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the cusp points decrease. For more practical length-radius 
ratios the critical bending stress for each value of R/t is approxi- 
mately equal to the minimum value of the corresponding curve 
The minimum stress ratio is seen to be only 1.5 per cent greater 
than that for a long cylinder in compression for R/t = 100 and 
approaches the value for compression as R/t increases. It has 
been noted from the curves that the longitudinal half-wave 
length of the buckle is only slightly greater than the value given 
by 


A= 7S (6a) 


L = 


4 (6b) 
= Eta ) 
m  {12(1 — . 


= - (Rt)'/2 
py7 OD 


Calculated values of corresponding bending and compressive- 
stress ratios are given in Table 2 and plotted in Fig. 4 for various 
values of R/t and for \ equal to a value near ~/S and values on 
either side of +/S. It can be seen that for values of \ somewhat 
less than +/S the interaction curve is very nearly a straight line 
whereas, if \ is somewhat greater than +/S, the curve diverges 
from a straight line and is similar to the curve shown by Fligge 
in reference [1]. Although the number of parameter values 
investigated is small, a close examination of the interaction re- 
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Table 2 Data for interaction curves for bending and compression 


7b/ Thy 
marR 

Rit L 
100 10 .760 iy 275 
17 . 752 255 
25 .797 388 
200 19 .755 262 
25 751 252 
40 .827 .476 
500 26 755 . 260 
39 751 251 
55 . 792 372 
1000 40 256 
57 750 250 
80 .798 391 


752 


sults indicates that the shape of the interaction curves may be a 
function only of the ratio of the buckle half-wave length and the 
half-wave length for minimum load. 

The question, of course, arises as to the accuracy of the present 
results as compared to Fliigge’s result. One can conclude im- 
mediately that the results should be fairly good since the long 
cylinder buckling stress obtained is lower than Fligge’s result. 
This also can be determined from an examination of Fliigge’s re- 
sults for compression which indicate that for the half-wave length- 
radius ratios at which the minimum critical bending stresses are 
obtained, the second-order radius-thickness ratio effects taken 
into account in Fliigge’s equations are negligible. As a final 
check, computations were made for the case considered by Fliigge; 
namely, 








Fig.5 Variation of circumferentia! deflection shape with radius-thickness 
ratio and with wave length (pure bending) 
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with the following results: 


We thus have 
(8b) 


= 1.325 
Teg 


which compares closely with Fligge’s result, although the indi- 
vidual buckling stress ratios are somewhat higher. 

Calculations also were made of buckle patterns which are shown 
in Figs. 5 and 6. On the top half of Fig. 5 is shown the variation 
of the buckle pattern for pure bending with R/t for the wave- 
length parameter equal to +/S, rather than the multiwave pattern 
indicated by Fliigge in reference [1], for combined bending and 
compression. The present results indicate a small deflection 
buckle pattern for pure bending of relatively long cylinders that is 
reminiscent of the inward bulge type of buckle pattern for stif- 








Fig. 6 Variation of circumferential deflection shape with compressive 
stress ratio (R/t = 500) 
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fened cylinders described by Hoff and Klein in [4]. The effect of 
increasing the radius-thickness ratio appears to be to localize the 
buckled area more and more. It should be noted that the longi- 
tudinal half-wave lengths calculated from the present theory are 
extremely short and not at all equal to the length of the cylinder 
as in reference [4]. Stiffening the cylinder longitudinally would 
tend to increase the longitudinal half-wave length, however. 

In the bottom half of Fig. 5 is shown the calculated cireumferen- 
tial shape for R/t = 100 and A less than the value for minimum 
critical bending-stress ratio. It can be seen that the pattern is 
similar to that calculated by Fliigge, with several lobes and ex- 
tending over a larger portion of the circumference. It is of 
interest to note that, although the deflection shape is entirely 
different for this case, the calculated critical-stress ratio is only 
about 9 per cent greater than the minimum value. 

In Fig. 6 buckle patterns for combined compression and bend- 
ing are compared with those for pure bending. For the cases 
considered, compressive stresses as high as 50 per cent of the 
critical stress change the deflected shape only slightly, especially 
for values of \ near that associated with the minimum critical 
bending-stress ratio. 


Concluding Remarks 

The present results remove the small-deflection theoretical basis 
for any difference between critical stresses for axial compression 
and bending. Therefore no explanation now exists of the ex- 
perimental differences reported in the literature, which range from 
25 to 100 per cent (references [5] and [6], for example). One 
may conjecture that a large deflection analysis of buckling due to 
bending might reveal a postbuckling behavior different from that 
resulting from compression, but such an analysis has not yet been 


accomplished. There are more reasons for suspecting that the 
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opposite is true; namely, that there actually is no difference be- 
tween the critical stresses due to bending and compression. For 
instance, the similarity in experimental buckle deformations or 
bending and compression [6] would appear to indicate similar 
theoretical postbuckling behavior. It has also been argued that a 
main source of the difference between results of bending and com- 
pression tests may be a lack of uniformity of compressive load 
distribution. Some evidence exists that careful introduction of 
the compressive load results in larger critical stresses [7], but this 
study is inconclusive. It is evident, therefore, that theoretical 
work on the postbuckling behavior of cylinders in bending and 
careful tests on similar or the same specimens in both bending 
and compression are necessary to estabish the relationship be- 
tween the critical stresses. 
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Shells by Equal and Equally Spaced End 
Radial Shear Forces and Moments 


The effect of discontinuous circumferential end loading of a circular cylinder by equal 
and equally spaced radial shear forces and moments is investigated by means of Donnell’ s 


equations. 


Large nonuniform bending effects are found for combinations of circum- 


ferential load coverage and cylinder geometry for which an assumption of uniform 
loading might intuitively be expected to be adequate. 


I. THE analysis of discontinuity stresses in struc- 
tures connected by rivets or bolts, it is customary to consider the 
bolt loads to be smeared out uniformly and to assume a state of 
axisymmetric deformation in the cylinder. The present investi- 
gation seeks to determine the limits of validity of these assump- 
tions. A cylinder subjected to equal and equally spaced end 
radial shear forces and moments is analyzed by means of Don- 
nell’s equations to determine the variation of radial deflections 
and slopes with number of loads and the radius-thickness ratio of 
the cylinder. Computations are carried out for concentrated 
loads and for loads that are distributed uniformly over equal and 
equally spaced angular segments. It is found that large non- 
uniform bending effects are obtained for combinations of number 
of loads, radius-thickness ratio, and circumferential load coverage 
for which uniform loading approximation might ordinarily be 
expected to be adequate. 

Contributed by the Applied Mechanics Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27—Decem- 
ber 2, 1960, of Tae American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until April 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, March 18, 1960. Paper No. 60—WA- 
39 


Department, 


Theory 

Let us first consider a semi-infinite cylindrical shell which is 
loaded at the origin by N equal and equally spaced concentrated 
radial loads or moments, Fig. 1. The equations describing the 
internal stresses and deformations are taken as the Donnell’s 


equations! 


bv 1 OF 
‘wy — 
R oz? 


vr Et Ow 1 
7 + (16 
R oz? 

subject to the boundary conditions that the middle surface shear 
stress and axial stress vanish at the origin, while the moments and 
radial shear force vanish everywhere at the origin except at the 
points of load application. These boundary conditions can be 
expressed by 


oF 
0200 ,~0 


= 0) (2a) 


1S. B. Batdorf, ‘‘A Simplified Method of Elastic-Stability Analysis 
for Thin Cylindrical Shells I. Donnell’s Equation,” NACA TN 
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Nomenclature 


D flexural stiffness of cylinder walls 


Et 
12(1 — v?) 


Young’s modulus of cylinder material 
stress function 
circumferential distance between loads 


ed 


applied concentrated moment or total mo- 
ment distributed over angular segment 

number of concentrated moments and forces 
or number of equal loaded regions (N > 2) 

applied concentrated force or total force 
distributed over angular segment 

cylinder radius 

wall thickness 

radial deflection 

radial deflection due to radial force 

radial deflection due to moment 
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= longitudinal distance from origin 


2r 
extent of angular segment ( y <e< 0) 


angular measurement to point in cylinder 
middle surface 


$ yd be 
sl - *) 7 


Poisson’s ratio of cylinder material 
N%t 
[12(1 — »*)]'“R 
of 2 of 1 of 
operator \ a7 + Re az%00? * Re a 


parameter indicating amount of circum- 


4n? 


ference covered by loads 
N*t a vo Soe 
; " parameter indicating geometry of cylinder 
f12(1 — v*)] “R 


panel between load centers 
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CONCENTRATED LOADING ON END SECTION 


Fig. 1 


p(= Zz oe) e 
oz? R? 06? J 2-0 
N—1 


O*w 2—v dw Pp” ( a) 
vind pe a = — 6(6—- ~ (2d) 
a ( act CR? =). R 2, 1 N 


where 6{@ — q(2r/N)] is the Dirac delta function defined by 


9 2 
5(0- 0%) -0 if O0¥¢ = 


an Qr 
: 5(0- 9%) a= 1 
[10 (0 -¢ *) d6 = s(¢ *) 
0 yj N 


The stresses and deflections can be expected to vanish as z ap- 
proaches infinity and the deformation pattern repeats every 
2r/N radians around the circumference because of symmetry of 
loading. Therefore let us assume that the radial deflection func- 
tion w and the stress function F are given by 


(3a) 
(3b) 


(3c) 


2 


> a,e~ %(2/R) cos nNO 


n=0 


a 
> b,e~ =(2/R) cos nNO 
n=0 
Substitution of equations (4) into equations (1) then yields 
Et? 


4[3(1 — »*))'72 


Et? , 
3¢ 1 — p))'72 >,*4,, + (d,? = 2)? b, - 


(>? — /2 Wa)?a, — $,%, = 0 


From these we can obtain 


f — din + idin 


>, = 4 
{ — don a iDon 
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(db) OISTRIBUTED LOADING ON END SECTION 


Problems treated in present paper 


where 
Val l(Wa? + 1)" + val’ + 1) 
{1 + (v2 + 1) — 4} 
/af (Wn? + 1)'2 + y,]' — 1} 
= /f1 — [(p,2 + 1) — y,]'4} 


Et : 
ae u 


———- f 
[12(1 — p?)]'/2 re 


%, = —o, + iDin (8a) 
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[12(1 — p?)]'/2 er 


>. eae Pon tt ion ( 8b) 


The final expressions for w and F may be written in real form 
as 
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(4. sin Xo = — By cos Xo =) 


. a - J ,-dor/R 
7 
(12(1 — w?)]'/2 Y 
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e~ oemdo(z/R) (4. SiN PonAo = — Bo, cO8 PanAo =) 


cos nnot (9b) 


To find the coefficients Ao, Bo, Ain, Bin, Aon, Ban in terms of M 
and P we substitute equations (9) into equations (2) to obtain 


y (Bin — Bon) cos nNO = O 


n=1 


(10a) 
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> (PinAin + PinBin oo PanArn — enBon) cos nN@ = 0 


n=1 


— 2Bo + 2 


| (+ rae Pin? — vs) Ain = gee 2D inGinBin 
n=1 - 


+ (ou: = Dan? — 2 v.) Aan ~~ 2m BaBo cos nN@ 
N-1 


MR Qn 
7 _ 'c) 
ae 3 i( = ‘) (10¢ 


q=0 


(10b) 


2(Ao + Bo) — | +. (6. — 391.7 — 
n=1 


— Pin (se. = Pin? as : = : vs) Bin 


+ Pon ( on? — Shon? _ : — 4 vs) Am 
r . 2-yp 
= Pen (36 = G2,” 7 —— v.) Ba 
= 3 2r 
(0 —ay ) (10d) 


Equations (10a) and (10b) can be satisfied if the coefficients of 
cos nN@ vanish, for which we have 


cos nN@ = 


Bin = Bon = 0 


PinAin + PinBin = PrnAn — 


(lla) 


PnBon = 0 


2p er 


(11b) 


To obtain two other equations, we multiply equations (10c) and 
(10d) by cos nN@ and integrate between the limits 0 and 27, 
taking note of equation (3c). Then we have 


B NMR 
aie 4rd.2D 


NPR? 


i By —= 
a+ 4riX°D 


and 


+ v - 
(6. = Pin? —_ > vs) Ain _— 2hinPinBin 


+ (6. — $2 — = ¥.) Atm — 


Pin (6. — 361.2 — —— vs) Ain 


= Pin (si. — 


+ Pon (2 = 3Geon? 


2bonPanBon = 


NPR? 


— D (11f) 


— den (36 = d,? — = : 


9 


These may be solved to yield 


(1 +») 2NMR 
. TAD 
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4NPR? 


2 /: ’ 
(vn? + 1) + YI” 7h 


ina 
Vn 


+ oe 
—— [Yat + 1) — Yall” 


v , 2NMR 
2 1)'/2 VES conan 
(a? + 1) + Ya) } “htD 


be’ | e kl ah | 4NPR? 

: Vv, TAD 
i+yv / 

- ((v,? + 1)'77 — y,]'” 


| 2NMR 
f rThetD 


w+ 14-1 4NPR? 
+ | —— - » 
Vv. TAD 


¥n) 


We are primarily interested in the radial deflections and slopes 
at the origin which are given by 


meat + 16 = ay a 4y’ — Ae os nndh a w, (13a) 


n=1 


— | 
wv, = E + &(1 + v) hs A cos uve De. 


n=1 ad 


= (at + + Wl” 
(12c) 


where 


A, = (1 +»), + 2[(1 + ¥,2)'” — (12d) 


(136) 


where 


NPR* 


Ww eS == 


p, = 
? ~~ 48D 


_ _ NMR 
"  dmeetD 


dw = 1 dw 
P=/1+ 81 + v) - cos nNO@ P 
dz | , >> A, dx 


1)'72 1/2 Li 
-{ a i> aos — ot vn cos nnel — (14b) 


A { dz 


de n=1 ad 

where 
div, NPR av,, oe NM 14c) 
dz  4m\*D' dz 2e\D “— 


The first term in each bracket in equations (13) and (14) is the 
quantity that would be obtained if the concentrated loads were 
assumed to be smeared out around the circumference with the 
equivalent uniform loadings given by 

NP 
snail QR 
NM 
QnR 


If the radial forces and moments are distributed symmetrically 
about the points 6 = g(2r/N)(q = 0,1,..., N — 1) over angular 
segments of + €/2, Fig. 1, the analysis is very easily modified by 
multiplying Ai», Asn, Bin, and Bo, by the quantity 
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oI , Ne 
2 sin | nw - 


; l — 1 2 
f J(8) cos nN6d8 ) 1 + &(1 + v) i A — cos nN@ | w,, 


oe « 
. — nw 


i= ie Qn 


f(0)d0 (19d) 


Ne 
where f(@) is the angular load-distribution function. The quanti- @, 1+ 81 + pv) = cos aN@ 


ties P and M are now interpreted as the total loads and moments, — dz Ne 
nw “ 


given by 2r 


Ne 
oo ’ in nw 
dw,, NMR | ((W,? + 1) 72+ ¥,]' e ( 2 F d,, 
= a 1+ 4 , ® — — Ne cos nN@ ~ 19d) 
‘Qn 


dx 2r7\.D = A, 
nT 


f ie Rf 0)d0 Results and Discussion 


ic Computations were made for the case of forces and moments 
uniformly distributed over equal and equally spaced angular seg- 

2 p ments. The slopes and deflections at the centers of the segments 
M f } Rf 0)d0 (6 = 0) and at points midway between the segments (9 = 2/N) 
“a for the loaded cross section are given in Table 1 and are shown in 

For these two positions, the bracketed expressions 


Figs. 2 to 7. 


For a uniform distribution, equation (1) reduces to ; ; oof oe 
in equations (19) depend only on the quantities N*%/{12(1 — 
ion (ne =) v?)]'“*R and Ne/2zx (besides Poisson’s ratio vy, which was taken as 


2r 0.3). The parameter Ne/2m indicates the amount of cireum- 
Ne ference of the loaded cross section that is covered by the forces 
nT on and moments. The parameter N%/[12(1 — v?)]'/?R is more 
The deflections and slopes at the origin are therefore given by 
Ne 


© - fe ,, Sin (ne 
(v2 + 1) +H) '” 2x - 
. v cosnN@} w, (19a) 
Ne 


T 

T | 
—— pee 

> 











Fig. 2 Deflection due to end radia! forces (at mid-points 
of loaded regions) 
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Fig. 3 Slope due to end radial forces or deflections 
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Slope due to end moments (at mid-points of loaded regions) 
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fig. 5 Deflection due to end radia! force (midway between loaded regions) 
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Fig. 6 Slope due to end radial forces or deflection due to end moments (midway between loaded regions) 
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Fig. 7 Slope due to end moments (midway between loaded regions) 


recognizable if we note that the distance between the centers of 
loaded segments is given by 
2rR 
N 


4r? 
— (20d) 


L? 
[12(1 — y?)]'/* — 


Rt 


where L*/Rt is a measure of the geometry of the arc between load 


centers. 
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The results plotted in Figs. 2 to 7 are somewhat unexpected 
since they indicate that the effects of discontinuity of loading are 
If we 
disregard slopes due to end moment, it can be seen from the 
figures that, for uniformity of deformation to be approximated, 
the quantity N%/[{12(1 — v*)]’/*R must be greater than about 


considerably greater than might be expected intuitively. 


10, from which we obtain 


L 


7, = (21) 
(Rt)?”? 


Thus the load spacing should be on the order of the attenuation 
length of end effects, a relatively small quantity. 
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As an example, consider a cylinder with R/t = 250 and N = 36 
(or a load angular spacing of 10 deg). Then, with vy = 0.3, 
N*t 


faa — »))7R ~ '> 


and, for concentrated loading 


(wy )o=0 (Wy )o=*/36 _ 


WU, Wp 


(2) 
dz Jo=0 _ (Wm)o=0 _ 4 


——— = 2.6 


dv, wv, 
dz 
dz Jo=x/36 _ (Wn)e=2/36 


- = 2 = 0.2 
dw, Wn 


(“) 
\ dz Jo=/36 


dv,, 


= 0.1 


dw, 


dz dz 


For uniformity of deformation, the foregoing criterion would re- 
quire that N be equal to about 87 or that there be about 4 deg be- 
tween loads. 

The discrepancy between slopes and deflections at 6 = 0 and 
6 = 2/36 rapidly decreases, in this case, as the amount of cir- 


cumference covered by the load increases. For very small values 
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of the parameter N*t/[12(1 — v?)|'/7R, however, the variation of 
slopes and deflections with Ne/2m is somewhat less rapid as can 
be seen from Figs. 2, 5, 6, and 7. The decrease in rapidity of con- 
vergence to uniform conditions in these cases is due to the fact 
that the series which describe these quantities are nonuniformly 
convergent. Whereas the series approach unity as Ne/2m ap- 
proaches unity, the limits as N%/(12(1 — v?)]'R approaches 
zero are 


We conclude that for uniform loading to be approximated, more 
loaded regions and/or thicker cylinders are required than would 
ordinarily be expected. An experimental program to check the 
surprising predicted results is therefore indicated. 
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Statement of Problem 


W. CONSIDER a homogeneous, isotropic spherical shell 
of arbitrary thickness and mass density , rotating with constant 
angular velocity w about the z-axis. The problem consists of 
the determination of the stress distribution resulting from this 
rotation with the requirement that both surfaces of the body be 


stress free. 


Construction of Solution 


In spherical co-ordinates (r, 8, @) the two nonvanishing, non- 
homogeneous stress equations of equilibrium are 


O(r?a.) 
— r\0g +t Gq) 


O( pT, 
— 7 
or Op 


O(r*7,9) r? O(pos : 
— Pos? E + Fy = 0 
or Pp Op 


The third equation of equilibrium 
For 


where p = cos 6 and p = sin @. 
vanishes identically because of rotational symmetry, Fig. 1. 
convenience the actual centrifugal field force, yw*rp, is multiplied 
by 8(1 — v)/yw* to yield the fictitious body force components 
in polar co-ordinates: 

F 81 —vp rp* 


r 


Fe = 8(1 — v)rpp 

1The work reported here had been pursued independently at 
Grumman Aircraft Engineering Corporation, Research Report RE- 
131, and the Watervliet Arsenal, Technical Report, WVT RR-5903 
sponsored in part by the Office of Ordnance Research under DA Proj- 
ect Order No. 599-01-004. When the authors became aware of their 
duplication of effort it was decided to publish this account jointly. 

2 Dean, School of Engineering and Science, Fairleigh Dickinson 
University, Teaneck, N. J. 

3 Professor, Department of Mechanics, Rensselaer Polytechnic 
Institute, Troy, N. Y 

Contributed by the Applied Mechanics Division and presented at 
the Winter Annual Meeting, New York, N. Y., November 27—Decem- 
ber 2, 1960, of Toe AmerRIcAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Editorial 
Department, ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until April 10, 1961. Discussion received after the 
closing date will be returned. Manuscript received by ASME 
Applied Mechanics Division, February 25, 1960. Paper No. 60 
WA-19. 
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calculated for eight values of a thickness parameter, a. 
intensity as a function of a are presented. 


Stress Distribution in a Rotating 
Spherical Shell of Arbitrary Thickness 


This paper contains an exact solution for the stress distribution in an elastic spherical 
shell rotating about a diametral axis 
The coeficients necessary to determine the stresses at any point have been 


The surfaces of the shell are free of boundary 


Graphs of the maximum stress 


Stresses computed in the fictitious field will have to be multiplied 
by yw?/8(1 — v). 

A particular solution of (1), 
gives rise to the stress field 


derivable from displacements, 


o [—(3 — 2v) + 2(3 — 4yv)p*? — 3(1 — 2v)p‘jr? 


r 


Oo) [—4v + (—3 + 10r)p*? — 3(1 - 


2v)p‘|r? 

Te —(1 + 2v)r*p? 

T+ —3(1 — 2v)r*pp*; t16 = Teg = 0 

surfaces be 


The boundary conditions prescribed are that the 


stress free. Therefore, 


0, = Te = 0; atr =aandb,b>a (4) 


The stresses issuing from (3) violate the boundary conditions (4). 
Consequently, subsidiary solutions are necessary to nullify the 


residual boundary stresses. These additional solutions are ob- 


z 








Fig. 1 Spherical shell with Cartesian and poler co-ordinate systems 
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tained from the general solution of the homogeneous displace- 
ment equations of equilibrium. As previously noted,‘ the gen- 
eral solution may be written in terms of three arbitrary harmonic 
functions, ¢, v, and \. Because of rotational symmetry we 
require only the first (¢) and third (A) “‘basic solutions.” Using 
the strain-displacement and stress-strain relations these basic 
solutions are: 


First Basic Solution’ 
2G(u,, ue, Ug) = (¢. - —, 0) 
r 


Third Basic Solution 
2G(u,, ue, ug) = [(rpaA, — [3- 4y] pA); 
(—ppA, + [3 — 4v]pA); 0) 


2vp* 
o, = rpr,, — 2(1 — v)paA, — —_ A, 
Pp? + 2p? aa 


Ce op + (1 — 2v)paA, + — es 


2 
a. " 
r 

2 + Qvp* 
0%, = (i - 2v)pA, — P === , 


pp 
Te = —ppr,, + 21 — ») = dr, + (1 — 2)pa, 

r 
The displacement potentials ¢ and \ now assume the role of 
harmonic stress functions and are selected from the standard 
spherical forms 

rP (cos @) r-*-1P_ (cos 8) 

where P, (cos 8) is the designation for the Legendre function of the 
first kind. 

Removal of the boundary stresses due to (3) is suggested by 
the form of the residual stresses. The removing functions must 
give rise to normal stresses which are polynomials in even powers 
of p, up to and including the fourth power. A further require- 
ment is that the stresses must be regular within the body. 
These requests limit the acceptable basic solutions to the follow- 


and 


ing: 


First Basic Solution. Acceptable ¢ functions: 


r?P.(p) 


*/;Air*P,(p) 


B 
Po(p) 
r 


P.(p 


D, 
P(p) 

‘M. A. Sadowsky and E. Sternberg, ‘Stress Concentration 
Around an Ellipsoidal Cavity in an Infinite Body Under Arbitrary 
Plane Stress Perpendicular to the Axis of Revolution of Cavity,” 
JouRNAL oF ApPpLieD Mecuantcs, vol. 14, Trans. ASME, vol. 69, 
1947, p. A-191. 

‘ Subscripts attached to functions which originally bear no sub- 
scripts denote partial derivatives; e.g., g-p = 0*y/dr dp. 
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Third Basic Solution. Acceptable A functions: 


'/orP,(p) 


A 
, : r°P;(p) 
3 

> P.(p) 


: P;(p) 


The stresses issuing from (7) and (9) are independent of the 
radius, r. We therefore drop them and introduce instead two 
separate linear combinations of (7) and (9) in the form 


Oo, = 09 = Og = Ao; Te = 0 (11) 


o, = Bop*; a9 = Bop* 
(12) 


os = 0; te = —Bopp 


The solution of the problem, (S), can be written as the super- 
position 


(S) = (3) + (11) + (12) + (8) + (9) (13) 


where 9 unknown coefficients are involved; i.e., 


Ag, Bo, A, B,, Ci, Ds, As, Bs, C; (14) 
In forming the linear combination each individual solution is 
multiplied by an appropriate power of the outer radius 6, to yield 
the dimensionless stresses ¢,/b?; o9/b?; The dimensionless 
radius is R where 


R=r/b a<R<l1 (15) 


a = a/b (16) 

Computing the stresses in (S) and making use of (4) lead to 
four polynomials in p with various combinations of the nine un- 
known constants, (14), as coefficients. Equating to zero the co- 
efficients of p results in the following system of ten nonhomogene- 
ous linear algebraic equations: 


Ay + 3A, + 2B, — 6C; + 3D, 
+ vA; — 2vB; + 3x0; 


6 


2 3 
Ap + 3a°7A,; + — B, - C, + — D, + va?A 
ai 5 7 


— 30A,; + 18C; — 30D, — 9vA; 


+ 2(5 — v)B; — 6(7 + v)C; 
18 30 


Bo — 30a*A; + : C, — — D, — 9va®A 
a 


12 
- Di — (i — 4v)a?As 
a’ 
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+4 2(1 + v) Bs _ 3a + 3y) 


J = C; = 3(1 — 2v)a? 





35A; + 35D; + 10vA; + 5(14 — v)C; = 3(1 — 2p) 
35A; — 28D, + 10vA; — 5(7 + v)C3 = 3(1 — 2p) 


35 
35a?A; + p=} D, + 10va?A; 


+ 5(14 — v) 


C; = 3(1 — 2v)a? 
a 3 ( via 


2 


8 
35a*A; — = D; + 10va? A; 


5(7 + 
“ a ”) o, = 3(1 — 2v)a* 


Subtracting the tenth equation from the ninth and the seventh 
from the eighth leads to the conclusion that D; = C;=0. Conse- 
quently, the last four equations are identical and (17) reduces to 
a system of seven nonhomogeneous simultaneous equations 
possessing a unique solution for the seven unknown coefficients. 
Their values are 


4 : (; == [ 2a2 +v — 5p?) 
“  5(7 + by) \1 — a? a : 


+ 21 (; — =) z,| 
1 — a’ 








_ 27 — 5y) (: — ai 2 
5a! .l1 — ai 


1 3 — 2ly — 10y? ( 
= _- 24y 
7 + 5v 5 


4(12 + » — 5y) r(} — a? 
5(7 + 5r) 1 — a’ 





)» 





6va*(l — a*)? 


* [> + 7+ Hy) — a) — a?) 





6(1 — a’)? 
~ 51 —at)(l — =| Bs 





2a? /1 — at 
(25). 
5 1 — a’ 


i @+) +2 (= b 
7+@. ° \Ni-e” 


20(3 — »v — 2v*)a*(1l — a*)(1 — a’) 
[(49 — 25y*)(1 — a*)(1 — a’) — 126a%(1 — a?)?] 





Results 


Evaluating the stresses in (S), (13) we have 


g, ' . l - 1 
> = Ko,(1 = R?) + Ki, (1 —_ =) + Ke (1 = x) 


l 1 
+ p’ [ Kwa - R*) + Ke (1 - 7) + Ke (1 - 7) | 
.. oo 2 Ku Ku 
. eto a 
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Fig. 2 Meridian and circumferential stresses versus a 
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Fig. 3 Radial and shear stresses for various valves of a 
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in which the coefficients K are dimensionless numbers composed 
of linear combinations of the constants (18). 

The resultant 7 by 7 system (17) was solved for 8 values of a 
with »y = 0.3. This was accomplished with a high-speed IBM 
704 digital computer. The primary aim was a numerical de 
termination of the coefficients appearing in (19). Tables 1 
through 3 list these coefficients. 

Fig. 2 shows the stress intensity at the inside surface, R = a, 
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Table 1 Coefficients for o,/b® and 7,3/b*, » = 0.3 


ze ey 3s “1 
Kir Ky “a x | at K 
x10? | x10* | x10 | x10 Se _|= 10" | 


$-—_--— - unl 
«22240 7.3660 -24.960 -.23519 -1.5670 mee -4.3342 | 50. ,000 





— = 


-21833 | 61.727 | -865.62 | -.22298 | -13.890 | 2596.9 + 35702 -38. 418 1731. 2 | 











---— —--— + 
21005 | 236.66 | -7231.3 19814 -57.206 21694 .56685 -158.23 14463 











-20703 | 353.94 | -13156 -.18909 | -87.102 | 39467 264325 | ~240. 92 | 26311 


—— —— ———————EE 


20600 | 420.07 | -16873 -.18601 | -103.94 | 50619 66926 -287.50 | 33746 





20548 | 475.02 | -20126 -.18443 | -117.85 | 60379 68262 | -325.98 | 40253 








~124.86 | 65472 || .68672 | -345.36 


.20531 | 502.86 | -21824 | -.18394 | 
-20520 | 544.79 | ~+18358 [- “135. 35 73305 | .68974 | -374,38 




















Table 2 Coefficients for oe/b*, v = 0.3 


. ; Ks Keo Be 


x10? | x10 | 210° | 210° 


-.20598 8.4910 | -18.720 | .25011 | -.27270 | -6.6680 | 43.680 

+ = eee onl 

~.64513 | 1.4335 | 57.441 | -649.22 | .33591 | -.49105 | -59.105 | 1514.8 
! ——— —- 

-1.7886 | 3.4490 2 | -5423.5 | .55325 | -.93557 | -243.43 | 12655 
| | 





























4 





2.3503 1827 | +4 -9866.8 | .66544 | -1.0974 | -370.65 | 23022 





12655 | «71922 | -1.1525 | -442.30 | 29528 








-15095 | .75917 | -1.1808 | -501.50 | 35221 











-16265 277784 | -1.1895 | -531.33 | 38192 











-18326 80406 | -1.1959 | -575.97 | 42761 




















Table 3 Coefficients for ¢¢/b*, » = 0.3 
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237439 | -.58226 | 63.558 | -18078 -5.3245 | -73.028 | 9039.2 





| 242941 | -.43149 | 93.573 | -32889 -6.3598 | -111.19 | 16445 
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++—- 
«45734 | -.38015 | 110.52 | -42183 -6.7123 | -132.69 | 21091 
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«47923 | -.35379 | 124.67 | -50316 -6.8933 | -150.45 | 25159 








48994 | -.34568 | 131.88 | -54560 6.9490 | -159.40 | 27280 
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Fig. 4 Dimensionless stress parameter versus Poisson's ratio 
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Fig. 5 Stress distribution through the thickness of a spherical shell 
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in the 6 and the ¢-directions for @ = 0 and 7/2. The maximum 
stress is in the @-direction; however, the angle at which this 
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occurs depends upon the ratio ce. The limiting case as a — 1 
approaches, as is to be expected, the solution for a rotating mem- 
brane. When a — 0 we obtain peak stresses which are more 
than twice those experienced by a solid sphere.’ 

The maximum shear stress, which occurs at 0 = 7/4, and the 
maximum radial stress at 0 = 0 and 2/2 are shown in Fig. 3. 

Fig. 4 illustrates the dependence of the og and o¢ stresses on 
Poisson’s ratio when @ approaches zero. These stresses have been 
multiplied by yw*/8(1 — v) to present them in their true values. 

Fig. 5 gives extra details illustrating the stress distribution 
through the thickness of a spherical shell with a = 0.5, » = 0.3, 
and 6 = w/4. 

A solid sphere will rotate in a state of plane stress (¢, = T,, 
= T,, = 0)? when vy = 0.38. This situation does not exist in the 
present example. The constraints imposed on the displacements 
by the inner boundary preclude the occurrence of a plane-stress 
field. 
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Dynamic Similitude for Lead 
W. G. SOPER! 


Introduction 

Tue vse of lead as the arresting material in many shock-testing 
devices requires an understanding of the behavior of lead under 
dynamic conditions. The size and shape of lead block and the 
impact velocity of the drop vehicle must be determined to provide 
the desired acceleration-time pulse on the vehicle. Unfortu- 
nately, any mathematical approach to this problem is hampered 
by two factors. First, the stress law for lead, or the relationship 
between the stress and strain functions, their time derivatives, 
and time is not known. Furthermore, the geometry of the ar- 
resting block often is not sufficiently simple to allow a mathemati- 
cal treatment. 

This note describes a practical solution to this problem through 
the use of scale models. Experiments show that, in spite of the 
complexity of the behavior of lead, its performance in shock tests 
ean be accurately predicted from small-scale tests by a very simple 
scaling law. Thus it is possible to select the dimensions of full- 
scale test blocks from trials on blocks of small and convenient 
size. 





Experiments 

An investigation was conducted to determine how to scale the 
dynamic behavior of lead. This amounted to establishing the 
parameters which must be included in the dimensionless variables 
that represent the system of lead and drop vehicle. Of these 
parameters, the least understood are the constants in the stress 
law for lead. In addition to these unknown constants, the fol- 
lowing parameters define the system: 


m mass of drop vehicle 
V impact velocity of vehicle 
a acceleration of vehicle during arrest 
= displacement of vehicle during arrest 
= time 
= density of lead 
coefficient of friction between lead and compressing sur- 
faces 
characteristic dimension of lead block and compressing 
surfaces 


If a set of constants is assumed for the stress law, the entire set 
of parameters can be combined to form a group of dimensionless 
variables. Of this group, two variables must contain the de- 

1 Senior Design Engineer, Aircraft Armaments, Inc., Cockeysville, 
Md 

Discussion of papers in Brief Notes should be addressed to the 
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later date. Discussion received after the closing date will be returned. 
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pendent parametersaand xz. These variables are functions of the 
remaining variables of the problem. 

The test procedure consisted of assuming a constant, or con- 
stants, for the stress law, forming the dimensionless variables of 
the problem, and then conducting drop tests in which the inde- 
pendent variables were kept the same but the parameters within 
the variables were changed. The extent to which the dependent 
variables remained the same was a measure of the correctness of 
the chosen constants. Blocks of common commercial lead of 
various shapes were used. 

The results of the experiments were unexpectedlysimple. It was 
found that the stress law is satisfactorily characterized by a con- 
stant with the dimensions of stress. Also, it was found that the 
density parameter could be omitted. The coefficient of friction 
had a pronounced effect, and it was necessary to lubricate the 
blocks to maintain v constant. The final result was that the 
lead-vehicle system was represented by the parameters m, V, a, 
z, t, v, l, and E, where the quantity Z represents the characteristic 
stress. These parameters can be grouped in the following set of 
dimensionless terms: 


_— SQUARE; !'o1!ou%g 





~ CIRCULAR; 3%dx!" 
a 











Fig. 1 Lead block used in example 
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TIME IN MILLISECONDS 


Fig. 2 Comparison of model and full-scale pulses 
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The first two terms are functions of the other three. 

It is important to note that the results do not imply that the 
stress law for lead is of simple form, but only that all constants 
in the law either have dimensions of stress or are dimensionless. 
In general, very complex expressions involving the stress and 
strain functions, their time derivatives, and time can be formed 
which satisfy the foregoing conditions. Certain laws are ex- 
cluded, however. For example, the Voigt stress law, given below, 
is inadmissible because H has dimensions of stress-time. 


(stress) + F (strain) + H (rate of strain) = 0 


In all tests, the blocks were deformed by large amounts; the 
final thickness was from 10 per cent to 50 per cent of the original 
thickness. Also, the initial strain rate, or impact velocity 
divided by initial block thickness, was between 200 and 1200 sec! 
for all tests. The ratio of vehicle weight to lead weight was always 
20 or greater. The foregoing results may not be correct for 
other ranges. 


Example 

The method was used to select a block to provide a pulse of 
approximately 2 millisee rise time and 1200 g peak acceleration 
for a vehicle weighing 163 lb. The model scales were chosen as 
{eo and Moo for length and mass, respectively. Denoting 
model and full scale by subscripts 1 and 2, the following ratios 
apply: 


Stability of the Hinge Formed in 


an Ideal Rigid-Plastic Beam 





M. J. HILLIER’ 


The hinge formed at yield in an ideal rigid-plastic beam is con- 
sidered plastically stable if the moment of resistance increases after 
a small deformation, and unstable if the moment decreases. An 
initially curved beam of strain-hardening material and rectangular 
section is considered, and the change in moment of resistance due to 
a small change in curvature calculated. It is shown that, for a ma- 
terial which does not strain harden, the yield hinge is unstable if the 
initial curvature and the change in curvature are of the same sign. 
However, the initial rate of change of moment of resistance is small. 
The change of yield moment of a straight beam is initially zero. The 
minimum initial hardening rate required for stability of a curved 
beam is calculated. 


Introduction 

THE Limit design of beams and frames is based on the assump- 
tion that, if the applied bending moment at any section reaches a 
critical value Mo, determined by the section and material proper- 
ties, then this section acts as a hinge. A quasi-static rotation at 
a hinge, with no acceleration, is possible only if the applied 
moment is equal to the current moment of resistance M of the 
beam after deformation has occurred. The applied moment 
may change due to over-all deformation of the frame. The 
moment of resistance may alter due to changes in the geometry 
of the section. 


1 Engineer, The Nuclear Power Group, Knutsford, Cheshire, 
England. 

Manuscript received by ASME Applied Mechanics Division, March 
14, 1960. 
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BRIEF NOTES 
L/h = Ke m:/m, = Koo 


Vi/V2 = V(E:/EsXm/m\ii/a)? = 4.16 
t/t: = (V2/ViNh/) = 4.89 





a,/a2 = (Vi/V2)%le/h) = 4-44 t/t = l/h = Me 


Note that Z, = E:, since the lead is the same in both model and 
full-scale systems. 

By trial and error, using a small drop tower, a block was 
selected which produced the required model pulse. The block is 
shown in Fig. 1 with its dimensions increased by the factor 12 to 
correspond to full scale. The model acceleration pulses, also 
converted to full scale, are shown in Fig. 2 for different drop 
velocities. 

Following the model tests, the full-scale tests were performed. 
These pulses are plotted in Fig. 2. It is seen that the model pulse 
predictions are quite satisfactory. Also, final block dimensions 
were given with errors less than 5 per cent. The usefulness of this 
method is illustrated by the fact that, in this example, the behavior 
of a 5-lb block of lead was predicted by tests on a piece weighing 


1.3 gm. 


Conclusions 

For dynamic similitude, the stress law of lead can be satisfac- 
torily represented by a single parameter with the dimensions of 
stress. This makes possible the application of very simple scaling 
techniques to shock tests in which lead is employed. The method 
is valid for any geometry of lead b!ock. 


Onat? has considered the second-order effects arising from 
changes in geometry of the frame at collapse, with the restriction 
that M = M, at all hinges. After a small deformation has oc- 
curred this may no longer be true, due to the change in position 
of the neutral axis and the consequent tendency of the beam 
section to thin down rather more rapidly on the tension side than 
it thickens on the compression side of the neutral surface. It is of 
interest, therefore, to calculate the order of magnitude of the 
change in moment of resistance of a beam section due to a 
small change in curvature immediately subsequent to yield. 


Theory 

For simplicity, a rectangular beam section is considered, of 
initial depth 2d), breadth bo, of rigid-plastic material. The beam 
is loaded by equal and opposite couples, bending taking place in a 
plane of symmetry. The yield hinge first forms when the stress ¢ 
attains the yield value Y, throughout the section. The yield 
stress in compression is assumed numerically equal to that in 
tension, i.e., at yield 

| a0 = Yo 

The moment of resistance M, at yield is 


Moy = Yorbo-dy* (1) 


For generality, the beam material is assumed to be strain-harden- 
ing, such that the yield stress Y after a small strain Ae is 
Y = ¥, + Y’|Ae| (2) 
Both Y and the hardening rate Y’ are essentially positive quanti- 
ties for a stable material. The material is assumed incompressi- 
ble, the principal strain increments being related by 
*E. T. Onat, “On Certain Second-Order Effects in Limit Design 


of Frames,” Journal of the Aeronautical Sciences, vol. 22, October, 
1955, pp. 681-684. 


MARCH 1961 / 133 





BRIEF NOTES 
Ae + Ae + Ag = 0 (3) 


The initial curvature of the beam before yield, ko, is assumed to 
be such that the beam depth 2d) may be assumed small compared 
with the radius of curvature, i.e., 


Qdo << 1/ko (4) 


It is necessary to determine the change in moment of resistance of 
the beam section due to a small change Ak, in curvature subse- 
quent to yield. Due to this change in curvature the beam is as- 
sumed to deform so that the longitudinal strain is given by 


Ae, = A(koy) (5) 


where 4 is the distance from the neutral axis of the section. The 
deformation assumed corresponds to that of the elastic-plastic 
beam when the modulus of elasticity is indefinitely large.* It is 
shown in the reference cited that the application of the Reuss flow 
equations and the incompressibility condition requires that the 
transverse strain increments be given by 


Ae = Ag = —}$de (6) 


An elemental strip, of width bp and depth dy, has a depth dw’, 
after straining, where 


dyo’ = (1 + Ae)dy = (1 — $4a)dy (7) 


The distance yo’ of such a strip fromthe original neutral axis after 
straining is 


y 
n! « fo aw’ = yl — ody) — dy? Ake 


where use has been made of equation (5), and Ay, is the shift in 
the position of the neutral axis, Fig. 1. 

Relative to the new position of the neutral axis after straining 
the co-ordinate y of the strip considered is 


y = yw’ + Ay 
= yo 1 —_ d ko Ayo) = dye? Ako + An (8) 


The distance y;, yz of top and bottom extreme fibers, respectively, 
from the current neutral axis are, therefore, as follows: 
Tension side 


"1 = d(1 — $k *Ayo) — 4d,*Ako + Ave (9) 
Compression side 


Ye = dol — $key: Ayo) + 4dy?- Ako — Ayo (10) 


The breadth b of the beam at distance y% from the original neutral 
axis is 
b = b(1 — $Ae) (11) 
where Ae, = ko: Ayo + mAko, from equation (5). If only small 
strain increments are considered, then products of Ay) and Ak, 
may be neglected, hence 
Ae, = kyoAyo + yAko (12) 
to a first-order approximation. 
The current yield stress Y is given by equation (2) and the 


stress distribution, 0 = oa(y), by 


o=¥, 0< yuku 
(13) 
o=—Y, -"z Qy Qo 
The position of the current neutral axis after straining is found 
from the usual condition 


pf o-b-dy = ig Y-b-dy + a Y-b-dy = 0 (14) 
—¥ 0 0 


*R. Hill, “Theory of Plasticity,” Clarendon Press, Oxford, Eng- 
land, 1951, p. 81. 
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Fig. 1 


Hence making use of equations (11) through (14) and substitut- 
ing for the limits #1, ye, from (9) and (10) gives 


y’ 
— * Kody 
Yo 


where second-order small quantities have been neglected. 
The moment of resistance of the beam after straining is 


Me he o-b- y-dy 
—y 
" Y-b-y-d +f, 
f bey-dy + f 


} 
M {a — $hy Ay) + § jp doh ; 


Ay = Jat A(1 - 


e.<. 
Y-b-y-dy 


? 


Substituting for Ay) from (15) gives the fractional increment in 
yield moment 


Discussion 

From equation (16) it is seen that the increment in yield 
moment is negative if Y’ is zero and both ko, Aky are of the same 
sign. Hence for a nonstrain-bardening beam continuing quasi- 
static deformation continues only under a decreasing applied 
moment. 

The minimum strain-hardening rate Y’ for the yield moment 
to remain constant is found from the condition m = 0, or 


_ is ow 
Y, 1 + y ‘doko } > | doke 


If both k) and Y’/Y, are small this reduces to 
Y'/YVo > 9/8- doko 


For example, if dy = 1, ky = 0.1, the least value 
For a strain-hardening 


approximately. 
of Y’/Y> required for stability is 0.111. 
structural steel Y’ may be of the order of 700,000 psi and Y, about 
35,000 psi. For this material, therefore, Y’/Y>, = 20. 

In general, if the applied couple is constant, the beam may be 
considered plastically stable if m is positive, unstable if negative. 
For a nonhardening material it is easily shown that m is zero if 
the beam is initially straight, and m is a very small quantity for 
curved beams satisfying the conditions 2djky<_ 1, and Aky small. 
To determine whether this remains true for a continuing finite 
deformation requires a step-by-step numerical integration follow- 
ing the changes in geometry of the section. It may be concluded, 
however, that, for small deformations, the second-order effects 
involved in changes of the geometry of a frame are probably 
greater than those involved in changes of geometry of a beam 
section. 
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Response of Nonlinearly Supported 
Cylindrical Boundaries to Shock Waves' 





M. L. BARON? 

THE RESPONSE of a nonlinearly supported spherical cavity in 
an acoustic medium to a plane shock wave was derived in Ref- 
erence [1]. An integral transform technique was used to solve 
the problem in which the partial differential equation was linear 
but the associated boundary condition was nonlinear. This note 
presents the analytical results for a similar problem in which a 
evlindrical cavity is considered. 

A cylindrical cavity in an infinite acoustic medium, Fig. 1, has 
an elastically supported boundary with a nonlinear pressure- 
radial displacement relation Pg = f(u). As in the case of the 
spherical cavity, the response of the boundary to a plane step 
shock wave is obtained by first solving two auxiliary problems 
Using these results, a nonlinear integral equation for the response 
u of the nonlinearly supported boundary is obtained. This equa- 
tion may be solved numerically for a given set of parameters. 


(a) Response of the Boundary of a Cylindrical Cavity With a Linear 
Pressure Displacement Relation—Auzxiliary Protliem 1. 

Let the linear pressure displacement relation at the boundary 
of the cavity be given by 


Z(6, t 
u(O, t = q,(t) cos n§ = - (1) 


n=Q(0 


where u and Z are, respectively, the radial displacement and pres- 
sure on the boundary, both positive inward, and K is a constant 
of proportionality. Defining the velocity potential of the medium 


as 


O(r, 6, t) = > v,(r, t) cos nO 


n=U0 


and noting that the pressure on the boundary is due to the shock 
wave and to waves which are reflected and radiated by the 
} 


boundary, the relation 


Z p(0, t) + pd(a, 8, t) (3) 


is obtained where p is the pressure due to the shock wave and p is 
the mass density of the medium. Proceeding as in Reference [1], 
expressions for the generalized co-ordinates q,(t) are derived. As 
in the spherical case, the major contribution to u for a step wave 
will come from the radially symmetric mode n = 0, and only this 
mode is considered 
The generalized co-ordinate qo(t 
following integral over the path in Fig. 2: 


GD a 


Pp. f 7 (4) 
2 \? s 
TK —o—fy Ny | 7 2 (r) _ 60) 

€ 


Ka/pc? and H,,™ is the Hankel function of the second 
The singularities of the integral are a branch 


is obtained by inverting the 


where € 
kind of order n 
point at the origin A = 0, a simple pole at the origin, and two 
further poles in the upper half space [7/2 > @>0; —mr>6@> 
— 3/2] defined by the roots of the equation 

! This paper is a result of investigations sponsored by the Office of 
Naval Research with Columbia University. 

? Associate, Paul Weidlinger, Consulting Engineer, New York, 
N. Y. Also, Adjunct Associate Professor of Civil Engineering, 
Columbia University, New York, N. Y. Mem. ASME. 

*See Reference at end of this Note. 

Manuscript received by ASME Applied Mechanics Division, May 
4, 1960. 
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BRIEF NOTES 


SHOCK WAVE Q(t) = cos"t(i-- St 
FRONT 
ple,t) =p -as@<a 


0 as6@<2T-a 





SHOCK WAVE 
VELOCITY =C 





Fig. 1 Geometry of problem 


2 


NHMP(A) — a? H(A) =0 A #¥O (5) 
€ 


Using the Residue theorem and Jordan’s lemma, the response is 
given by the relation 


qo(t) (1+1+R) 


where the branch integral J becomes 


raef 
0 


and J(u) and K(u) are the modified Bessel functions of the first 
and second kind. The contribution R of the two poles A, from 
Equation (5) are evaluated from the relation 


R = 2ri ‘> Residues 


(2 
7 —t 
[ulo(u) — eli (u)le . 


{[eKi(u) + uKo(u)|? + w*[—el,(u) + ulo(u))?} a2 
(7) 


tAn ( = 1) 
> a 





(8) 


> 2ei € ee Pte 
mw d,2(A,Hi(A,) + (€ — 2)Ho(A,) 


n 
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Fig. 2. Integration contour 
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BRIEF NOTES 

(b) Response of the Cavity Boundary to a Suddenly Applied Radially 
Symmetric Unit Step Pressure—Avuxiliary Problem 2. 

The second step in the solution of the problem is a modification 
which introduces the effect of the nonlinearity of the boundary 
condition. This requires the determination of the radial displace- 
ments u; at the boundary due to a suddenly applied unit step 
pressure U(t). The displacement is given by 


wi) = = lobela, 0 - VO) 9) 


Proceeding as in Reference [1], the response u(t) is obtained from 
the inversion integral 


att 
H,:™(A)je * dX 





w(t) = (10) 


=a o—iy 
° 2 
2niK eee AH, (A) — “ Hy (A) 


over the path of Fig. 2. The singularities of the integrand in 
Equation (10) are the same as those for Equation (4). The re- 
sponse u;(t) becomes 
1 
u(t) = “a fi¢+i, + RJ (11) 
where the branch integral J, is given by the expression 
et 
I | & e ? du 
= € " 
' 0 {[eKi(u) + uKo(u)]? + #*{—eli(u) + ulo(u))*}u 
(12) 


—u 





The poles A, are given again by the roots of Equation (5) and the 
contribution R; is found from Equation (13): 


R, = 2m ye Residues 


anf 
oe e eH, (A, )e a 
n A,[A. Ai (A,) + (e = 2)Ho (A,)] 





(13) 


(c) Response of the Cylindrical Cavity With a Nonlinear Pressure- 
Displacement Boundary Relation to the Step Shock Wave. 


Let the nonlinear pressure-displacement relation at the bound- 
ary be given by 


Ps, = f(u) (14) 


and let the constant K in Equation (1) be the initial slope of this 


curve: 
x - 1] 
w= 6 


du (15) 


The response of the cavity to the shock wave is obtained from 
the nonlinear integral equation 


dP 
u(t) = g(t) — f: Tie u(t — &)dé 
0 


Equation (16) may be evaluated numerically, using the quanti- 
ties go(t) and u(t) from Sections (a) and (6), respectively. The 
reader is referred to Reference [1] for a discussion of the numeri- 
cal techniques which are required in the numerical solution of 
Equation (16). 


(16) 


Reference + 

1 M. L. Baron, “Response of Nonlinearly Supported Spherical 
Boundaries to Shock Waves,”’ JouRNAL or AppLiepD Mecuanics, vol. 
24, Trans. ASME, vol. 79, 1957, pp. 501-505. 
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On the Behavior of Impact Tubes 
at Low Reynolds Numbers 


W. R. SCHOWALTER' and G. E. BLAKER? 


TuHaT viscosity has an effect on the response of impact (or 
pitot) tubes at low Reynolds numbers (5 < R < 25, where R is 
based on outer radius) has been recognized for many years.* In 
spite of the great amount of work expended on this subject, the 
authors are unaware of any systematic study of the effect of the 
ratio a = (inner diameter/outer diameter) on the difference be- 
tween impact pressure and static pressure over the range of 
Reynolds numbers cited above. In addition, though excellent 
agreement between theory and experiment has been obtained for 
impact tubes fashioned for such shapes as spheres and for cylinders 
with the longitudinal axis perpendicular to the mean flow direc- 
tion, most practical use of impact tubes at atmospheric pressure 
and low Reynolds number involves blunt-nosed cylindrical tubes 
with the axis parallel to the direction of flow. The authors were 
curious to determine to what extent theories developed for the 
hydrodynamically simple shapes might apply as a correlating 
guide to impact tubes of the latter type. This note presents re- 
sults of tests made with blunt-nosed cylindrical impact tubes in 
the range 5 < R < 25 and 0.255 < a < 0.685. 

The relation between pressure difference and velocity of an in- 
compressible fluid is given by 





(Pie. — Pes) = C ; pv? (1) 


where 
Pi,,, = impact pressure recorded at the head of the impact 
tube 
Ps = static pressure at the impact tube 
p = density of flowing fluid 
V velocity of the flowing fluid 


C = aconstant 


The constant C is a function of R and a@ and has a value close to 
unity at R > 30 but increases at lower Reynolds numbers. The 
work of Chambré and Schaaf,‘ developed for a source-shaped 
probe, suggests that similar expressions may apply to other 
geometries as well. Then 

C; 


— (2 
R+C. VR ) 


C=1+ 


where C; and C; are constants, and to first order for a< 1 


Pi. = piaf(R) (3) 
where 


P; = 
J(R) = function of Reynolds number 


impact pressure at the stagnation streamline 


Details of the experimental equipment are available else 


1 Assistant Professor, Department of Chemical Engineering, Prince- 
ton University, Princeton, N. J. 

2 Imperial Chemical Industries, Ltd., Billingham Division, Eng- 
land. 

*R. G. Folsom, “Review of the Pitot Tube,” Trans. ASME, vol. 
78, 1956, pp. 1447-1460. 

«P. L. Chambré and S. A. Schaaf, “The Impact Tube,” in “ Physi- 
cal Measurements in Gas Dynamics and Combustion,” edited by 
R. W. Ladenburg, Princeton University Press, Princeton, N. J., 1954, 
p. 114. 

Manuscript received by the ASME Applied Mechanics Division, 
May 13, 1960. 
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where.* Several tubes, each having an OD of 0.098 in., were 
mounted on the center line of a 2-in-diam brass pipe 16 feet from 
the pipe inlet. Oil with a viscosity of approximately 18 centi- 
poise flowed through the pipe from a constant head tank. 

Results for four different values of a are shown in Fig. 1. At- 
tempts were made to correlate the data using equation (2). Only 
a fair correlation was obtained over the range studied, but the 
value of C; was negative, being approximately equal to —2. 
Since, according to theory, C2 is a measure of the boundary-layer 
thickness at the impact pressure tap, its value should be positive. 
A study of existing results with somewhat similar probes also 
indicated a poor correlation and/or negative values of C;. One 
concludes that the Reynolds number dependence derived for 
geometries which present a convex surface to the flow cannot be 
used, even as a guide, for correlation of blunt-edged impact 
tubes. In addition, there appears to be no simple effect of a on 
the impact tube response such as that indicated in equation (3). 
Because of the geometry of the probe used in this work and since 
the condition a< 1 was not fulfilled, the inadequacy of these 
equations is not surprising. However, results of this nature have 
not previously been available. It appears that if one is to use 
blunt-nosed impact tubes of finite a at low Reynolds number, 
existing theories are inadequate to predict the functional de- 
pendence of F and a@ on the coefficient C, and the experimenter 
must perform an individual calibration for each case. 


5G. E. Blaker, “The Influence of Viscosity on the Performance of 
Blunt-Nosed Cylindrical Impact Tubes,’ Master of Science thesis, 
Princeton University, 1958. 





°o «a=:0685 
«=0.530 
& —-—a-0.337 
OF ae oo 20.255 


GS weca 





















































iS 20 
R 


Fig. 1 Effect of viscosity on performance of impact tubes 
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Size Effect in Brittle Fracture of 
Notched E-Steel Plates in Tension’ 





J. H. LUDLEY’ and D. C. DRUCKER® 


Much of our experimental program [(1-5|* on the initiation of 
brittle fracture in ordinary structural steel plates has been based 
strongly on the assumption that a Griffith type of theory is not ap- 
plicable. Direct experimental evidence is presented here to support 
that preconceived notion 


Introduction 

THERE appears to be general agreement in the literature that 
geometrically similar sharp-notched bars or plates in tension and 
beams in bending become increasingly less ductile or more brittle 
in behavior as the size of the specimen increases. Also, the 
nominal stress required for fracture tends to decrease with in- 
creasing size. The situation is not quite as clear for plate speci- 
mens of the same thickness which have geometrically similar di- 
mensions in the plane of the plate. However, the same trend is 
to be expected on simple statistical grounds based upon any 
reasonable variation of mechanical properties of any given 
material. 

The concept employed by Griffith [6] to explain the tensile 
fracture strength of a brittle material such as glass gives a very 
strong size effect. Essentially, crack growth is viewed as an 
equilibrium process quite similar to bubble growth in a liquid 
under decreasing pressure. Energy needed to maintain additional 
crack surface is equated to the accompanying release of the 
potential energy of strain and of the loading system. The result 
is that the nominal or average fracture stress varies inversely with 
the square root of the crack length. 

A modified Griffith hypothesis has been advanced for the brittle 
fracture of notched plates of normally ductile steel [7, 8]. The 
word “‘brittle’”’ is to be understood as indicating that the change 
in thickness of the plate is at most a few per cent everywhere, 
especially at the root of the notch where the fracture initiates. 
The surface energy is taken as the energy needed to produce the 
fracture surface and so is primarily the energy dissipated in the 
highly localized plastic deformation accompanying “brittle” 
fracture. Once again, of course, the result is that the 
nominal fracture stress for a specimen 64 feet in width is but */s 
that of a geometrically similar specimen one foot wide. The 
implication for ships or for large storage or pressure vessels with 
openings is most alarming. 

However, the validity of the Griffith type of reasoning for the 
initiation and propagation of brittle fracture in ordinary struc- 
tural steel seems highly doubtful [1]. Certainly a crack cannot 
increase in length unless the energy needed is available. The 
availability of energy, however, does not require the crack to 
grow. In other words, the Griffith type of theory gives a neces- 
sary condition for the extension of a crack, not a sufficient one. 
There is an auxiliary requirement to be met, perhaps maximum 
stress, which may be thought of as an energy barrier. The frac- 
ture of glass and the growth of bubbles along with many other 


1 The results presented in this paper were obtained in the course 
of research sponsored by the Ship Structure Committee under 
contract NObs 78440 with the Bureau oi Ships, U. 8. Department of 
the Navy. 

2 Operational Research Scientist, The United Steel Cos., Sheffield, 
England. Formerly, Research Associate, Division of Engineering, 
Brown University, Providence, R. I. 

* Professor, Division of Engineering, Brown University, Providence, 
RB & 

* Numbers in brackets indicate References at end of Note. 

Manuscript received by ASME Applied Mechanics Division, June 
14, 1960. 
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problems in physics can be treated properly by the simple energy 
balance concept because thermal or other fluctuations are large 
enough to overcome any small energy barrier which may be 
present. The tremendous barrier against initiation of brittle 
fracture in structural steel is evident from the very low nominal 
stress at which a crack in as-received material will continue to 
propagate once it has been initiated at a much higher nominal 
stress [9]. 

An investigation of size effect in brittle fracture obviously must 
begin with a steel specimen which will fracture consistently in a 
brittle fashion. If the test series is to be meaningful to design 
practice, the fractures must occur under conditions reasonably 
comparable to those which might arise in actual structures. 

The 10-in-wide, 10-in-long, */,-in-thick edge-notched plate of 
project E-steel welded to special pull heads, Fig. 1, is the type of 
specimen on which most of our previous work has been done. A 
simple and relevant test procedure was evolved after considerable 
experimental study. An average axial precompression of at most 
a few per cent on the net section is employed to embrittle or ex- 
haust the ductility of the steel at, and in the vicinity of, the root 
of the notch. Subsequent tension at below zero temperatures 
consistently initiates brittle fracture at a nominal stress well 
below the original yield stress, 


Method of Testing 

The tests discussed in this note were carried out in sub- 
stantially the same way as the previous tests. An attempt was 
made to keep constant the prestrain, test temperature, and test- 
ing procedure so that any variation in results would be due solely 
to size effects. 

The specimens were made with beveled top and bottom edges. 
As they were prestrained in compression between two parallel 
surfaces, these thin edges yielded first, thereby allowing the com- 
pressive stress to attain a fairly uniform value across the width of 
the plate. During the prestraining operation, the specimens 
were sandwiched between greased steel plates, 1'/: in. thick, to 
prevent lateral buckling. The sandwich was held together by 
initially finger-tight bolts. After the prestraining load was ap- 
plied, the bolts were slackened and retightened in turn to their 
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Fig. 1 A typical notched test plate with plastic hinge, pull-heads 
original tension, so that any frictional forces which may have been 
generated by the small movements of the plate surface were re- 
laxed. 

Before testing, the specimens were welded to the thin steel 
pull-heads (Fig. 1). During testing, these heads yielded plas- 
tically, thereby helping to even out the stress both through the 
plate thickness and across the width [3]. 


Brittle fracture tests on three-fourths-in-thick, notched, E-steel plates of various widths. The plates 


were compressively prestrained longitudinally after machine notching, before testing in tension. 
Yield stress of the virgin metal was 33,000 psi 


Average face compressive 
strain at notch root 
on gage 
length of 
one-tenth X 
plate width 
050-.052 
047-.052 
.025-—.040 
025- .033 
029-—.035 
.035- .035 
075-.089 
030-—.045 
040—.042 
.040-.041 
.035-—.039 
.037-.039 
.032-—.042 
.033- .037 


Plate width, on 1-in, 
in. gage length 
{ 077-.080 
074-—.085 
20 040-—.062 
.040—.050 
047-.054 


035-.035 
075-.089 
030-—.045 
.040-—.042 
.040—-.041 
.024- .030 
027-—.029 
.029- .033 
.033-.035 
027-.034 
.042—.044 
028- .030 
.029-— .030 
.025- .033 
035- .036 


050-.069 
.036-—.046 
.025- .066 
.040—.042 

041-.057 
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Tension Test 
Average stress across 
notched section, psi 
Temp at Ist at 
°F crack fracture 
15,200 23 , 800 
8,250 20,500 
—16 9,250 17 , 500 
—24 8,250 24,000 
—19 10,200 17,150 
-—18 , 780 18,650 | 
38,000 —16 9,580 28,500 °* 
38,000 —19 3,300 29,100 
38,000 —22 2,640 18,500 
38, 000 —21 6,930 20,300 
38, 200 —18 11,550 25,400 
38, 500 —20 16,350 
38,500 17,650 
39,000 13,550 
38, 800 19,800 


40,000 
38,300 
38,300 
38,300 
38,300 


Average 
prestraining 
stress across 
notched sec- 

tion, psi 

38,000 

38,000 

34,000 

34,000 

38,000 


38,000 


—12 


—21 


5, 600 


No cracks or frac- 
tures up to 
yield. 
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Fig. 2 Results of tests of longitudinally prestrained plates 


All the notched plates were tested at temperatures below — 12 
deg F in an attempt to achieve better consistency of data than in 
the earlier tests. The temperatures were measured using copper- 
constantin thermocouples located in small holes drilled near the 
notched sections of the plates. During testing, the loads were 
applied at the reasonably slow initial rate of between 40,000- 
60,000 lb per min. 

All the specimens tested were of project E-steel, */, in. thick 
and 10 in. long. Four different plate widths were used: 3'/; in., 
62/;in.,10in., and 20in. The notch depthon each side was always 
15 per cent of the gross plate width. Five plates of each width 
were tested and the results are shown in Table 1. Fig. 2 is a 
graph showing the nominal stresses at which cracking was heard 
(open circles), and the nominal fracture stresses (dark circles). 


Results 

The data obtained on E-steel plates of */,-in. thickness are in 
complete contradiction to the predictions of a Griffith type of 
theory. A 3-1 ratio of size would correspond to a 1.73 ratio of 
nominal fracture stress. Dividing the fracture stresses for the 
6?/,;-in. plates by 1.73 gives a set of numbers each of which is 
below the full range of values for the 20-in. plates. In fact, the 
data indicate almost complete size independence for 6*/; in., 10 
in., and 20-in. plates. 

On the other hand, the 3'/;-in. plates did not fracture at all at 
nominal stresses up to yield. Although this result also would not 
be predicted from the data for the 62/;-in. plate tests by a Griffith 
theory, it does raise the possibility of a cut-off size effect. Earlier 
work reported by Mylonas [4] on 2-in. and 4-in-wide specimens 
tends to confirm this. Only one of each of these narrow notched 
plates fractured in a brittle manner. Nevertheless, even one frac- 
ture in a 2-in. specimen does raise the suspicion that with more 
clever experimental technique the threshold size for brittle frac- 
ture could be brought down considerably. 

It would be of much greater interest, however, to test a 5-ft- 
wide plate with 9-in-deep notches to check the conclusion that a 
Griffith type of formulation is not applicable. Such a test also 
would serve to determine experimentally the small size effect 
which is to be expected on statistical grounds from a variation of 


material properties. 
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On Duffing’s Equation 





I. U. OJALVO' and G. L. BLECKMAN’ 


rus NOTE is concerned with publicizing recent advances in the 
solution to the undamped Duffing equation. A new dimension- 
less parameter is introduced for discussing the response curves for 
systems governed by this equation 


G+ (1 + Cyy*)y = fit) (1) 


Interest in the foregoing nonlinear second-order equation was 
generated when its approximate solution exposed certain stability 
phenomena which the linear theory could not explain. Advances 
in the solution of equation (1) have been in the form of slight 
modifications of Duffing’s approximate technique. However, 
Harvey® recently introduced the concept of “natural’’ forcing 
functions to obtain periodic solutions for this equation. Unfor- 
tunately, his work contained a number of serious errors which the 
present authors corrected. In doing so, exact solutions were ob 
tained. It was later learned that Hsu‘ has previously obtained 
and published the results reported here. He called the elliptic 


forcing terms which gave periodic responses “favored’’ functions. 


Analysis 
A brief solution of (1) follows: 
Assume: 


f(t) = Kyl + Cu? 


this implies that the forcing function is ‘“‘natural’’ (‘‘favored”’ 
Once this substitution is made, the solution to (1) becomes: 


1 Instructor of Engineering Mechanics, New York University, New 
York, N. Y. Assoc. Mem. ASME, 

2 Kearfott Division of General Precision, Inc., Little Falls, N. J. 
Formerly Instructor of Engineering Mechanics, New York Univer- 
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3T. J. Harvey, “Natural Forcing Function in Nonlinear Systems,” 
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‘C. 8. Hsu, “On the Application of Elliptic Functions in Nonlinear 
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Fig. 1 Response curves for Duffing's equation corresponding to hard 


systems 
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~ [4X1 — kX + C,A2/2)]'7 
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3) 


in which A is the maximum amplitude of vibration. Substituting 
y = A cos ¢ into (3) yields the elliptic response 


y(t) = AC,([(1 — kl + CA*)]'*8), (4) 
in which 
C,A! ‘Ss 
‘(i— ee os a 
{(1 k)(1 + C,A*)] /% = PF (x +G | ’ 6) (5) 
The response solutions are: 


(1 + C,A2)'/# 


apy oe 
“ha Erexorul ) 





w/w, = [1 — P/C,A)'/* 
(6) 


(2 + C,A2)'* 
. —C,A? /s 
9 a 
(2+~/2/m)K (| 2+ AT | ) 


—1<C,A?<0 (7) 





= [1 — P/C,A%|'* 


P = k\C,A4|. 


Values for which C,A* < —1 need not be considered since they 
correspond to spring forces which do not tend to restore the body 
to its original position. 

Solutions (6) and (7) are compared in Figs. 1 and 2, respectively, 
with the approximate solution. Fig. 3 indicates the divergence 
of Duffing’s approximation (for large nonlinearities) from the 
exact solution of the hard system. 

The grouping of the variables in these solutions emphasizes the 
significant parameters and suggests which co-ordinates are most 
suitable for plotting the response curves. Note that each com- 
bination forms a dimensionless, or pi, term. 

In addition to the results obtained, the use of a “‘natural’’ forc- 
ing function may be justified by comparing the system response 
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EXACT SOLUTION 


DUFFING’S SOLUTION 
For P0,201,20.6 








Fig. 2 Response curves for Duffing’s equation corresponding to soft 
systems 
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DUFFING'S SOLUTION 


Fig.3 Comparison of Duffing’s solution for the free vibrations of a hard 
system, with the exact solution over a large range of nonlinearities 
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20° 40° 60° g0* 90° 
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Fig. 4 Comparison of the response for maximum deviation from the 
cosine curve with hard systems and C,A? = —0.95 for soft systems 


to the commonly obtained harmonic function. This is done in 
Fig. 4 for the cases of maximum deviation from the cosine curve 
with hard systems and C,A = —0.95 for soft systems. Further- 
more, Harvey has shown that this method yields the familiar 
sinusoidal solution for C; = 0. 
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A Note on Second-Order Hertz Contact 


H. DERESIEWICZ' 


THE ASSUMPTION made in the Hertz theory of elastic contact 
that’ points in the contact area after deformation were located, 
before deformation, on a quadric surface, was relaxed by Cat- 
taneo* who examined the case of two solids of revolution, taking 
the surface in the vicinity of the point of initial contact to be one 
of the fourth degree. His expression for the distance from the 
common tangent plane of superficial points on either body, re- 
moved by an amount r from the line of centers, may be written 





2; = ar? + drt, ¢ = I, 2, 
and the distance between two-such points, one on either surface, 


is 


z = Ar? + Br‘, (1) 


where A = a, + a, and B = b, + b; are constants* characteristic 
of the shape of the two solids. 

Using the distance formula (1), Cattaneo found the solution of 
the integral equation of Hertz contact theory for the pressure 
distribution p and the normal approach a, for a given external 
normal load N, in the form 


4 8Ba* : 16B es 
>= A + — } (a* — r¥)/* — — (a? — r2)“*], (2) 
wd 3 9 


g 
a = 2Aa* + 3 Ba‘, (3) 


« 


9 


where 6 = + (1 — v,)/2mp,;, and yp, v are the shear modulus and 
i=1 

Poisson’s ratio, respectively, and where a, the radius of the circu- 

lar contact area, is given by the (positive) root of 


64Ba5 + 40Aa* — 15r5N = 0. (4) 


Evidently this root can, in general, be evaluated only nu- 
merically for a specified configuration and contact force. It is, 
however, possible to obtain an approximate, closed-form expres- 
sion for the root if we agree to confine ourselves to problems for 
which the Hertz theory yields insufficiently accurate results, but 
for the solution of which we are satisfied with small corrections to 
the Hertz predictions. Accordingly, assuming that 8a?|B| << 5A, 
we may solve (4) by successive approximation. We write (4) in 
the form 


= all — Aag? + 4A*%a94), (5) 


where \ = 8B/15A, and ay = (1545N/40A)'/* is the Hertz value 
of the contact radius. Insertion of (5) in (3) yields 


d a 
a =~ % i—- ars (6) 
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Q@ = 2Aa,* being the classical value of the normal approach; 
similarly, insertion of (5) in (2) results in an expression for p 
whose maximum is 


Pm = Pom (1 + > a! - da), (7) 


where p,,, = 4Aa,/m%5 is the corresponding value given by the 
Hertz theory. 

We now wish to determine the second-order correction terms in 
the expressions for the quantities descriptive of Hertz impact of 
two solids of revolution. To that end we require the expression 
for N in terms of a. Solving (6) for a, we find 


pa (= "s (: Sx J 
Ay = 2/ = - x 
’ 40A sna 4A ‘ 


3\? 
8 rr a), (8) 


from which we obtain 


/ 3A 75A\2 
N &na’’* (1+ —a — a? }, 9) 
( + $4 %* josae ) \ 
where n = 8/A('/*/37). 
In the present case, the equation of motion during impact may 
be written 


& = —n,N = —nna’/{1 + Ba + ya), (10) 
where n» = (m + m:)/mum, B = B/5A*, and y = B*/6A‘. 
The work-energy integral of (10) yields 


4nn, 


ate — Ban (14 Pat Var), (11) 
5 7 9 


where v is the velocity of impact. The maximum value of the 
approach, a@,,, obtained from (11) wherein & = 0, is 


(12) 


, 2B 148B? . ‘) 
a, & = ~~. “tb ~~ seeeen ee 
= Coe 35A2 4725A‘ 


Oom = (5v2/4nn,)*/* being the corresponding maximum of the 
first-order theory. The maximum value of the contact force fol- 
lows from (9) and (12), and is given by 


2 
see Com? (13) 
1102544 °” /’ 


Nim = na,,,’/* being the maximum predicted by the Hertz theory. 
The radius of the largest circle of contact, computed from (3) and 


(12), is 
On = Gem (: 


where a,,, = (pm /2A)*/* is the corresponding Hertzian value. 
Finally, integration of (11) yields, with the aid of (12), the 


duration of the impact, 
Wi 8/3") —'"/2 
A(T "= 
Om) \ Cm 


2 an 
r= f. E 
v 0 


where F(u) = 1 + (58/7)u + (5y/9)u*. The substitution z = 
(a/a,,)*/* reduces the integral to 


a] 4a, f 
7 = a 
ov 0 {1 z 


4B 
N,, = Now (1 + —— Oem 
s m + 3542 %* ‘i 


76B 


77298 RB2 
= fy 17728B ; (14) 
105A °*” 


—a 4 
11025A2 *” 


z~/y1 — 2)~*dz 





fe(1 — 2°) + €(1 — 2 vit 
(16) 


l—z 


where €, = [58a,,/7F(a,,)] and & = [5ya,,2/9F(a,,)]; (16), to 
terms of O( a,,*), reduces to 
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T'(2/5) 


T'(9/10) 


2 20 
2 ee 
r 3 


44/r a, 


T= — (1 + K,a,, — K2a,,), (17) 
5v 


where 


T(4 5)T(9 10) 


= = ~ = 0.1875, 
1'(2/5)T(3/10) ' 


5)T(9/10) 


~ = 1.7040. 


T(1, 
5) 1'(7/10) 


~ T 


With the aid of (12), (17) may in turn be written in terms of quan- 
tities of the first-order theory: 


r[1- 


- B _ B 
~ T, (1 — 0.07143 — a,,, + 0.03415 — a,,*), (18) 
A? A‘ 


x. 2 


om 


7 = 


‘e2.) B? 


c 
69 A‘ 


8\,B t ( 
—- 2. = 1 —- 


21A? 1225 


where 
40/m% Gm (2/5) 
5u T(9/10) 


=> 2.9432 a, 


is the duration of impact given by the Hertz theory. 


Note on Bending of Rectangular Plates 
by Concentrated Couples on Its Edge 


G. R. VERMA’ 
Introduction 

SEVERAL problems of bending of plates by concentrated normal 
shearing loads have been considered by Timoshenko. In all these 
problems Dirac’s delta function may be used with advantage, 
though Timoshenko has discussed them in a different way. To 
illustrate the use of delta function in such cases a special problem 
has been considered in this paper. The problem is concerned 
with a rectangular plate which is acted on by concentrated bend- 
ing couples at the middle points of its edges so that these edges 
have no deflection. 





Solution 
The deflection W of the plate satisfies the equation 
ow 

ox* 


ow 


ow 
i Ozr?01/? — 


(1) 
oy* : 
When there is no normal load the boundary conditions assumed 


for the rectangular plate are 
W =0, whenz = +a and y = +b (2) 
while the bending moments due to concentrated couples along the 


edges are given as 
ow 
—D +p 
Oz? 
! Professor, 
Bronx, N. Y 
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— ) = My), atz = sta (3) 
oy? 
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(4) 
oz? 


Lé ( oa 
oy? 
Here D is the flexural rigidity of the plate; v, Poisson’s ratio; 
M,, Mz are the moments of the bending couples acting at the 
middle points of the edges x = +a and y = +b, respectively; 
and 6(z) and 4(y) are Dirac’s delta function. 
Let us assume as the solution of (1) 


A om B, , wT 4 
-> [4 Y,(y) cos = + b* X,(z) cos my (5) 
) 


) = Md(z), aty = +b 


W = 


n a n 
where 
nr Ta 


n 
- — z cosh sinh 
2h 2h 2b 


. ., nta 
X,(z) = a sinh cosh 
2b 


(6) 
, ., nwb nwy nab |. nty 
Y,(y) = 6 sinh — cosh —— — y cosh sinh 
2a 2a 2a 2a 
in which n is an odd integer and A,, B, are constants. 
The boundary conditions (2) are satisfied by W assumed in (5). 
From conditions (3) we get 


a0 


nwa nTy 
—D > B,, b°@ cosh? cos = 


fi(y) (say 7) 
Dh 4) — " M4) 


m=1,3,5 


Then by Fourier theorem we obtain 


1 ° 
nTwy 
B, = - mod | fily) eos dy 
rDb* cosh? >} — ad 


)? 


Putting now 
fly) = Moy 


we have by the property of delta function (Carslaw and Jaegar? 


M, 
B, = -~- ene 
Ti 
aDb*® cosh? a 
2} 


a 
From similar considerations we have 


M, 
A,=- 
n@b 
a Da? cosh? — 
2a 


Substituting the value of A, and B, in (5) and putting z = 0, 
y = 0, we have the deflection at the center 


; nab . ntra 
@ M, 6 sinh M, a sinh - 
2a 2 


> 1 2 
afi D gal ” awa 
1. nT nib nTra 
n=1,3,5 cosh? — cosh? 
2a 2b 


In the case of square plate (a = b), if we take M, = Mo, we 
get the expression for the deflection of a square plate which has 
equal bending moments along its edge: 


: nT 
sinh — 
9 


2M,a 1 _2 Ma 


D =13.5 nT 
¥ n=1,3,' cosh? y 
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On Some Systems of Equations 
Encountered in Thin Plate 
and Elasticity Theory 





H. D. CONWAY’ 


This article presents a method for treating the doubly infinite 
system of simultaneous equations encountered in the small-deflection 
bending of clamped piates, rectangular plates in a state of plane- 
stress, and certain other problems in elasticity. This method con- 
sists essentially of satisfying the boundary conditions at discrete 
points rather than continuously along the boundaries. A numerical 
example for the clamped plate problem indicates that the method 
may give faster convergence than the usual method of treating the 


equations, in some cases. 


Introduction 

In some problems of thin plate and elasticity theory, the 
numerical evaluation of the stresses and displacements finally re- 
solves itself into the solution of a doubly infinite set of simul- 
taneous equations. Examples where the latter are encountered 
are the bending of thin, clamped, rectangular plates under 
transverse loading, the plane-stress problem of a rectangular plate 
under arbitrary loading, and the corresponding problem of a 
circular cylinder under arbitrary axisymmetrical loading. The 
following article is concerned with the solution of these equations. 


Clamped Rectangular Plate 

For the purpose of illustration, the first problem to be con- 
sidered will be that of the clamped, uniformly loaded, rectangular 
plate bounded by the sides z = +a/2, y = +b/2. This problem 
is of classical and great practical interest, the exact solution of 
the small-deflection problem being unknown. Among the more 
satisfactory numerical solutions is a superposition one due to 
Timoshenko.? Starting with the solution in Fourier series for the 
simply supported and uniformly loaded plate, Timoshenko ap- 
plies edge moments 


' os mr 
(—1)™-D2E,, 


(My) yor = COS 20_,T, An = > 
m=1,3,5 <= 


x 


mar 
Zz v2F cos 26,4, 8. = (1) 


2b 


{ | > ; = 


m=1,3,5 


in such a way that the resultant slopes on all four edges are ap- 
proximately zero. The problem is then to find the coefficients E,,, 
and F,, to effect this. 
For the resultant slope dw/dy to be zero on y = +b/2, this 
leads to the equation 
m—1 
( 2 


2qa* \ —1) 


——— (a,,b sech? a,b — tanh a@,,b) cos 2a,2 
4 ‘ 
ow a 5 m 
m—1 
= 


(+3). * 


m 


— E,(tanh a,b + a,,b sech? a,,b) 


1 
~ 4D > 


m=1,3,5 


(—1)"-"F,, sech? B,,a/a sinh 8,,a 


cosh 26,,2 — 2r cosh 8,,a sinh 28,,2] 
1 Professor of Mechanics, Cornell University, Ithaca, N. Y. 

? 8. Timoshenko and 8. Woinowsky-Krieger, ‘‘Theory of Plates and 
Shells,’’ McGraw-Hill Book Company, Inc., New York, N. Y., 1959, 
p. 197. 
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A corresponding equation may be obtained for dw/dz to be zero 
onz = +a/2. The square bracketed term in the last series is 
then expanded in a Fourier series of cos 2a,7, a, = n@/2a. Since 
Equation (2) bolds for all values of z, the coefficient by which cos 
2a,r is multiplied is zero for each value of n, yielding the system 
4qa* 1 
— — (a,b sech? a,b — tanh a,b) 
3 4 7 
wr? on 


— —"(tanh a,b + a,b sech? a,b) 
n 


&na 


a? n? 2 
a + = 
b? m? 


A similar system is obtained for 0w/dzr to be zero on z = +a/2 
giving, with (3), a doubly infinite set of equations for the deter- 
mination of Z,, and F,,. Since it is impossible to solve all these 
equations, the series are truncated and the resulting finite system 
of equations solved, an iteration procedure being adopted since 
the diagonal terms of the matrix are found to be the largest. The 
numerical example given by Timoshenko is, naturally enough, for 
the square plate a = 6b, and for which by symmetry E£,, = F,,. 

An alternative to the foregoing procedure is to satisfy Equation 
(2) and its companion at a discrete number of points on the 
boundary. In order to do so, the second and third series in Equa- 
tion (2) are truncated as well as the corresponding terms in the 
companion equation, the total number of terms retained being 
equal to the number of boundary points chosen. An obvious 
advantage of this procedure over the former one is that the first 
series of Equation (2), representing the simply supported plate 
edge slope, can be calculated for as many values of m as desired and 
is not limited by the truncation of the otber series. Additionally, 
although truncation of the series involving the coefficients E,, and 
F,,, is still necessary, this is done on the original last two series in 
Equation (2), and not after the square bracketed term in the last is 
expanded in a Fourier series of cos 2a,z. Finally, by giving a little 
thought to the matter, the positions of the boundary points may 
be chosen to give good accuracy with a minimum of labor. For 
example, it is obvious that they should be chosen near the centers 
of the sides and not near the corners. 

To test the value of the proposed method (hereinafter cailed 
“point-matching”), the case of the square plate was reanalyzed 
by this procedure. For example, choosing points on the bound- 
aries at the centers, eighth, and quarter points, the resulting three 
equations are: 


1.74080 E, — 0.30559 BE; + 0.20122F, = 0.65663K 


1.63378E, — 0.08796E; — 0.07318E, = 0.61176K 


1.31357 FE, + 0.31044 E; — 0.12593 BE; = 0.47952 K 


where K = —4ga*/x*. These equations yield 


E, = 0.37224K; E; = —0.03386K; BE; = —0.00851K 
whence the maximum bending moment is 


|[M,]z=0 = (FE, — E; + E;) = 0.39759 K = —0.0513 . . ga* 


y=b/2 


This result is very accurate indeed. The expansion procedure 
commonly used with four equations retained instead of three as 
mentioned previously yields 0.0517¢a?, or nearly one per cent too 
big. Other comparative results retaining several different terms 
in each method of solution are given in Table 1. From the 
table, it would appear that the point-matching procedure con- 
verges substantially more rapidly than the expansion one in this 
case. 
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Table 1 Maximum bending moment coefficients by expansion and 
point-matching procedures 
Mumax = aga?* 
Point-matching 

1 eqn. (centers) 0.0487 (—5.1% 

2 eqns. (centers, '/,’ 8) 0.0517 (0. 8% ) 

—. (centers, '/,’s) 0.0511 (—0. 1% ) 

3 eqns. (centers, '/,’s, '/s’s) 0.0513 (0) 


Expansion 
1 eqn. 0.0478 (—6.8%)* 
2 eqns. 0.0531 (3.5%) 


3 eqns. 0.0506 (— 1.4%) 
4 eqns. 0.0517 (0.8%) 


« Terms in parentheses are percentage differences from 0.0513. 


Similar problems are encountered in the rectangular plate in a 
state of plane stress*‘ and the circular cylinder under axisym- 
metrical loading. The expansion procedure is commonly used 
in such cases, and without, of course, superseding it, point-match- 
ing may well be used to advantage for certain loadings. 


*K. Girkmann, “Flachentragwerke,” Springer-Verlag, Vienna, 


1956, p. 91. 

‘G. Pickett, “Application of the Fourier Method to the Solution 
oi Certain Boundary Problems in the Theory of Elasticity ,"” Journau 
or AppLiep Mecuanics, vol. 11, Trans. ASME, vol. 66, 1944, p. 
A-176. 


On the Photoelastic Separation of 
Principal Stresses Under 
Dynamic Conditions by Oblique Incidence’ 


P. D. FLYNN? and M. M. FROCHT® 


Tuts note deals with ‘the photoelastic separation of principal 
stresses in two-dimensional problems under dynamic conditions. 
Of the several techniques available, the method of oblique inci- 
dence [2]* seems to be the most direct since it requires only the 
measurement of birefringence. This note describes the applica- 
tion of this method to a circular disk under diametral impact. 

A Castolite disk, 3.685 in. in diam and 0.340 in. thick, was 
subjected to diametral impact as shown schematically in Fig. 1(a). 
The line of loading, AB, is a line of stress symmetry. Dynamic 
photoelastic stress patterns of this line were obtained by means of 
streak photography [3]. Fig. 2 gives these patterns for normal 
and oblique incidence. 

Assuming that the stress-optic law under dynamic conditions is 
the same as under static conditions [4], the pertinent equations of 
the method of oblique incidence for the principal stresses p, and 
q, in fringes are 





p, = Cip = (n — ng cos 8) /sin? 6 (1) 
q, = Ctq = (n cos? 8 — ng cos 8) /sin*® 0 (2) 


where C is the stress-optic coefficient, ¢ is the thickness of the 
model, p > q are the principal stresses, n is the fringe order at 
normal incidence, ng is the fringe order at oblique incidence, and 6 
is the angle between the refracted ray and the normal to the 
model. With the model set at @ = 45 deg, the angle @ was found 

1 This note is based on research sponsored by the Office of Ordnance 
Research, U.S. Army. For a more complete account, see Reference 
{1].4 

? Associate Professor of Mechanics, Illinois Institute of Technology, 
Chicago, Ill. Mem. ASME. 

* Research Professor of Mechanics, Director of Experimental 
Stress Analysis, Illinois Institute of Technology, Chicago, Ill. Mem. 
ASME. 

* Numbers in brackets refer to References at end of Note. 

Manuscript received by ASME Applied Mechanics Division, July 
20, 1960. 
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Fig. 1 Circular disk under diametral impact. (a) AB, line of stress 
symmetry; (b) normal incidence, line AB; (c) oblique incidence, line AB. 
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———T s T, axe 
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Fig. 2 Dynamic stress patterns of a circular disk under diametral impact; 
vo = 35 in/sec; weight of hammer = 10.6 lb. (a) Normal incidence, line 
AB, Fig. 1; (b) oblique incidence, line AB, Fig. 1. 


to be 27.8 deg, Fig. 1(c). Equations (1) and (2) are valid for lines 
of stress symmetry and a rotation about the q-stress. 

The values of n and ng were determined from the stress pat- 
terns of Fig. 2, and Equations (1) and (2) were used to calculate 
the principal stresses. Fig. 3 shows the variation in the principal 


Transactions of the ASME 





mm 


Fig. 3 Principal stresses at center of disk under diametral impact 


stresses at the center of the disk as a function of dimensionless 
time, 7/7». For the peak stresses, the ratio q/p is approxi- 
mately —1.3, whereas under static conditions this ratio is —3. 
This indicates that, for a given compressive stress q, the associated 
tensile stress p is greater under dynamic conditions than under 
static The results indicate that the method of 
oblique incidence holds promise for dynamic problems. 


conditions. 
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On Simple Thickness Vibrations of 
Thin Sandwich Cylinders 


HU-NAN CHU! 


By simp Le thickness vibrations of a thin cylinder, we mean 
those free vibrations in which the space dependence is only on the 
thickness co-ordinate z. Thus the motion u(z)e™ is called simple 
longitudinal thickness-shear, v(z)e“! simple circumferential 
thickness-shear, and w(z)e“ simple thickness-stretch. This 
note attempts to discuss some fundamental properties of these 
motions for thin sandwich cylinders, either of isotropic or of 
honeycomb core. 

In a recent note, Yu has, among other things, provided a 
rigorous justification for the assumption of linear distribution of 
displacements across the thickness hitherto used in ordinary 
sandwich plate analyses. His more exact frequency equation 
(using Yu’s notation), 





tan Bh; tan Sh, = UV ror, (1) 
was shown reducible to the approximate equation 
Bik tan Bh, = 1/rpr, (2) 


1 Structures Research Staff, The Martin Company, Denver, Colo. 

*Yi-Yuan Yu, “Simple Thickness-Shear Modes of Vibration of 
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for the commonly used sandwich plates. In the following, we 
shall first show that, for thin circular cylindrical shells, the same 
equation (2) is arrived at for commonly used sandwiches under 
exactly the same assumption as that for the flat plate, as it should. 
This assumption does not specifically require r,r, to be large in 
comparison with unity. This last remark is useful if we observe 
that in some flight structures a rule-of-thumb assumption would 
have r,r, about two, while r, is about 1/10. Yu’s notation will be 
used in this note. 

The exact frequency equation of longitudinal thickness-shear 
vibrations of circular cylindrical shells was found® to be 
Ir.roF(B2)JolBXR — h)) — JslB(R — h)) 


77 pF-(B2)Yo(Bi(R — m)) — YilBi(R — h)) 


| 
rr pF+(B2WJolBi(R + hi) — Jil + hid) 
rT oF +(B2) Vol BR +h)] — Yil(B(R + ai 


=Q (3) 


where 
= —* C2 = V 1u2/p» Ca @ V u: Pir 


AlB{R — bi) _ YilB(R — hd) 
Ji[B~R — h)) Y,[8(R — hy) 
YolBAR — h))’ 


Ji BAR — h;)| 
Ji[B(R — h)] Y,[B(R — h)] 





ANBAR + hyd) 
Ji [BR + h)) 
JolBAR + hi)) 
J: (BR + h)) 


YulB(R + hi)) 


1 
Yi(B«R + h)] 
YolB(R + h)]” 


Y,[A(R + h)] 





F(B:) = 


By making the thin shell assumption R > h, Equation (3) re- 
duces to 


(rrp tan Behe)? tan 28,h, — 2r,7, tan Bs, — tan 26,h, = 0 (4) 


We now write 


tan Bohs = tan ( ~ . oy Vira) (5) 
Wei 


w Mi. ; 

where w,; = oh, y" is the frequency of fundamental thickness- 
of Pi 

shear vibrations of the bare core. 

proximate equation, such as equation (2), to be valid for the lower 

reaches of the frequency spectrum, w/w,, should be in the neigh- 


Since we only require the ap- 


borhood of unity. Also, since the chief motivation of using a 
sandwich construction is to reduce weight and we usually cannot 
accomplish this without an even greater reduction in rigidity, the 


T —— 
factor 2 Vr, /r, is at most close to unity. Therefore, for com- 
monly used sandwiches where r, is small, say 1/10 or less, 
tan Bri, ~ Bohy (6) 


for the lower reaches of the frequency spectrum. On the other 


hand, it is easy to see that 


tan B,h, = tan (= *) + Bhi. 
Wi 


Since 
Bohs = Bihirs Vr p/T 
* Hu-Nan Chu, “Simple Thickness Vibrations of Cylindrical Sand- 


wich Shells,’’ Informal Report MI-60-2, The Martin Company, 
Denver, Colo., January, 1960. 
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equation (1) reduces directly to equation (2). On the other 


hand, equation (4) reduces to 
(ryr Bik tan Bik; — 1)(tan Bik, + ryr,Bihi) = 0 


that is, 8,h, tan 8h; = 1/ryr, which is equation (2), describing the 
antisymmetric modes, and 


tan Bh, = —T)Pp (7) 
Bh, 
which describes the symmetric modes. 

The frequency equation of circumferential thickness-shear 
vibrations® reduces also to equation (4) for thin shells; hence no 
separate discussion seems necessary. 

Next we come to the frequency equation for the thickness- 
stretch vibrations of a thin circular cylindrical shell. It is given* 
by 


rp tan Qh2)? tan Zah; — 2r.r, tan Qehe — tan 2a,yh, = 0 (8) 


where 


Cea 


and Ay, As; 1, Me are Lamé’s constants. By following the same 
reasoning as that for equation (4), we can show that equation (8) 
reduces to 


ah, tan ayh; = 1/ryrp (9) 


which describes the symmetric modes, and 


tan ah, = —Ti!p 
anh; 

which describes the antisymmetric modes. 

Hence the frequency spectra for the thickness-shear and thick- 
ness-stretch vibrations are the same. For homogeneous plates, 
Mindlin‘ showed that the lowest symmetric thickness-shear and 
thickness-stretch vibrations have the same frequency when vy = 
1g. This phenomenon of coincidence of frequencies plays an 
important role in the extent of coupling’ between the various 
vibration modes in plate theory. For sandwich plates and 
cylinders, the possibility of coincidence depends not only on 
Poisson’s ratio of the core but also on r,rp, i.e., the relative weight 
of the facings and the core, as can be seen from equations (2), (7), 
9), and (10). The frequencies of the lowest symmetric thickness- 
stretch and thickness-shear vibrations for r, = 243 and various 
r, are calculated below. (»,; = Poisson’s ratio of core.) 

Hence, as expected, the effect of adding two thin and heavy face 
layers is to reduce the extent of coupling between the various 
vibration modes. 


shear, B,h; », at coincidence 
705 0.460 
77. 0.428 
.076 0.383 
438 0.347 
1416 0.333 


rp stretch, anh, 
50 0.462 
25 0.630 
10 0.904 
4 1.181 
| 1.5708 


When the foregoing derivation is applied to the honeycomb 
sandwich, we have the case of an orthotropic core which may be 
approximated as being transversely isotropic. The frequency 


*R. D. Mindlin, “An Introduction to the Mathematical Theory of 
Vibrations of Elastic Plates,” U. 8. Army Signal Corps Engineering 
Laboratories, Fort Monmouth, N. J., 1956. 

5 R. D. Mindlin and M. A. Medick, “Extensional Vibrations of 
Elastic Plates,”” JournaL or ApPLieD MecHANICcs, vol. 26, TRANS. 
ASME, vol. 81, Series E, 1959, pp. 561-569. 
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equations for thickness-stretch and thickness-shear vibrations are 
found® to be the same as equations (8) and (4), respectively, 
except that r., a; r, and 8; are now replaced by ?,, &; 7, and 


B;, where 
CA « 2 Ww ™ | Ex Ga 

= » ; ; = , <a = \ ~= = | 
é 1 c Csi Pi Pi 


E., is Young’s modulus in the thickness-direction, and G. is the 
transverse shear modulus. 

In honeycombs, it is known that Poisson’s ratio v»_ associated 
with the thickness direction, i.e., that associated with orthotropy, 
is zero. When v.; is zero, the question of coupling does not arise, 
even though there still can be coincidence of the frequencies. 


A Modified Energy Method for 
Determining Natural Frequencies 


R. P. N. JONES' 


IN MANY problems relating to conservative systems with n de- 
grees of freedom, the elastic properties are more conveniently 
specified by the flexibility matrix [a,;] rather than the stiffness 
matrix [k,;]._ In applying Rayleigh’s method to such systems, 
the strain energy associated with any given deflection cannot be 
determined without first evaluating the stiffness matrix, which, 
in systems with many degrees of freedom, involves considerable 
labor. In certain simple problems, where only an approximate 
value of the fundamental natural frequency is required, the dif- 
ficulty can be avoided by the use of a deflection form produced by 
known forces, for example, the static deflection of a loaded beam 
However, such an artifice cannot be used 





under its own weight. 
when it is desired to obtain an accurate solution by means of the 
Rayleigh-Ritz method, or Rayleigh’s iteration method,*? both of 
which require the use of general deflection forms. 
To overcome the difficulty of inverting the flexibility matrix, 
a modified energy method may be used. Let y, be the deflection 
co-ordinates of the system (chosen to avoid dynamic coupling), 
and m; the masses. For harmonic vibration of circular frequency 
w, the maximum kinetic energy is 
n 


] 
y = 2 2 
T => > mY 


™ 1=1 


In place of the maximum strain energy, i.e. 


n n 


1 


9 
- 


V= 


ky; 
1 


t=l j= 


consider the function 


n 


1 
S = 5 > bs Yd; (3) 


t=l1j=1 


where b;; = mym,a,;;._ The function S is the strain energy of the 
system when loaded by the maximum inertia forces of the as- 
sumed motion, and is readily calculated from the known flexibility 
coefficients and masses. In general, S will differ from V, except 
when the assumed motion is a true free vibration, when 7, V, and 
S are all equal. By equating 7 and V we obtain the well-known 
Rayleigh quotient. On the other hand, if we equate 7’ and S, we 
obtain 


* Assistant Director of Research, Engineering Laboratory, Uni- 
versity of Cambridge, Cambridge, England. 

Lord Rayleigh, “The Theory of Sound,” The Macmillan Com- 
pany, London, England, vol. 1, 1894, second edition, p. 110. 

Manuscript received by ASME Applied Mechanics Division, July 
29, 1960. 
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> m,y;* 


w? = (4) 


ED boa, 


It may be shown that the quotient (4) possesses properties 
Let y 
rt* normal mode of the system, and w, the associated natural fre- 


similar to those of the Rayleigh quotient. denote the 


quency. The equation for the deflection of the mass m, is 


»2 
Yer = 2 De massyiie 


j 
and substituting for y;:,) from (5) in the well-known orthogonal 
property, i.e. 


D miyiwrvicr = 0, 
i 
it is found that 


b > b Vii = 9, r $e. 
' 


J 


Any general deflection of the system may be expressed in terms of 
the normal modes in the form 


w= >> bv (8 


r=] 


where the quantities @, are normal co-ordinates. Substituting 


expression (8) in the quotient (4), and putting 


= - w,? 5 Ms Yity 2 (9) 


the quotient becomes 


The numerator and denominator of the quotient contain only 
squares of @,, since, by virtue of (6) and (7), terms containing 
products $,¢,, (r +8), are zero. From (10), two properties of the 
quotient are readily deduced. First, the value of the quotient 
lies between the greatest and least values of w,?, and second, the 
quotient is stationary when the assumed deflection is of normal 
type, i.e., 0w/dd, = 0 when all but one of the @, are put equal 
to zero. Because of the stationary property of the quotient (4), 
it may be used in conjunction with variational or iterative 


methods in the same way as the Rayleigh quotient. 


Thermal Stress in a Plate Due 
to Disturbance of Uniform Heat 
Flow by a Hole of General Shape 





H. DERESIEWICZ' 


FLORENCE AND Gooprer’s solution of the thermoelastic prob- 
lem of uniform heat flow disturbed by an insulated hole of ovaloid 

1 Associate Professor of Mechanical Engineering, Columbia 
University, New York, N.Y. Mem. ASME. 

Manuscript received by ASME Applied Mechanics Division, Octo- 
ber 20, 1959; final draft, February 18, 1960. 
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form, which appeared in the previous issue [1],? is extended 
herein to holes whose boundary can be mapped conformally on a 
unit circle by means of polynomials. Such mapping functions, 
although they do not accomplish the mapping of an arbitrarily 
shaped hole, can be made to approximate as closely as desired 
the shape of a wide variety of boundaries by the simple expedient 
of increasing the degree of the polynomial. 

With the uniform heat flow at infinity in the {-plane directed 
at an angle 8 to the é-axis, it is shown in [1] that the Kolosov 
complex stress functions which yield a traction-free, thermally 
insulated boundary, and single-valued displacements, are given 
by 

di c = A log c T we 
Wilt) = A log fi + WC 


where @ and w are holomorphic in |¢ 
boundary |¢ 


(1) 


1 and satisfy, on the 


= |, the condition 


wo) 
oo) + 
w’(a) 


(a) + Yo) 


In the present case the mapping function appearing in (2) 
assumes the form 


where c,, may be complex and ¢,, # The complex constant A, 


for plane stress, is given by 

rakR?E(e'*® — ce~”), (4) 
7 denoting the temperature gradient in the z-plane, @ the coeffi- 
cient of thermal expansion, and E Young’s modulus 


Holomorphy of @({) and ¥({) in |{| > 1 implies that they 
will have the form® 


> a,¢ ~*, 


ual 


oo) = 


= 
Wid) = do ot” 
Ae 


l 


Let now each term in (2) be multiplied by 


l da 
ne > I, 
2mi cg — ¢ 


a counterclockwise direction, 


We find 


and subsequently integrated, in 
around the closed contour ¥ of the unit circle. 
l d(a)do x 

—— © Os), 


2ri o—¢ 


l W(a)da 


2ri . 


. (7) 
v= § 


Further, [w(o) /w’(a)]o is the boundary value of the function 


2 Numbers in brackets denote References at end of Note. 
* Since they do not affect the stresses, the constant terms ao, bo have 
been omitted. 
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which is holomorphic in the region |{| < 1 except at [ = 0 
where it has a pole of order n — 1 with the principal part 

n—2 

Git) = >> ag. (9) 

~=0 
The coefficients e¢,, of which only a finite number is required, 
may be computed from the set of recurrence relations (obtained 
by matching coefficients of corresponding powers of { in the two 
expressions on the right in (8)) 

k-2 


os @ O&O , pe ,ek-1—-p- 


p=l1 


(10) 


Accordingly, * 
—2 
1 uo) oda 5 et tit 
a —:—-> = -> tk 
2mt + we) = k=0 


Also, [w(o)/w’(o)]@’(c) is the boundary value of the function 


0 5(2) « (Sares) Sema 
0 


(11) 


k= a=l 


n-2 Cs 
=-)> Ks*- > Ii, (12) 
k=0 j=1 
holomorphic in |{| < 1 except at ¢ = O where it has a pole of 
order n — 2. The principal part at the pole is 
n—2 
Gi) = - >> Kg, 


k=1 


(13) 


the coefficients being given by 
n—k—1 
K, = Z. (n - &-— k) @n—:de~n-2- 


m=1 


(14) 


n—2 
ee eee 
o-f §1 


omit Jy w'(o) 


Thus, with the aid of (6), (7), (11), and (15) we find, upon 
integrating (2), 
n—2 n—2 
of) a > Kit — AD eg, (16) 
k=1 k=0 
By virtue of (14), the coefficients K, in (16) are functions of 
the complex conjugates of the as yet unknown constants a, ap- 
pearing in the first of (5). But in view of the fact that (16) and 
the first of (5) represent the same function, the unknown con- 


stants may be determined by setting equal the coefficients of like 
powers of {in the twoexpressions. We find 


Ky —_ Aerp-1, 
— Aes, 
0, won 


pow 1,2,3,...,8—2 


uw=n-—l (17) 


Thus, for a given polynomial (3), of order n, the e, are computed 
from (10). The relations (17), upon insertion of (14), become a 
set of n — 1 linear algebraic equations for the evaluation of the 
complex numbers ay. By separating real and imaginary parts, 
this set of equations may be written in the form of 2(n — 1) real 
equations. 

It remains to determine the function ¥({). To that end we 
consider the complex conjugate of (2), multiply each term by 


* See Reference [2], article 70. 
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1 da 


ae 1, 
27i ¢ — v1 > 


and integrate around the contour y. We obtain 


1 g d(a)do 
— names ‘am, 
2mi Jy ao -F 


1g Kode 
2mi Jy o- 


(18) 


= —()). (19) 


Moreover, since ¢ = o~', [w(a)/w’(a)]é is the boundary value 
of the function 


; 2 : 
mY a = (8-1 - a¢-, 


w’(f) ig k=0 


which is holomorphic in |{| > 1 except at { = © where it has a 
pole of order n — 1 with the principal part 


(20) 


n—1 


G.(§) = > 3f°-'-*, 


k=0 


(21) 


Hence 


1 ao) édao 


—'* 


oe 7 


ri y w'(oe) 
Finally, [w(c)/w'(o)]@’(¢) is the boundary value of the func- 
tion 


|e 
Ww (4 ) n—-2 o 
$ ue ¥ TF ¥-—s » 
3! oi) —)) Kit — > Tg-i, (28) 
w'($) k=0 j=l 

which is holomorphic in |{| > 1 except at [ = © where it hasa 
pole of order n — 2 with the principal part 

n—2 


(24) 


Thus 
B rs wo) 
2mi Jy w'(o) 
re 
~~” OU) = R,g*. (25) 
ay 1 ~ By Bs 
Accordingly, integration of the conjugate of (2) yields, by 
virture of (18), (19), (22), and (25), 


n—1 n—2 


WH) =A Dag — DOR 
k=0 k=0 


“| &. 
w 


bees [+ 4 oo | (+) 
RF” . w(t) - 


5 At first sight, the presence of positive powers of [ in (26) appears 
to contradict the holomorphy of ¥({) in |f| > 1. It is easily shown, 
however, with the aid of (20) and (23), that ¥(f) has the structure 


(26) 


vO) = DO i — Aéngs—dt-, 
j=l 


which corresponds to the form of the second of (5). 
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The solution to the problem of thermal stress is obtained by 
inserting (16) and (26) in (1). 


Example: Triangular Hole 
The function® 


_ ss tng Jpg 1 pr ) 2 

z= Xt) R(s+ sit+ostt ttt...) @n 
maps conformally a unit circle in the {-plane into an equilateral 
triangle in the z-plane. The figure is symmetric with respect 
to the z-axis, contains the origin, and is oriented such that it 
points in the positive z-direction. The polynomial obtained by 
terminating the series (27) maps the unit circle into a triangle 
with rounded vertexes and curved sides, the curvature of the 
vertexes increasing and that of the sides decreasing as the number 
of terms in the polynomial is increased. 

A two-term approximation, for example, 

emg =R(s+25+), (28) 
results in the mapping of a unit circle into a triangle having a 
radius of curvature at each vertex p = R/21 = h/42 and curva- 
ture at the midpoint of each side K = —3R/25 = —3h/50, where 
his the altitude. 

Comparing (28) and (3) we find that the only coefficient c,, 
which does not vanish is cp = 1/3. From (10) we obtain @ = 
C2, &: = 0; from (14), K, = 0,k 2 1. Hence, from (17), we see 
that the only nonvanishing a, is a, = —Acs. Accordingly, 
(16) and (26) yield, respectively, 

Acs 
) t 


1 + c.f 


+ const, 
2c: — ft 


WS) = Act + (AS + Aer): 


* See Reference [3], Equation (1.32). 
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BRIEF NOTES 


. l . 
where A, given by (4), has the value A = <= arR*Ee®. For 
8 = 0, i.e., the case of undisturbed heat flow from + @ parallel 
1 
to the t-axis, A = A = — rt atR?*E, and the complete expression 


(1) for the complex stress functions becomes 


1 1 
o(f) = or ark?E (10g ¢ ~ x) 
(30) 


1 . », 3+ 11f + § 
wf) = ~— ark'B | log + 32 — 3t) ] 


A three-term approximation to (27), which corresponds to a 
triangle the vertexes of which have a radius of curvature p = 
2R/117 = 5h/598 and the sides of which have, at their midpoints, 
curvature K = 2R/25 = 9h/230, results in the functions 


oi(f) = A log f — (Amo? + Acct + Ac) ¢~* 
Wit) = A log f + Acsk* + Acsat? + Amt 


1+ cf? a a cf? 


an (Aft + Ame? + 3Acsmt + 4Ae;) (31) 


*. 3 - 


Ses + 2e2f% — Os 


where @ = co(1 + 2c¢5)/(1 — 3s"), ce = 1/3, cs = 1/45, and A 
is the same as above. 
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A Method of Solution for the 
Elastic Quarter-Plane’ 


H. PORITSKY.? As an alternative to the method used by the 
author, a method of “reflection’’ of Airy functions across a 
rectilinear boundary, which is free from tractions, published in 
1946, by H. Poritsky,* may be applied to the present problem to 
obtain finite form expressions for the repeated superposition solu- 
tions, possibly even for the complete solution. 

The method starts with the Airy function in any of the forms 


H =F F + 7G, F + r°G, Re(f + a), (1) 


+ 2x6, 


G are harmonic in z, y; f, g analytic in 2 = x + iy, 


~ denotes “conjugate of’’ | 


waoere F, 2 
t = \/—1; and where = 27 — iy), 
and Re denotes “real part of.”’ 

If the boundary z = 0 is free from traction, then, except for a 
possible, additive, first-degree polynomial Ar + By + C, the 


Airy function must satisfy the boundary conditions 


Applying these to the first form in (1), there results 


0 on x = (0, 


eee 4 (4 
oz 


By a “reflection principle’ due to Schwartz, a harmonic function 
F vanishing on z = 0 may be continued from z > 0 to zr < 0 by 
means of negative reflection: 


F(-—z, y) = —F(z, y). (5 


The same statement applies to the left-hand member of (4), 
whence G may be continued across zr = 0. 

When on the boundary y = 0 there are two concentrated nor- 
mal forces P at z = +a, as shown in the author’s Fig. 1, a possible 
Airy function is given by 


H = 


pP 
- yA, + 6), 
a 


(see Lovet), where @,, 6 are the angles formed by a radius vector 
from the points of application of the forces to any point in the 
plane. Hence, except for a possible additive, first-degree poly- 
nomial, the Airy function is given by the sum of the right-hand 
member of (6) and a biharmonric function H’ which satisfies the 
boundary conditions 


oH’ 
oy 


! By M. Hetényi, published in the June, 1960, issue of the JouRNaL 
of Apprrep Mecuantcs, vol. 27, Trans. ASME, vol. 82, Series E, 
pp. 289-296. 

? General Electric Company, Schenectady, N. Y. 

*H. Poritsky, ‘Application of Analytic Functions to Two-Dimen- 
sional Biharmonic Analysis,”’ Trans. American Mathematical Society, 
vol. 59, March, 1946, pp. 248-279. 

*A. E. H. Love, *‘A Treatise on the Mathematical Theory of Elas- 
ticity,”” fourth edition, Cambridge University Press, 1927, p. 211. 
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In applying the foregoing conditions, it is advisable to put H’ 
in the form 


H' = F’ + 7G’, (8) 
leading from (7) to 


oF’ 
F’ = 0, G’' =0 
oy = 


along y = 0. (9) 
The transition from one of the forms (1) to any other is facilitated 
by noting relations of the form: 


xz = (z + 2)/2, 


y = (z — 2)/2i, 


In(z — a) — In(é — a), 


6, = Im[In(z — a)] = - 
2 


It is also possible to start with a single, normal load at x = a, 
y = 0, and by applying the reflection principles (3), (4), obtain 
a possible singularity at z = —a, y = 0 so that the conditions of 
free boundary along z = 0 are satisfied. 

This discusser will not venture to predict whether it is possible 
to obtain explicit, finite-term expressions which satisfy both the 
boundary conditions (3), (4) and (6), (7). However, he is quite 
confident that the successive superposition solutions of the author 
can be derived in finite form by the following method. 

Starting, say, with the solution (6) and recasting it in the form 
F + 2G, one superposes a solution H, = F, + rG, where F, is 


the “negative’”’ image of F: 


F(z, y) = —F(—z, y), (11 


and where G; is obtained by applying a similar reflection to equa- 
tion (4). For details the reader is referred to Poritsky.* 

After F,, G; have been obtained, it will be found that they in- 
troduce distributed tractions along y = 0. These can now be re- 
moved by a similar technique applied to conditions (8), first re- 
writing F, + rG, in the form F,’ + yG,’, then applying conditions 
(9) along y = 0, by adding F; + yG, by a “reflection’’ of the form 


FAz, y) = —F,'(z, —y), 12 
and a slightly more complex one for G, 

The process can obviously be continued. It enables one to 
obtain finite form expressions for the successive superposition so- 
lutions of the author. 

Thus far, only the two-dimensional case has been discussed 
It has been shown by R. J. Duffin’ that one form of the reflection 
principle given by Poritsky* can be carried over to three-dimen- 
sional stress problems across a plane boundary free from traction 
In principle, therefore, the three-dimensional case can likewise 
be treated by somewhat similar techniques 


W. T. MOODY.’ The author’s paper presents solutions to a group 
of problems which are of considerable importance in engineering 
design. The writer is particularly pleased to note the inclusion 
of the case of Partially Distributed Uniform Loads. 


5 R. J. Duffin, ‘‘Continuation of Biharmonic Functions by Reflec- 
tion,”’ Duke Mathematical Journal, vol. 22, June, 1955, pp. 313-324. 

* Head, Experimental Design Analysis Section, Division of Design, 
Bureau of Reclamation, U. 8S. Department of the Interior, Denver 
Colo, 
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In 1940, as a thesis submitted to the University of Colorado 
and as Technical Memorandum No. 615 of the United States 
Bureau of Reclamation, the writer completed a paper entitled 
“Analysis of a Quarter-Plane With Normal Load.”’ The author’s 
method in the present paper parallels this earlier work in many 
respects. 

The writer introduced the functions g(#) and ¥(#)? which cor- 
respond to the author’s [c,],<.. and —|o,J,... They were de- 
fined by 


¥(F) = 


4 x yu? 
gu) du, 
us 0 y? + u?)? 


4 © xv? +P za? 
¢! x) = ¥(v) - snes dv 7 = _ . 
TJ (x? + v?)? mw (x? + a?)? 


Substitution of y from (A) into (B) and integration on v yields 
the following integral equation for ¢: 


— . 
ru- x 
, 9 
—— is” + &°) In 
u?)3 u 
= “| du - 


A numerical solution for ¢ was obtained by a graphical proce- 
dure which consisted of plotting successive approximations of the 
function against the integral of the kernel of (C) and integrating 
This was possible since 


4P xa? P 
L ( 


mw (x? + a?)? 


these approximations with a planimeter. 
the kernel can be integrated formally and its integral from zero to 
The function Y was then obtained directly by 
a similar graphical integration of (A An extract of the original 
tabulation of the two functions is given in Table 1 and provides 


infinity is finite. 


an interesting comparison. 

The values in Table 1 for log, k = 0 are directly comparable 
with the author’s values for log. z = log. y = 0. For this case, 
g = 0.421 and yw = 0.192 correspond, respectively, with the 
author’s Table 1 values 0.4194 and 0.1915. Additional values 
which correspond closely oceur where log, k = +2 and log. z = 
loge y = +1.4 (since 2? = 4 and e'* = 4.06~). Comparison of 
these values shows good agreement. 


7 Notation contained herein conforms with that used in the author’s 
paper wherever possible. Additional symbols are defined, where 


necessary, as they are used. 


Fig. 1 Rectangular component 
on the b dary of an infinite quarter-plane 
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DISCUSSION 


Fig. 1 gives contours of correction stress components for the 
concentrated normal load in the region of maximum interest near 
the vertex of the quarter-plane. These stresses, added to the 
corresponding values given by the author’s equations (1), define 
the complete state of stress forz < 2,y <2. This figure enables 
direct use of the solution for evaluating stresses anywhere in the 
immediate neighborhood of the load. 

The stress components at any point in the quarter-plane at a 
considerable distance from the vertex due to the concentrated 
normal load are given approximately by 


P 2x%a — 1) 
a (2? + y?)?’ 


P 2y% a + 1) 


2 


’ 


a (z? + y?*) 


2rya 


2 4 
where 


G) 


These asymptotic expressions are the general counterparts of the 
author’s equations (11) and reduce to them along the specified 
boundaries. 

The total normal loads as given by the author in Equations (c) 
and (d) of his appendix may be obtained directly from (A) and (B) 
as follows. Indicating formally the integration of (A) and (B), on 
§ and &, respectively, from zero to infinity, and carrying out these 
integrations on the right-hand sides gives 

Table! ¢ and y Functions 

logs k ¢g(k) Wk) 

— oo 0.500 0.500 
0.501 0.500 
0.504 0.498 
0.518 0.486 
0.562 0.436 
0.593 0.329 
0.421 0.192 
0.149 0.082 
0.036 0.027 
0.008 0.007 
0.002 0.002 
0 0 


NOTES 
All stresses ore im units of */e 
orrection stresses o@éed te stresses given by 
outhor's equations (') give the complete 
stress condition 


of correction stresses due to a normal concentrated load acting 
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fy" veords = =f. etude 


fd 2 x 2P 
f, (zd? = - f, ¥(v)dv + =" (J) 


These last two equations are readily solved simultaneously to 


give 
f P o(%)dz 


® 4P 
f, V9)dy = 


r—4 


2rP 


~ i — 4 (X) 


, 


(L) 


Comparison of corresponding exact and numerical values has 
provided a valuable and gratifying check of the two solutions. 
The writer’s Fig. 1 and Equations (D) through (G@) extend the 
author’s results from the boundaries into the interior of the 
quarter-plane. The author’s method, combined with the present 
availability of electronic computers, has enabled computation of 
values which are undoubtedly more accurate than those of the 
earlier results. This increased accuracy may not, however, have 
great significance from a point of view of application to design 
problems. 


Author's Closure 

As an alternative method of solution, Dr. Poritsky proposes the 
use of the Schwartzian “reflection principle,’ though it is appar- 
ent from his own remarks that one may have a great deal of 
reservation regarding the success of such an approach. This 
reflection is supposed to take place across an unloaded boundary. 
However, if there is a concentrated load at y = a (as shown in 
Fig. 1 of the paper), the z-axis is not a stress-free boundary of the 
quarterplane. If it were, the problem would be solved. One 
may also question how this reflection procedure may be affected 
by the singularity in the stress distribution along the z-axis at 
the point corresponding to z* = —a, which was the stumbling 
block in all previous attempts at handling this problem analyti- 
cally. Even if these difficulties could be surmounted, one may 
wonder whether the use of the reflection principle would not lead 
to expressions identical to the repeated integrals presented in the 
paper. In view of these pending questions, the extension of the 
reflection procedure to three dimensions remains one further 
step removed from realization, while the method presented in the 
paper is directly applicable to the solution of three-dimensional 
problems without modification. 

Mr. Moody’s work is remarkable for its success in obtainin, 
close values for the stress components by such simple means as 
that of graphical integration. This success is evidently due to the 
fact that Mr. Moody did not attempt a series representation of 
the singularity due to the concentrated load, which was the 
principal reason for the slow convergence of W. M. Shepherd’s 
approach, who was the first to treat this problem. The “correc- 
tion stress components” shown in Mr. Moody’s figure were also 
evaluated, accurately, by the author, though they could not be 
included in the paper on account of space limitations and will be 
published separately. The accuracy of these components is not 
to be regarded lightly, however, because these are basic data 
which may be combined in a variety of ways to furnish solutions 
to many practical problems. 

In conclusion, the author wishes to point out that the principal 
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contribution of the paper is not in the use of superposition or 
iteration, which are probably as old as elasticity theory itself, but 
in the demonstration that this procedure leads to a functional 
sequence of remarkable symmetry and clarity, which renders 
this approach particularly adaptable for evaluation by digital 
computers. This sequence itself may be regarded as a kind of 
integral transform, or matrix operator, which depends only on the 
shape of the object and can be used in the treatment of a large 
class of boundary stress distributions, three examples of which 
were shown in the paper. Since the completion of this paper, the 
author applied the same method to the solution of the corre- 
sponding three-dimensional problem, that is, the quarter-space 
with an arbitrarily placed concentrated normal load, which wil! 
form the subject of a subsequent publication. 


Classical Normal Modes in Damped 
Linear Dynamic Systems’ 


F. P. BEER? and C. L. KARNA.’ A damped linear dynamic sys- 
tem is said to possess classical normal modes if the three quadratic 
forms representing, respectively, its kinetic energy, potential 
energy, and dissipation function may be diagonalized simul- 
taneously. The author’s statement regarding the necessary and 
sufficient condition that a damped dynamic system possess 
classical normal modes may therefore be reworded as follows: 
The necessary and sufficient condition that three given positive 
definite quadratic forms may be diagonalized simultaneously is 
that the linear transformation which diagonalizes two of them 
also diagonalize the third one. This statement would be a truism 
if it were not for the fact that the transformation which di- 
agonalizes two given quadratic forms is not uniquely defined. 
But it is well known‘ that any two linear transformations T and 
T’ which diagonalize two given quadratic forms simultaneously 
are identical except for a scaling S of the co-ordinates (this scaling 
may be used to normalize one of the two forms). Since S cannot 
transform a diagonal quadratic form into a nondiagonal form, or 
inversely, it is clear that, if a transformation T which diagonalizes 
two of the quadratic forms does not diagonalize the third one, no 
other transformation T’ will diagonalize the three forms simul- 
taneously. 

In the second part of his paper the author uses the Cayley- 
Hamilton theorem to formulate an interesting method for 
generating damped dynamic systems which possess classical 
normal modes. While this method is indeed a generalization of 
Rayleigh’s method, which uses a linear combination of the 
quadratic forms representing the kinetic and potential energies, 
it should be pointed out that Rayleigh’s method does not re- 
quire the preliminary diagonalization and normalization of the 
kinetic energy form which must be performed when Caughey’s 
method is applied. 


Author’s Closure 


The author would like to thank Professor Beer and Mr. Karna 
for their comments on his paper. 
Concerning the first point raised: 


1 By T. K. Caughey, published in the June, 1960, issue of the 
JouRNAL OF APPLIED Mecnuanics, vol. 27, Trans. ASME, vol. 82 
Series E, pp. 269-271. 

? Head, Department of Mechanics, Lehigh University, Bethlehem, 
Pa. 

3 Graduate Student, Department of Mechanics, Lehigh University, 
Bethlehem, Pa. 

*E. T. Whittaker, ‘A Treatise on the Analytical Dynamics of 
Particles and Rigid Bodies,’’ Cambridge University Press, fourth 
edition, 1937, pp. 180-181. 
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It is well known that the transformation which simultaneously 
diagonalizes two quadratic forms is not unique. There exists an 
infinity of transformations, differing only by a co-ordinate scaling, 
which diagonalize the two given quadratic forms. If the trans- 
formations are normalized, however, there exists only one nor- 
malized transformation which will simultaneously diagonalize 
the two given quadratic forms. Since the normalized trans- 
formation was used in the paper to establish the results, the 
question of uniqueness does not arise. 

Concerning the second point raised: 

It is true that the relationship between the stiffness and damp- 
ing matrices for classical modes, given in the paper, requires the 
preliminary diagonalization and normalization of the inertia 
matrix. If desired, it is possible to express the damping matrix 
in the original problem in terms of the inertia and stiffness ma- 
trixes of the original problem; the resulting expression is, how- 
ever, somewhat more complicated than that of the paper. 


Possible Similarity Solutions 
for Laminar Free Convection on 
Vertical Plates and Cylinders’ 


D. E. ABBOTT? and S. J. KLINE. The author is to be compli- 
mented on his paper in which not only are similarity solutions 
employed but a methodology for finding the similarity variables 
is suggested. Because the majority of the exact solutions to prob- 
lems involving the boundary-layer equations are found in terms 
of a similarity variable (or variables), as well as many solutions 
in other branches of mechanics, contributions to an organized 
framework for finding “possible similarity solutions” are quite 
useful. 

However, an oversimplification has been made by the author. 
Examination of his equations (9) through (15) discloses that a 
transformation of the independent variables z, y, t > 7, z, ¢ has 
been made, where 7 = y@,(z, 4). Therefore the author has 
found all possible solutions under the restriction of the assumed 
transformation. The phrase, “under the assumed transforma- 
tion,’’ must be emphasized, since no completely general solutions 
can be found by any similarity method no matter how elegant. 
This point has been made previously by Morgan.‘ One of the 
writers® also has emphasized this point in context of a more ex- 
tensive discussion on the methodology of “similarity solutions’’ to 
be published shortly. 


E. M. SPARROW.® The subject paper is an interesting addition 
to the literature on free-convection boundary layers. The newly 
possible similarity solutions have several features which appear 


worthy of discussion. 
As a preliminary remark, it should be noted that in passing 
from the physical z, y-plane to the transformed z, 7-plane, a cer- 


1 By Kwang-Tzu Yang, published in the June, 1960, issue of the 
JOURNAL oF ApPLieD Mecuanics, vol. 27, Trans. ASME, vol. 82, 
Series E, pp. 230-236. 

? Research Assistant, Department of Mechanical Engineering, 
Stanford University, Stanford, Calif. 

* Associate Professor, Department of Mechanical Engineering, 
Stanford University, Stanford, Calif. Mem. ASME, 

4A. J. A. Morgan, “ Possible Similarity Solutions of the Laminar, 
Incompressible, Boundary-Layer Equations,” discussion, Trans. 
ASME, vol. 80, 1958, pp. 1559-1562. 

+ D. E. Abbott, “I—A Study of Real Flow in Sudden Expansions,” 
and “II—Simple Methods for Classification and Construction of 
Similarity Solutions of Partial Differential Equations,” PhD disser- 
tation, Stanford University, 1960. 

* Professor of Mechanical Engineering, University of Minnesota, 
Minneapolis, Minn. 


Journal of Applied Mechanics 


DISCUSSION 


tain amount of control over the boundary conditions is lost. In 
particular, as soon as we go over into the z, 7-plane, we are no 
longer able to impose boundary conditions along the line z = 0 
(leading edge). Rather, we have to be content with whatever 
conditions the similarity solution imposes along z = 0. If 
these conditions correspond to an interesting physical problem, 
then the similarity solutions may be regarded as useful. 

The newly possible similarity solutions given in the paper re- 
quire that very particular conditions exist at z = 0. For instance, 
consider Case 2. When ay + 0, it follows that there is a finite, 
nonzero boundary-layer thickness at z = 0. Within the bound- 
ary layer at z = 0, u and G will vary with y in a manner pre- 
scribed by the solution. Whether such variations in the leading- 
edge profiles are physically interesting is not at all clear. Cer- 
tainly, one could take the view that the existence of nonflat start- 
ing profiles denotes a combined forced and free convection, rather 
than a pure free convection. 

These same remarks about the conditions at the leading edge 
also apply to Cases 3, 4, 5, and 7. 

Another interesting point may be made in connection with 
Case 1, uniform wall temperature. In equation (25), the constant 
ds is arbitrary. Suppose that it were assigned a value different 
from zero. This choice would apparently not affect the differen- 
tial equations (27), inasmuch as as does not appear in the foregoing 
equations (14) and (15). This would mean that 6’(0) would be 
unchanged. But, since now 


‘ 4z om 8/6 
n as G. y 


it would appear that the heat transfer could be varied by assigning 
different values to ag. It will be appreciated if the author would 
clarify this. 

Finally, it would be of interest to know if the author has in- 
spected the properties of the several pairs of governing equations 
to determine whether there are unusual features which might 
argue against carrying out numerical solutions. For example, will 
all @-solutions approach zero asymptotically from above as 9 
approaches infinity? 


Author’s Closure 

The author wishes to thank the discussers for their interesting 
comments. With reference to the possibility of obtaining other 
possible similarity solutions by, for instance, using Dr. Morgan’s 
group-transformation analysis, the author is in full accord with 
Drs. Abbott and Kline, even though it should appear to be 
obvious that in the paper the author was only interested in ob- 
taining the possible cases within the framework of the classical 
laminar boundary-layer analysis. 

Since in the unsteady case the original independent variables 
zx, y, and ¢ are now reduced to a single independent variable 7, it 
is indeed true that boundary conditions relative to z and ¢ are no 
longer arbitrary. The author agrees with Dr. Sparrow in his 
statement that, if these conditions correspond to an interesting 
physical problem, then the similarity solutions may be regarded 
as useful. However, the author would like also to point out the 
value of certain similarity solutions, which may not correspond to 
very realistic physical problems, but, when numerically evaluated, 
may very well serve as a basis for checking the accuracies of other 
approximate, but more general, solutions. 

As pointed out in the paper and also by Dr. Sparrow, in most of 
the possible cases cited the velocity u is not identically zero along 
the leading edge z = 0, but must assume a definite distribution. 
This distribution, indeed, has to be provided from a source other 
than that of pure free convection. Dr. Sparrow’s corresponding 
physical interpretation of combined forced and free convection is 


reasonable. It only seems that such a forced flow is very pecu- 
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liar, as there is no velocity in the ambient. The case of nonzero ag 


in Case 1 of the paper may be interpreted in a similar fashion. 
With as > 0, the velocity profile and surface heat flux may now 


4 V/s 
u=G, («. > = e) f(y» 
G, 
— 4,4 
r) 6’(0) 


respectively. It is thus clear that the different surface heat flux 
for a given ag is entirely due to the nonzero velocities along 
xz = 0 according to Equation (74). It would indeed be very in- 
teresting to check experimentally the validity of this extended 
Pohlhausen solution. Admittedly, it is very difficult to provide 
the necessary profiles along zr = 0. One possibility might be to 
use a second heated plate as a free-convection “starting length.” 

With reference to Dr. Sparrow’s final remark, consideration of 
the asymptotical behaviors of the velocity and temperature pro- 
files as 7 > © generally does give us a definite clue as to whether 
the numerical evaluation of any set of these ordinary differential 
As n— ©, we have, according 


be written as 


(75) 


equations will give us a solution. 
to boundary conditions (23), f’ ~ 0, f > const, and @— 06. With 
these asymptotic values substituted into the ordinary differential 
equations, they become linearized and it is then only necessary 
to examine the coefficients of the terms f” and 6’. If they remain 
positive as 7 — ©, numerical solutions satisfying the boundary 
conditions do exist. Otherwise, the numerical evaluation of the 
case under consideration should not be attempted. On this basis, 
we have found that Cases 4 and 5 are only valid for az < 0.7 Simi- 
larly, Case 6 is valid for any p, and Case 8 yields only physically 
sensible results for the temperature fields. 

Finally, the author would like to mention that numerical solu- 
tions to the unsteady Case 6 have already been carried out and 
completed for a wide range of values of panda. The results are 
now contained in a MS thesis* and will be reported in the near 


future. 


Prediction of Creep Failure 
Time for Pressure Vessels’ 


K. R. MERCKX.* The authors’ presentation of an analysis and 
the numerical results for the fracture times for infinite strains in 
cylindrical vessels helps fill in some of the work needed to estimate 
possible vessel fracture times. Although the authors have clearly 
stated their assumptions, the possible consequences of these as- 
sumptions on actual failure times were not stressed. Rupture 
strain decreases with increasing rupture times, and in some ma- 
terials which are considered ductile, this strain can become as low 
as several per cent. As the authors’ Fig. 1 indicates, significant 
errors in predicted failure time would occur using their curves. 
In the zircaloy and titanium the primary creep range covers most 
of the straining, hence the assumption of secondary creep could 

7 For Case 5, the value of as can also be arbitrarily assigned, and so 
we let as = 1. 

* E. Menold, “Asymptotic Solutions for Unsteady Laminar Free 
Convection on Vertical Plates,” MS thesis, Department of Mechani- 
cal Engineering, University of Notre Dame, 1960. 

' By F. P. J. Rimrott, E. J. Mills, and Joseph Marin, published in 
the June, 1960, issue of the JourNAL or APPLIED MECHANICS, vol. 27 
Trans. ASME, vol. 82, Series E, pp. 303-308. 

? Fuel Element Design, Hanford Laboratories, Richland, Wash 
Mem. ASME. 
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be limiting. Also, since the method of this paper is based upon 
the increasing rate of deformation with increasing strains, possible 
effects of localized straining or necking can become important. 
This effect must consider tolerances and the strain-hardening 
characteristics of the material. Without primary creep effects or 
strain-hardening, any variation in wall thickness should result 
in a localized failure. The authors clearly state that their as- 
sumptions did exclude such behavior, but a few words of discus- 
sion on the physical consequences of these assumptions would 
seem to be in order before using their technique as a design 
criterion. 


Authors’ Closure 

Dr. Merckx’s comments are very much appreciated. His re- 
marks are quite correct. We agree that more refinement is 
needed in the calculation of actual creep failure time for most 
materials. The method is only directly applicable in cases where 
the true strain at fracture reaches magnitudes of, say, 80 per cent 
or more and the creep exponent n is constant throughout creep. 
It cannot be used directly in cases where primary creep covers 
most of the straining to fracture. It is, however, felt that the 
proposed method points the way to a very much needed means 
of predicting fracture times of vessels made of materials which 
exhibit creep. 


On the Plastic Behavior of 
Rotating Cylinders’ 


F. M. CONNELLY.? The author’s use of the power-function rela- 
tionship between true stress and true strain results in a solution of 
the rotating-cylinder problem without the complications involved 
in the use of other stress-strain relations. A word of caution is in 
order, however, when such a relationship is used for a state of 
combined stress when the constants are determined by a simple 
tension test. 

When the stress-strain relation is assumed to be given by 


ao = Ke" 
it is readily shown that 
Cur = 


where €yi: is the strain at the ultimate load. Thus the author’s 
statement that failure could occur at rotational speeds below the 
point of stability as determined by his Fig. 4 seems well founded 
since his Fig. 3 shows a calculated strain at the bore considerably 
above the value for n assumed for the example. 

Experimental work by Davis* shows that the consideration of 
the true strain at ultimate load from tensile test data is not al- 
ways sufficient to predict failure when a state of combined stress 
is involved. Table 1, herewith, is based on data obtained from 
the tests described by Davis.* The specimens in these tests were 
cylinders of medium-carbon steel. The tests involved various 
combinations of axial load and internal pressure ranging from 
pure axial tension to pure circumferential tension. It should be 
noted that in the case of pure axial load (¢,/o, = 0), the stress 
and strain at rupture are comfortably greater than the stress and 
' By F. P. J. Rimrott, published in the June, 1960, issue of the 
JOURNAL OF APPLIED Mecuanics, vol. 27, Trans. ASME, vol. 82, 
Series E, pp. 309-315. 

2? Westinghouse Research Laboratories, Pittsburgh, Pa. 

*E. A. Davis, ‘ Yielding and Fracture of Medium-Carbon Steel 
Under Combined Stress,” JouRNAL or APPLIED Mecuanics, vol. 12, 
Trans. ASME, vol. 67, 1945, pp. A-13-A-24. 
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Table 1 Stress and strains at ultimate load rupture in tubular 


specimens 

Strain at 

rupture, 
Yoet 
1.106 


Strain at Stress at 
ultimate, rupture, 


Stress at 

Stress ratio, ultimate, 
0:/Ga Toct Yoet Toct 
36500 0.322 53300 

35700 0.316 46100 0.827 

36300 0.343 51000 1.000 

34300 0.250 50700 0.948 

33200 0.212 43000 0.617 

34000 0.260 39800 0.510 

32800 0.220 37400 0.351 

32200 0.200 37000 0.351 

30800 0.175 30800 0.175 

32600 0.220 33000 0.234 


R=Rupture 
= Max lood 











20 30 40 


Yoct 


Fig. 1 Stress-strain diagrams showing points of maximum load 


strain at the ultimate. However, as the component of the stress 
due to internal pressure is increased (0 < @,/¢, < @), the 
stress and strain at rupture decrease until, at the condition cor- 
responding to pure internal pressure (¢,/o, = 2), the stress and 
strain at rupture are considerably less than the stress and strain 
at the ultimate determined by the pure axial loading condition 
(a,/0, = 0). 

Fig. 1 shows that, although the stress-strain curves for the two 
loading conditions described are nearly identical, the stresses and 
strains at rupture vary considerably, illustrating the dangers of 
using constants derived solely from uniaxial tests to determine 
strength or fracture behavior under combined stress. 


’ 
Author’s Closure 
The author wishes to thank Mr. Connelly for his comments on 
the paper. The author would like to refute the claim that the 
constants determined by a simple tension test are not valid for a 
state of combined stress. The fact that the true strain is 


fur = 


at the ultimate load in simple tension does not at all mean that this 
is true for the combined state of stress. In the specific results 
quoted by the discusser we have at the ultimate load in simple 


Y oct 


, . 1 
tension Yo = 0.322 and since € = —> ; 
V 2 


€ur = n = 0.22 


as a material constant. 

Taking now the case of the closed-end thin-walled pressure ves- 
sel (o,/0, = 2), we can express the significant true stress o in 
terms of the significant true strain € as 


4 /3 ap : Te 
= - — exp : 
2 h pt 
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where a is the original mean radius of the cylinder and A is the 
original wall thickness. Setting o = Ke" and solving for the 


internal pressure p, 
2 AK e& 


>= 
’ exp 3e 


VY3 a 
For the ultimate pressure in the vessel 


dp 


de 


which leads to 


= (0.1154 


By a similar procedure we obtain for ¢,/o0, = 1, 


= 0.133 


Using these values as example, reverting them to true octahedral 
strains, and comparing them to the results quoted in Table 1, 


we obtain Table 2. 


Table 2 
Deviation of 
theoretical from 
experimental 
data 


Yoet 
by theory 
for n = 0.22 
0.322 O% 
0.214 7% 
0.186 6% 


Yoet, 

hy experiment 
0.332 
0.200 
0.175 


Table 2 shows that theory predicts the strain at ultimate pres- 
sure quite accurately. Considering that the strains in the experi- 
ment were probably measured at the outside of the tubes (and 
hence are smaller than for an infinitely thin tube), the theoretical 
prediction is even better than apparent in Table 2. 

The situation is quite different when it comes to predicting 
fracture. Fracture occurring at strains beyond €,, are of little 
interest in application, since it occurs at lower internal pressures 
than the ultimate pressure. Fracture occurring before the vessel 
has reached the point of maximum loading (ultimate pressure) 
are, however, of great interest, since in such cases the vessel never 
reaches the pressure determined by the condition dp/de = 0. For 
both cases there is little information available so far, and it is not 
yet possible to predict theoretically fracture of vessels. 


Thermal Stress in a Viscoelastic- 
Plastic Plate With Temperature- 
Dependent Yield Stress’ 


B. D. AGGARWALA.’ The statement made by the authors about 
equation (38), namely, “ao” is given by equation (26) for any 
value of g,’”’ appears to be incorrect and since this statement will 
influence the numerical results of the paper through equations 
(41) and (44), these results must be incorrect likewise. 

By assumptions made in the paper, equation (1), of the authors, 
namely, 

1 By H. G. Landau, J. H. Weiner, and E. E. Zwicky, Jr., published 
in the June, 1960, issue of the JouRNAL or APPLIED Mecnuanics, vol. 
27, Trans. ASME, vol. 82, Series E, pp. 297-302. 

? Assistant Professor, Department of Mechanics, Rensselaer Poly- 
technic Institute, Troy, N. Y. 
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: 1— 2. . 
Vitu = 3E yn + aT (1) 


is true for viscoelastic as well as viscoelastic-plastic states. Equa- 
tion (10) of the authors, in the y-direction, may be written as 


1 ao” é ’ 


Substituting from (1) in (2) we get 


21 — 2v). AD Re | (3 

=— — dé é€-—-—--@a 3) 

3E 6n ; 

Equation (3) is true for all states. Now for the viscoelastic 
flow only, 

or=¢ (4) 


and, therefore, the first term on the right-hand side of (3) may 
be combined with the term on the left-hand side of this equation, 
and we get, for the viscoelastic stage only, 


a E ’ . 
re [i- 2 - ar] (5) 


Equation (4), however, is not valid for the plastic stage and 
therefore, for this stage, one cannot get (5) from (3). Equation 
(38) of the authors is, therefore, incorrect. 


Authors’ Closure 
In rewriting Equation (10) of the paper as his Equation (2) in 
his discussion, Professor Aggarwala has made the error of assum- 
as 


. » o “a . P . . 
ing that 4," = 3° This is true in a viscoelastic region, but not 


in a plastic region because then the fictitious stress rate ¢,," is 
not zero. However, when this is corrected there is still a dis- 
crepancy with our definition of ¢” in Equation (38) which re- 
sulted from an unfortunate effort to shorten the argument and 
simplify the notation. The final equations, (40) to (44), are not 
affected, however, and are correct as given. This can be seen as 
follows: 
We have from the definition of o,;” and Equation (36) 


: 2. 
Fmm = yy” +> oO 


oy," = 4,” + 3 Cum = 8," + 3 


Then proceeding, as Professor Aggarwala does, to combine Equa- 
tions (10) and (1), we obtain 


‘7 + 2 (: = ai) 
1+ 6 


or retaining the notation of Equation (38) for a” 
l-v.. 
ad (1*) 


g 
l+yp 


w = i+p ad 
This is the corrected value for ¢,,”, but it is easily seen to require 
no change in Equations (40) to (44). First, in a viscoelastic re- 
gion, ¢,,” = ¢, so Equation (1*) gives ¢,,” = o”. Ina plastic 
region, ¢,," enters only in the criterion o¢,,” — Y ¥ > 0, butina 
plastic region og = YY so that 


vig’ — YP = of = 64. yy 
“ l+vp l+yp 
— toa” — YY] 
+v 
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and o¢,," — YF > 0 is equivalent to og’ —- YY 2 0. 

We take this opportunity to correct some typographical errors 
involving the presence or absence of dots. The indicated equa- 
tions of the paper should be corrected to read: 


(4) 


The Approximate Analysis of 
Certain Boundary-Value Problems’ 


L. 1. DEVERALL.? This paper is an interesting contribution to the 
literature of approximate solution of boundary-value problems in 
that it illustrates the intrinsic value of a simple approximate 
method in solving boundary-value problems for which application 
of other approximate methods (e.g., variational methods or the 
use of difference equations) would be formidable. For example, 
if one is dealing with irregularly shaped domains, it may be dif- 
ficult to find the co-ordinate functions for application of the Ritz 
method. The paper further points up the value of assuming an 
approximate expression in polar co-ordinates for application to 
problems with a high degree of symmetry. 

Several interesting points may be made. First of all, the ap- 
proximate method of the paper may be compared to the method 
of collocations in which an approximating expression is made to 
satisfy both the partial differential equation and the boundary 
conditions at selected points. In the approximate method 
used by the author, the assumed approximating expression 
satisfies the differential equation and hence it is only necessary 
to satisfy the boundary conditions at points. This modification 
of the method was used by C. J. Thorne‘ to find the transverse 
deflection of a thin plate fixed at points (which constitutes an 
approximation to the clamped-edge condition) and subjected to 
either a point load or a uniform load. In the work of Thorne, a 
solution expression of the form 


n 


w(z, y) = wz, y) + nif >» 
1 


[2f.(z) + aster {1} 


is used where w,(z, y) is a particular solution of the inhomogeneous 
(load) portion of the plate equation and f,(z) and g,(z) are analytic 
functions. The second term of equation (1) is the familiar bi- 
harmonic function. 

The writer recently made a study of the vibration of a square 
plate’ using a solution to the vibrating-plate equation which was 


1 By H. D. Conway, published in the June, 1960, issue of the 
JouRNAL oF AppLieD Mecuanics, vol. 27, Trans. ASME, vol. 82, 
Series E, pp. 275-277. 

? Applied Mathematician, University of California Lawrence 
Radiation Laboratory, Livermore, Calif. 

*S. Timoshenko and S. Woinowsky-Krieger, ‘Theory of Plates 
and Shells,”” McGraw-Hill Book Company, Inc., New York, N. Y., 
1959, p. 350. 

‘C. J. Thorne, “Square Plates Fixed at Points,"”’ Journat or Ap- 
PLIED Mecuanics, vol. 15, Trans. ASME, vol. 70, 1948, pp. 73-79. 

*L. I. Deverall, ‘‘ Modified Method of Collocations for Vibrating 
Plate Problems,"’ International Conference on Partial Differential 
Equations and Continuum Mechanics, Mathematics Research Cen- 
ter, U. S. Army, University of Wisconsin, Madison, Wis., 1960. 
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generated by a method of S. Bergman*; the deflection and normal 
derivative (0w/dn) were set equal to zero at selected points on 
the boundary. The fundamental frequency determined from 
this study was in good agreement with the frequency calculated 
by means of energy methods. In the course of this analysis it 
was noted that the satisfaction of boundary conditions at points 
may lead to difficulties in the numerical analysis of the resulting 
linear system. For example, if the two boundary points are 
closely spaced (which might be the case if an extremely large 
number of boundary points are used), then the two linear equa- 
tions resulting from these points have nearly the same coefficients. 
Hence the analysis of a problem with an extremely large number 
of points might lead to a poor result unless great care is exercised 
in the numerical analysis. 


Author's Closure 


The comments of Dr. Deverall are appreciated and agree 
with the author’s experience. 


The Effect of Pressure on the Bending 
Characteristics of an Actuator System’ 


J. A. HARINGX.? The writer has read this paper with great in- 
terest, not only because it deals with the effect of pressure on the 
behavior of bellows, a subject the writer studied several years 
ago (see the author’s references [4] and [6] ), but also because the 
writer’s attention was drawn to a remarkable resemblance to the 
behavior of cross-spring pivots. The latter subject has been 
treated by the writer.* 

On closer investigation one can find that there is an obvious 
agreement between the theories developed in the two papers. 
Therefore, it is not surprising that the writer’s equation (8)? 
is identical to equation (10) of the present paper for z, = 0.5 L, 
taking into account that M,/ks corresponds to M;L/EI¢ and 
u? to g*L* = NL*/EI. From this it follows that the expression 
(11a) of the paper for f,(u) could have been reduced to 

hu 


f{u) = — + 4u? 


tan 4u 


Furthermore, the curve for z,/L = 0.5 in Fig. 3 of the paper 
is in essence identical to the curve of the writer’s Fig. 5,* repro- 
duced here as Fig. 1, though the difference in quantities plotted 
along the horizontal axis is the reason that this identity is not 
evident at first sight. 

The peculiar character of the curves given by the author in 
Figs. 2 and 3, as demonstrated by the presence of horizontal 
tangents near the vertical for u = 0, has no real meaning. It is 
caused only by the artificial manner of plotting the curves as a 
function of us2e and a/24 = iu/2m separately. One should, 
therefore, prefer to plot (u/2mr)* = NL*/4x*EI along the hori- 
zontal axis as shown in Fig. 1, herewith. According to its defi- 
nition the positive and negative values of this quantity cor- 
respond directly to com pressive and tensile forces exerted on the 
elastic element in view, avoiding any misfit in the unloaded state. 


*S. Bergman, “Solution of Linear Partial Differential Equations of 
the Fourth Order,” Duke Mathematical Journal, vol. 11, 1944, pp. 
617-649 


1 By Paul Seide, published in the September, 1960, issue of the 
JouRNAL oF APPLIED Mecuanics, vol. 27, Trans. ASME, vol. 82, 
Series E, pp. 429-437. 

? Professor, Deputy Director of Research, Philips Research 
Laboratories, Eindhoves, Netherlands. Mem. ASME. 

3 J. A. Haringx, “‘The Cross-Spring Pivot as a Constructional Ele- 
ment,” Applied Scientific Research, vol. Al, 1949, pp. 313-332. 
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Apart from this suggestion leading to a sounder graphical re- 
production of the results of the author’s computations, the writer 
has emphasized the relationship between the construction de- 
scribed and the cross-spring pivot in order to extend the domain 
for which the present computations are valid. 


Author's Closure 


The author has studied the paper® kindly supplied him by Dr. 
Haringx and agrees that the two solutions are identical for the 
case z,=0.5L. The author also agrees that a better way of 
plotting the curves would have been in terms of (u/27)?*, but this 
was realized, unfortunately, only after a “point of no return’’ had 
been reached with regard to curve plotting. 

It is interesting that two such differently motivated problems 
should yield identical solutions. As Dr. Haringx points out, how- 
ever, the basic beam-column problems are the same. Yet more 
coincidental is that the cross-spring pivot problem was treated 
by the person whose papers, read some time before, were instru- 
mental in making the author realize that internal pressure in a 
bellows could have significant effects. 


A Method of Numerical Evaluation 
of a Large Determinant’ 


W. A. TUPLIN.? This Brief Note is the most important 
contribution for many years to the subject of calculat- 
ing the natural frequencies of torsional vibration of a system such 
as that composed of rotors coupled in series by elastic shafts. 

When the number of shafts is large, the determination of 
the frequency equation by the obvious procedure involves a 
formidable amount of arithmetic. This convinced the earliest 
workers in this field that it was easier to use the Holzer tabulation 
to test any assumed root of the frequency equation. The amount 
of labor in one test by this method is very much greater than that 
required to test the root in the frequency equation itself. 

There is therefore much to be gained by devising a method of 
easily developing the frequency equation. The writer worked on 
this problem some 25 years ago and evolved a method?’ that made 


1 By F. R. E. Crossley and Ustan Germen, published in the June, 
1960, issue of the JournNAL or AppLiep Mecaanics, vol. 27, Trans 
ASME, vol. 82, pp. 350-351. 

2 Postgraduate Department of Applied Mechanics, University of 
Sheffield, Sheffield, England. 

*W. A. Tuplin, “Torsional Vibration,”” Chapman & Hall, London, 
1934. 
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the laborious Holzer tabulation superfluous, except perhaps as a 
useful check, by entirely different figures, on any root derived 
from the frequency equation itself. 

The method now described by the authors is much quicker 
still, and they are to be congratulated on making a great forward 
step in this field. Any further improvement would seem to be im- 
possible. 

But will this new method be used? I am sorry to say that 
there is doubt about it. In the large book on “‘Torsional Vibra- 
tion,’’ produced by the British Internal Combustion Engine Re- 
search Association 25 years after the publication of the writer’s 
book in which a much quicker procedure was described, the iniqui- 
tous Holzer tabulation is described as “the standard procedure.” 

This is only one branch of technology in which prodigies of 
labor are expended on calculations by primitive methods, although 
much faster and easier ones have been devised and published. It 
is just one aspect of the fact that there is more to be gained by 
making full use of existing knowledge than by anything that can 
reasonably be expected from research as distinct from library 


research. 


Authors’ Closure 


It is really most gratifying to read such a commendation of our 
work, especially from one so well known who is such a master of 
this subject. We thank him sincerely, and hope that perhaps the 
attention he is bringing to our small contribution may cause it to 
be used more than his own clever method has been. It is un- 
fortunate that, in the tremendous volume of technical writings 
that is being published daily, some very valuable work inevitably 
gets overlooked. 

Professor Tuplin’s book is no longer available, but his very 
interesting method can be found described in the Philosophical 
Magazine (Ser. 7, vol. 21, 1936, p. 1097 ff.) both in theory and by 
a numerical example. Compared with the Holzer method, it 
has a more complicated theory but a far simpler numerical proc- 
ess, giving the frequency equation. 

It is only because it is so easy to understand each step of its 
process that the Holzer method is tolerated; the labor of a pre- 
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liminary frequency estimate and then three or four (possibly even 
more) whole tables to be calculated is unconscionably wasteful. 
For torsional vibration analysis we recommend a quick develop- 
ment of the coefficients of the frequency polynomial, the finding 
of the lowest roots by Horner’s or Graeffe’s method, and then the 
use of one and only one Holzer table to obtain relative ampli- 
tudes. This final table will also act as a check on the accuracy 


of the root. 


On the Annular Damper for a 
Freely Precessing Gyroscope’ 


H. PORITSKY.? The analysis presented in this paper of the freely 
precessing gyroscope with damping due to an annular liquid 
damper is particularly interesting in view of unexpected slow 
precisions and drifts encountered at times in the operation of gyro- 
scopes. Can the authors disclose whether the tests confirmed the 
calculated damping rates, and whether the various configura- 
tions of possible fluid boundary and motion were realized? 

The fluid flow and damping analysis presented bring to mind a 
gyroscopic, fluid-dynamic, geophysical problem in regard to the 
migration of the poles throughout the Earth’s past. There ap- 
pears to be some differences of opinion as to the long-time effects 
of the torque due to a lopsided Antarctic Ice Cap, and the tidal 
torques on the Earth, namely, whether they lead to slipping of 
the outer crust about the interior which continues to rotate 
essentially as a rigid body, or whether a point may be reached 
when the Earth’s rotation becomes unstable, causing the Earth 
to “tumble” in a manner of Poinsot motion about an axis near the 
principal axis of inertia corresponding to the intermediate mo- 
ment of inertia. 


1 By G. F. Carrier and J. W. Miles, published in the June, 1960, 
issue of the JouRNAL OF APPLIED MECHANICS, vol. 27, TRaNns. ASME, 
vol. 82, Series E, pp. 237-240. 


2 General Electric Company, Schenectady, N. Y. Mem. ASME. 
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Similarity and Dimensional Methods in Mechanics. By L. I. Sedov. 
Translated from the Russian by M. Friedman. Translation edited 
by M. Holt. Academic Press, Inc., New York, N. Y., 1960. Cloth, 
9 X 6 in., xvi and 363 pp. $14. 


REVIEWED BY J. D. COLE’ 


Tue arm of this book is the development of a systematic 
method (similarity solutions) for the study of nonlinear problems 
in one-dimensional unsteady fluid motion including, in certain 
problems, radiative and gravitation effects. Such a systematic 
development is indeed possible and has been carried out by the 
author and his students based on the ideas of dimensional analysis. 
In this treatment an essential role is played by the number of 
independent constants with physical dimensions which describe 
the essential physical processes. For example, if the flow field 
and very strong shock wave produced by a point explosion are 
characterized by the energy liberated Ey and the ambient 
density po, then by dimensional reasoning the radial velocity 


can be represented as 


t. fat ¢ 
7 (n) where 7 = Ey ii 


In this case a reduction to ordinary differential equations evi- 
dently results and, further, several integrals exist so that the 
entire solution is expressed in closed form. Despite the emphasis 
on fluid mechanics this book should be very valuable for scien- 
tific workers in general because of the very useful foundations 
which are developed in the earlier chapters of the book. 

In Chap. I, the general concepts of dimensional analysis are 
developed. A proof is given that the dimensions of a physical 
quantity can be expressed as the product of powers of the basic 
dimensions and a proof is given of the m-theorem. Chap. II 
presents a series of examples of elementary applications of dimen- 
sional analysis. The first ten examples present over-all results 
including problems such as period of a pendulum, flow through a 
spillway, motion and heat transfer of a body in a fluid, and com- 
ments on dynamic similarity and modeling applied to the motion 
of ships and planing surfaces. At the end of the chapter the 
example of constant speed entry of a cone into water illustrates 


v(r,t) = 


the use of dimensional reasoning locally (at an z, y, z, t point) 
to generate the analytic form of the solution. Chap. III is 
devoted mainly to a discussion of the application of dimensional 
reasoning to solutions of the Navier-Stokes equations and to 
turbulence theory. The form of the Blasius solution for a semi- 
infinite flat plate is deduced from dimensional reasoning by first 
introducing an artificial length (the length of the blackboard) 
in order to arrive at a general dimensionless form, and then 
demanding that the solution be independent of the Reynolds 
number based on the artificial length. The chapter concludes 
with a suitable presentation of isotropic turbulence theory and 
some remarks about pipe flow. Chap. IV is the main chapter 
of the book and summarizes the many applications made by the 
Russian school to problems of one-dimensional (spherical, 
cylindrical, and plane) unsteady gas motion. Self-similar 
motions are defined in terms of the number of independent physi- 


! Professor, Guggenheim Aeronautical Laboratory, California 


Institute of Technology, Pasadena, Calif. 
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cal constants occurring in the equations and boundary conditions. 
If the variables are (v, p, p, r, t) and the dimensional constants 
are [a] ~MLA‘T*, [b] ~L"7™ the solution is self-similar and can 
be expressed in the form 

4 a 


R(A), p= P(A) 


r , 
e= — VA), P= ph tlgs +2 


r? thy 
where \ = dimensionless similarity variable = r/b/™t-"/™, A 
survey of problems which meet the requirements follows-—-the 
initial value problem, piston problem, flow toward a central 
point, propagation of a detonation wave, the strong explosion at 
a point, and so forth. The ordinary differential equations for 
V, R, P are discussed, and it is shown how discontinuity surfaces, 
shock waves, detonation waves, and flame fronts fit into similar- 
ity reasoning. The conditions for the existence of the algebraic 
integrals, mass, momentum, entropy, and energy are discussed. 
In all cases discussed, a sufficient number of integrals exist so that 
the basic integration problem is reduced to a study of integral 
curves ina (V,z = yP/R)-plane. The singular points and lines 
which represent Mach waves are discussed thoroughly and the 
trajectories are sketched for various cases. Details are given 
for implosion to a point, spherical detonation, flame propagation, 
and the intense explosion at points which is compared with the 
results of the New Mexico (1945) atomic bomb explosion. Cor- 
rections to the spherical blast wave solution due to finite initial 
pressure are discussed. Various other topics are touched on in 
this chapter, such as crater formation, gravitation effects, solu- 
tions which approach similarity solutions, and solutions of the 
form v = r@(t). In spite of its length, this chapter does not ex- 
haust the possibilities of the method as is evidenced by the omis- 
sion of some important work on piston problems, the “sharp 
blow” solution. Also, the analogy of hypersonic flow with un- 
steady gas motion is not brought out. The final chapter deals 
with application of dimensional reasoning and gas dynamics to 
certain astrophysical problems having to do mainly with stellar 
structure. Some observations are presented and various star 
models are analyzed. Some examples are relation of luminosity 
to mass, pulsations of variable stars, and flare-up of supernovae. 
In summary, this book should be very useful for applied mathe- 
The basic ideas are not expounded 


, 


maticians and engineers. 
in wholly abstract terms but are illustrated with a welter of ex- 
Only elementary mathematics is used and formal pro- 
The treatment of 


amples. 
cedures are closely related to physical ideas. 
self-similar solutions is especially interesting since it is dif- 
ferent from that often used, which might be summarized as 
follows: Formulate the problem completely in dimensionless 
variables and study the invariance of the problem under trans- 
formation in order to obtain the similarity. A repetition of this 
idea is the application of Lie theory to the resulting ordinary 
differential equations. The connection of these ideas with the 
methods of Sedov is an interesting question. Another interesting 
question not discussed in the book is the role of self-similar solu- 
tions as asymptotic solutions to general problems, their domain 
of validity, and so forth. A class of similarity problems appar- 
ently not covered by the Sedov method in its present form are 
those in which the physical constants are not known; the simi- 
larity is fixed by other considerations such as the existence of 
a limiting characteristic (Mach wave). An example is the 
asymptotic flow past a body at a free-stream Mach number 
of one (Guderley and Yoshihara). 
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The book leans heavily on the work of Sedov and his pupils 
and as such has the unique flavor of the original. The transla- 
tion is apparently very good. The reviewer considers it an 
important contribution to the literature of both applied mathe- 
matics and fluid mechanics and a most excellent work. We can 
only hope that the author will some day have the opportunity of 
hearing one American scientist say to another “How many 
physical constants. . .?’’ 


Rheology 


Introduction & I Etude de la Rhéologie. Edited by B. Persoz. Dunod, 
Paris, 1960. Cloth, 6 X 9'/; in., xx and 251 pp., illus. 


REVIEWED BY WILLIAM PRAGER? 


Tuts excellent introduction to rheology, which has been pre- 
pared on the initiative of the French National Committee on 
Rheology, contains well-co-ordinated contributions by the editor 
and fourteen collaborators. 

Part I presents the general theoretical background. The 
first three chapters (by B. Persoz) deal with the rheological clas- 
sification of materials by their behavior under simple states of 
stress, mechanical models of this behavior, and the superposition 
principle of Boltzmann. In Chap. IV (by J. Mandel and F. 
Germain) the extension of the analysis of Chap. I to three- 
dimensional states of stress and strain is discussed, and Chap. V 
(by J. Mandel) treats the application of operational calculus to 
the analysis of stresses and strains in viscoelastic materials. 

Whereas Part I has textbook character, as is evidenced by the 
problems at the end of each chapter, Part II, which is primarily 
concerned with the mechanical behavior of various classes of 
materials, is more in the nature of a handbook. There are nine 
chapters treating the rheology of metals (Chap. VI by C. Crus- 
sard), glasses (Chap. VII by H. Saucier), high polymers (Chap. 
VIII by A. Képés), rubbers (Chap. IX by P. Thirion), aqueous 
suspensions (Chap. X by R. Durand and H. Lafuma), painte 
and varnishes (Chap. XI by F. Kauer), emulsions (Chap. XII 
by A. J. de Vries), petroleum products (Chap. XIII by H. Weiss), 
and soils (Chap. XV by A. Mayer). Two further chapters are 
concerned with the role of rheology in biology (Chap. XIV by 
M. Joly) and geological applications of rheology (Chap. XVI 
by J. Goguel). A one-page trilingual table of rheological terms 
(English-French-German) concludes the book. 

As an English language edition of this work would nicely fill 
the gap between M. Reiner’s “Twelve Lectures on Theoretical 
Rheology” and F. R. Eirich’s three-volume “‘Rheology,”’ it is to 
be hoped that an enterprising publisher will bring out such an 
edition. 


Heat Conversion 


Direct Conversion of Heat to Electricity. Edited by Joseph Kaye and 
J. A. Welsh. John Wiley & Sons, Inc., New York, N. Y., 1960. 
Cloth, 6 X 9 in., xix and 300 pp. $8.75. 


REVIEWED BY JOHN HORLOCK* 


INTEREST in the direct conversion of heat to electricity has 
increased in recent years. This renewed interest is due partly 
to the demand for light, compact power packs for satellites, and 
partly to the growing awareness that research on power con- 

*L. Herbert Ballou University Professor, Brown University, 


Providence, R.1. Mem. ASME. 
* Professor, University of Liverpool, Liverpool, England. 
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version is not keeping pace with research on new methods of 
heat generation. 

A series of lectures on direct conversion was given to a summer 
school at the Massachusetts Institute of Technology in July, 
1959, and, following many requests for copies of these lecture 
notes, Professors Kaye and Welsh have very quickly brought the 
papers together into onevolume. The editors have not attempted 
to produce a textbook but have simply grouped and edited the 
original papers. 

The result is a stimulating book which is a mine of information, 
has considerable duplication of material, covers a tremendous 
variety of subjects, and is, in parts, very difficult to read. It 
is clear that no single textbook can possibly cover the funda- 
mentals of topics such as electronic emission, irreversible thermo- 
dynamics, thermoelectric effects, and magnetogasdynamics. 
However, anyone interested in this rapidly developing field of 
direct conversion can now dip into this new book and, with 
judicious skipping here and there, obtain a general picture of the 
present situation. He can also find numerous references if he 
wishes to delve into the subject further. 

Kaye and Welsh have divided the volume into five sections: 

The first two sections deal with thermionic engines in which 
a heated cathode and a cooled anode are connected through an 
external circuit, and there is a net transfer of electrons across 
the evacuated space between the electrodes. The resistance to 
the flux of electrons due to the space charges between cathode 
and anode may be reduced by spacing the electrodes close to- 
gether (0.001 cm in one model devised by Kaye and Hatsopoulos) 
or by using a crossed magnetic field between the plates. Ex- 
perimental and analytical work on these configurations of the 
thermionic engine is dealt with in the first group of papers. 

In the second section, engines in which the space charge is neu- 
tralized by the introduction of cesium ions are described. 

If an ionized gas is accelerated and passed through a magnetic 
field perpendicular to the flow, then a transverse current may flow 
through the gas and a connected external load. In the third 
section of the book, Kantrowitz and Rosa describe briefly 
some of the Avco work related to this magnetogasdynamic 
converter. A second paper uses concepts of irreversible thermo- 
dynamics to establish that the power developed by a plasma 
moving through a magnetic field is the same as that developed 
by a metallic conductor with the same conductivity moving at 
the same speed through the field. 

Jaumot supplies a useful but somewhat difficult review of 
thermoelectric effects in the fourth section. Other contribu- 
tors discuss the theory and practice of thermocouples; new 
semiconductor materials have been used to obtain increased 
thermodynamic efficiency. 

Finally, there is an article containing much factual information 
on the development of fuel cells. 

Perhaps the most important lesson to be iearned from this book 
is that there can be very few people who will be able to under- 
stand all the papers. The field of direct conversion requires 
a new brand of engineering scientist, equally conversant with 
thermionic emission, irreversible thermodynamics, the engi- 
neering thermodynamics of power systems, fluid mechanics, and 
materials science. M.I.T. has recognized the need for such en- 
gineering scientists in the training of undergraduates and in the 
establishment of graduate schools such as the Research Labora- 
tory of Heat Transfer in Electronics, from which much of the 
material for this book has come. 

In summary, a useful book, variable in quality, and in parts 
difficult to read. It is nevertheless an essential addition to 
the library of any engineer or physicist interested in direct con- 
version, for no similar texts exist. 
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